Imperial Institute 
of 

Agricultural Research, Pusa 





PROCEEDINGS 


OF THK 


ROYAL SOCIETY OF LONDON 

Series A 

CONTAINING PAFERS OF A MATHEMATICAL AND 
PHYSICAL CHARACTER 

VOL. CXLIV 



LONDON 

PjiiNTJtD for THE ROYAL SOCIETY and Sold by 
HARRISON AND SONS, Ltd, ST MARTIN'S LANE 
PRINTERS IN ORDINARY TO HIS MAJESTY 


J£ay, 19M. 



LON DOS ! 

niHfilSOH 1XD BONN, LTD , rHIWTKKS IN ORDINARY TO MIN HUIffn , 
ST martin'* LINE 


CONTENTS 


SERIES A VOL CXLIV 


No A 861— March 1, 1934 

PAGE 

Discussion on Heavy Hydrogen Opening Address of Lord Kutherford, OM,, 

FRS 1 

The Kelvin Poincari Problem of Stellar Evolution Bj V V Narlikar With an 

addition on Dynamical Evolution By Sir loeeph Larnior, J RS 28 

The Emission of Electrons under the lnfluonoc of Chemical Aotion Part II — Some 
General Conclusions and a further Study of the Cam of Carbonv 1 Chloride By 
A K Dcniaofi and 0 W Richardson, F R 8 46 

The Structure and Formula of 12 Phoephotungstic Acid B> I F Keggin Com 

munloated by W L, Bragg, F R 8 (Plate 1) 76 

A General Proof of Certain Fundamental Equations in thi Theory of Metallic 
Conduction By H Jones and C Zener Communicated by J E. Lennard 
Jones, KR8 101 

A Photoelectric Spectrophotometer using Dual Electrostatic Compensation By 

L. A Woodward Communioated by N V Sidgwick 1 RS 118 

Changes in the Raman Spectrum of Sulphuric Acid on Dilution Bv L A Wood ward 

and R. G Horner Communicated by N V Sidgwiok, F R S 129 

A Comparison of Experiment and Calculated Wave Profiles and Wave-Resistances 
for a Form having Parabolic Waterlines By W C S Wiglej Communicated 
by T H Havelock, FRS 144 

Study of Electrolytic Dissociation by the Raman Effect II — Nitrates By 1 

Ramaknahna Rao Communicated bj O W Richardson, FRS 169 

The Theory of the Structure of Ethj lene and a Note on the Structure of Ethane 

by W G Penney Communicated by S Chapman, FRS 168 

Free Paths and Transport Phenomena in Gases and the Quantum Theory of Collisions 
II — The Determination of the Laws of Force between Atoms and Molecules 
By H 8 W Massey and C B 0 Mohr Communicated by J E Lennard- 
Jones, FRJ3 188 

Studies on Gas-Solid Equilibria Part V — Pressure-Concentration Equilibria 
between Silica Gel and (1) Oxygen, (2) Nitrogen, (3) Mixtures of Oxygen and 
Nitrogen, determined Iso thermally at 0° C By B Lambert and D H P 
Peel Communioated by F Soddy, FRS 206 

The Theory of Alloys In the y Phase By H Jones Communicated by A M. 

Tindall, F RB 226 

Some Experiments on the Production of Positive Electrons By J Chadwick, 

F R.8 , P M. S Blaokstt, F R.S., and G P S Ooohialini (Plates 2-6) 216 



IV 

PAtn 

No A 862— lUrch 29, 1954 

The Influence of Pressure upon the Flame Spectra of Hydrogen and Carbonio 

Oxide By W A Bone, F RJS , and F O Lamont (Plates fl-10) 260 

The Supposed Intervention of Steam in Hydrooarbon Combustion By W A 

Bone, FRS and J Bell (Plates 11 and 12) 267 

The Bending of Marble By Lord Rayleigh, For Soc RS (Plate 15) 266 

The Energies of Alpha and Gamma Rays By H A Wilson, F RB 280 

1 wo New Properties of Mathematical Likelihood By R A Fisher, FRS 286 

The Electrical Condition of Hot Surfaces during the Adaorption of Gases Part V — 
l'ho Charging Ip of Hot Surfaces By J C Stimson Communicated by 
W A Bone, FRS 307 

The Electrical Condition of Hot Surfaces Part VI — A Gold Surface Catalysing 
the Combustion of Carbonio Oxide By G I Finch and B W Bradford. 
Communicated by W A Bone, FRS 320 

The Crystal Structure of the Heusler Alloys By A J Bradley and J W Rodgers 

Communicated by W L Bragg. FRS 340 

The Diffraction of Electrons in the Halogena By F L. Amot Communicated by 

H W Turnbull, FRS 360 

On Metallio Dispersion in the Near Infra Red By C Hurst Communicated by 

F A Undemann, FRS 377 

Photographs of Fluid Flow Revealed with in Ultramioroecope By A Fage 

Communicated by G 1 Taylor, FRS (Plates 14 and 15) 881 

The Thermal Decomposition of Nitrous Oxide at Pressures up to Forty Atmospheres 

By E Hunter Communicated by C N Hinshelwood, FRS 386 

A Relativistic Basis of the Quantum Theory By H T Flint Oommunioated by 

O W Riohaidaon, FRS 418 

Foundations of the New Field Theory By M Bom and L Infold Communicated 

by R.H Fowler, FRS 426 

General Considerations on the Theory of the Separation of H l and H* bv Electrolysis 

of Water By R H Fowler, F R.8 462 

Experiments on Heavy Hydrogen— Part I By A Farkas and L Farkas Com 

mumoated by E K Rideal, FRS 467 

Experiments on Heavy Hydrogen IL— The Ortho-para Conversion By A. 

Farkas, L. Farkas and P Harteck Communicated by E. K Rideal, FRS 481 

No A 865— May 1, 1934 

The Thermal Conductivity of Air By T H Lsby, FRS 494 

The Thermal Conductivity of some Gases at 0° C By W G Kannuloik and 8 H 

Martin. Communicated by T H Lnby, F R.8 496 

The Calculation of Wave Resistance. By T BL Havelock, F RA 614 



V 

PAOI 

Structure* of the Metallic Carbonyl and Nitre*) 1 Compounds. By N V 8idgwiok, 

F R.S , and R W Bailey 521 

An Annual Perturbation in the Range of Tide Bi R U Corkan Communicated 
by A T Doodaon, F R 8 637 

The Production of Showers by Cosmic Radiation By C W Gilbert Com 

muni oated by Lord Rutherford, OM.FRS 659 

The Nuclear Spin of Tin By S Tolansky Comraumoated by A Fowler F RJ3 674 
Hyperfine Structure in the Arc Spectrum of Xenon By E G June* Com- 
municated by A. Fowler, F R S 587 

The Scattering of Electrons in Ionizing Collisions with Gas Atoms By C B 0 

Mohr and F H Nicoll Communicated bv Lord Rutherford, 0 M , F R 8 696 

An Extension of Southwell’s Method of Analysing Experimental Observations in 
Problems of Elastic Stability By H R Fisher Communicated by R V 
Southwell, FR8 609 

The Structure of Symm (1-8-6) Tnphenylbenzene Part 1 By B Orelkin and 

K Lonsdale Communicated by Sir William Bragg, O.M , F R 8 630 

The Effect of Solvent on Reaction Velocity V —The Interaction of N Chloro- 
aoetamlide and Hydrobromic Acid in Dilute Aqueous Solution By I Jones 
and F G Soper Communicated bvJ L Simonaen, F R 8 643 

Optical Rotatory Power I —A Theoretical Calculation for a Molecule containing 
only Isotropic Refractive Centres By 8 F Boys Communicated by H B 
Baker, FR8 665 

Optical Rotatory Power II —The Calculation of the Rotatory Power of a Molecule 
containing Four Refractive Radicals at the ( omen of an Irregular Tetrahedron 
By 8 F Boys Communicated by H B Baker, F R 8 676 

Transmutation Effects Observed with Heavy Hydrogen By M L E Oliphant, 

P Harteok and Lord Rutherford, 0 M., F R 8 692 

Experiments with High Velooity Positive Ions II T —The Disintegration of Lithium, 
Boron, and Carbon by Heavy Hydrogen Ions By J D (teckoroft and E T S 
Walton Communicated by Lord Rutherford, 0 M , F R 8 704 

Index 706 




PROCEEDINGS OF 


THE ROYAL SOCIETY. 


Section A — Mathematical and Physical Sciences. 


lhscmsxm, on Heavy Hydrogen 

Opening Address 

By Lord Rutherford, 0 M , F R S 

In the history of Physical Science, it is a commonplace that a new discovery 
which at first appears to bo of purely scientific interest, ultimately, within a 
period of twenty years or more, is found to have useful practical applications 
This is well illustrated by the discovery of the rare gases m the atmosphere, 
neon, and argon, which are now used in quantity for industrial purposes 
The fundamental discovery m 1919 of the isotopic constitution of the majority 
of our elements, so largely due to Aston, at first sight appeared to be of purely 
scientific significance, but we shall see from the discussion to-day that it may 
ultimately have wide practical consequences m many directions 
It is hardly necessary to disouss m detail the history of the discovery and 
separation of heavy hydrogen, in which scientific men in the U 8 A have taken 
such a leading part The proof that oxygen was not a simple element but 
oontamed two isotopes in small quantity of masses 17 and 18, indicated that 
there was a small discrepancy of about 2 parts in 10,000 between the measure- 
ments of the relative masses of hydrogen and oxygen found by Aston and those 
found by direct physical and chemical methods. Birge and Mendel suggested 
that this discrepancy might be due to the presence of an isotope of mass 2 
present in ordinary hydrogen This gave the necessary impetus to Urey, 
Bnckwedder and Murphy to test whether the presence of H* could be detected 
by direct optical methods. The experiments were successful m showing a 
small traoe of H*, estimated initially at about 1 in 4000 of the H 1 isotope. The 
wave-length of the x line of H* was found to be 1 79 A units greater than for 
H 1 — a result agreeing closely with the theoretical value to be expected for an 
isotope of hydrogen of mass 2. The mass of the new isotope was directly 
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measured by Bainbndge, using a modified type of mass speotiograph, and 
found to be 2 >0X36, slightly lees than the weight of the ordinary hydrogen 
molecule 2 0166 m terms of 0 = 16 

We have no definite evidence of the exaot constitution of H‘, whether it is to 
be regarded as a simple entity or built up of two or more constituents. It was at 
first natural to suppose that the H* nucleus might be made up of two protons 
and a negative electron, but the subsequent discovery of the neutron indicated 
that it might rather be a close combination of a neutron and a proton Taking 
Chadwick's value of the mass of the neutron as 1 0067, the sum of the masses 
of the proton and neutron is 2 0146, while the mass of the H 1 nucleus is slightly 
less, 2 >0136, inchoating that the binding energy of the neutron-proton com- 
bination is less than 1 million volts. If this be so, it is expected that the H* 
nucleus should bo brokon up by collision with a swift a-partiole In con- 
junction with Mr Kempton I have made experiments to test this, but have 
been unable to detect with certainty the presence of any neutrons when heavy 
water was bombarded by a-partioles from polonium. The number of neutrons, 
if any, was certainly leas than 1% of the number of neutrons released from 
a sheet of beryllium under the same conditions. If the disruption of H* with 
an emission of a neutron occurs, it must happen very rarely compared with the 
number of violent collisions between the a-particlee and the H* nucleus 

It is interesting to note here a suggestion made by Lawrcnoe He found in 
his experiments on the bombardment of matter by high speed H* ions that a 
group of protons of nearly the same speed was released from a number of 
dements In explanation, he suggested that the H* nucleus broke up into a 
neutron and proton either in the bombarded nucleus or m the strong field in 
its neighbourhood For the conservation of energy to hold, it is necessary to 
suppose that the mass of the neutron is much lower than that found by Chadwick, 
vis , 1 0006 instead of 1 0067 On this view, the H* nucleus contains a store 
of energy corresponding to about 6 million volts, and this is occasionally 
released in nuclear collisions Further experiments are required to test the 
validity of this idea. 

It was of interest to me also to examine whether the fields of force near the 
H 1 and H* nuclei are the same This was tested by comparing the distribution 
with the velocity of the reooil H 1 and H* atoms when a-particlee pass through 
ordinary and heavy hydrogen respectively While the recoil H* particles 
travel, as is to be expected, slightly farther than the H 1 particles, to a first 
approximation the number and distribution of the reooil atoms were about the 
same in the two oases. Sinoe in a close oollision the a-partioles and the H* 
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nucleus approach within 10 - “ cm. of each other, them results indicate that the 
scattering fields are sensibly the same for H 1 and H* nuclei, even up to these 
very small distances 

Some success in concentrating H* was initially obtained by fractionating 
liquid hydrogen Waahbourn and Urey noted that there was a greater con- 
centration of H* in old electrolytic cells and found the H* was rapidly enriched 
m the residues after electrolysis This general method was first used on a 
large scale by Lewis and Macdonald, of the University of California, m order 
to obtain concentrated preparation of heavy water By this method they 
have obtained quantities of heavy water of the order of several hundred cubic 
centimetres practically in a pure state It has been concluded that one atom 
of H* is normally present with 6600 atoms of ordinary hydrogen. Lewis and 
his collaborators find that the density of this new water is about 11% 
higher than that of ordinary water, while its freezing point is 3 8° C and its 
boil mg point 101 42° C The maximum density is found to occur at 11 6° C 
instead of 4° C as in normal water It is of interest also to refer to another 
method of concentration by pure diffusion methods Professor Herts informs 
me that he has been able to obtain the new isotope m small quantity in a pure 
state by applying his elaborate diffusion method to ordinary hydrogen He 
states that he has obtained heavy hydrogen bo pure that he has boon unable to 
detect m its spectrum the a line of ordinary hydrogen I shall not discuss 
farther the practical methods of separation, for I hope the methods of obtaining 
heavy water will be explained to you by Dr Hartcck who has been responsible 
for a preparation of about 26 o o of the now water in the Cavendish Laboratory, 
for use in experiments on the transformation of matter 

It is obvious that this new discovery opens up a wide and important field of 
work, but I shall leave my chemical colleagues to deal adequately with this 
question On account of its greater mass, it is to bo expected that the rate of 
diffusion and the rate of chemical reaction will differ when H* is substituted for 
H 1 , while the compounds formed with the new isotope are to be expected in 
some cases to exhibit rather different properties from the normal hydrogen 
compounds Similarly, this new discovery opens up interesting questions on 
the effect of heavy water in altering the normal physical and chemical processes 
in animal and plant life. A certain amount of information is already available 
in this interesting field of enquiry. 

There is one question of much interest to me to whioh I should like to refer, 
namely, the use of H* nuclei as swift projectiles for studying the transformation 
of the elements. It was a happy coincidence that when Professor Lewis had 
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prepared concentrated samples of H*, Professor Lawrence of the same Uni- 
versity had m working order his ingenious apparatus for obtaining high-speed 
ions corresponding to more than a million volts in energy Lawrence found 
that the high speed H* ions were often much more effective than protons of 
equal energy in causing transformations of new kinds in a number of elements. 
For example, when lithium is bombarded with H 1 ions, a-partoclea are ejected 
with speed considerably greater than the swiftest a-parbcle from radioactive 
substances. It is now clear that an H* particle occasionally enters the nucleus 
of lithium mass 6, and the resulting nucleus then breaks up into 2 a-particlea, 
escaping m nearly opposite directions. The correctness of this view is well 
shown by the Wilson chamber photographs of the tracks of the ot-partides 
obtained by Deo and Walton The action of H* on the isotope of mass 7 is 
even more complicated, for Ohphant and I have observed that a-particlea are 
liberated over a wide range of velocities In this case, it seems that the capture 
of H* by the lithium nucleus of mass 7 results in the break up of the system into 
two a-particlea and a neutron Wo estimate that the maximum energy of the 
ejected neutron may be as great as 1C million volts We have confirmed this 
conclusion by finding that neutrons can be detected in numbers corresponding 
to this modo of transformation using H* particles of energy about 200,000 
volts Launtsen found that a copious supply of neutrons could be obtained by 
bombarding beryllium with H* particles, while Lawrence obtained large 
numbers from lithium with very fast H 1 particles, but he inclines to believe that 
most of the neutrons observed in his experiments arise from the break up of 
the H* nucleus into a neutron and a proton 
As already mentioned, Lawrence has observed that H* bombardment gives 
nse to one or more groups of fast protons from a number of elements. These 
observations have been confirmed by Cockcroft and Walton for several light 
elements such as Li, C and Fe, using H 1 particles of energy about 600,000 volts, 
but they have failed to observe proton groups from Cu and Au In general it 
appears that the H* particle is remarkably effective in causing the transforma- 
tion of many elements, resulting m a number of substances in the liberation 
of a-particles as well as protons and neutrons There can be no doubt that 
this new projectile, as well as the proton, will prove of great service m studying 
the processes which take place m the transformation of the elements, and this 
will give further important information on the structure of nuclei 
It is obvious that thiB new isotope, which can so easily be obtained in 
reasonable quantity in a pure state, will prove of such great importance to 
science that it is desirable to give it a definite name. Urey has proposed the 
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name “ deuterium ” for the new isotope It is important also that an appro- 
pnate title shotild be given to the H* nucleus not only as a projectile for atomic 
transmutations but as a possible constituent of atomic nuclei Lewis has 
suggested the name “ deuton ” or “ deuteron ” for this nucleus While we 
all realize that the first discoverer has a strong claim m suggesting an appro- 
priate name for a new substanoe the question of a suitable nomenclature is 
m this case of such general importance to scientific men that it deserves careful 
consideration While the name “ deuton ” is in some ways suitable it haB 
for me the objection that it is liable in the spoken word to be confused with 
neutron, and this difficulty is accentuated by the recent discovery that neutrons 
are often liberated from elements bombarded by deutons In consultation 
with some of my physical and chemical colleagues some time before these names 
were announced the name “ diplogen ” (<5iirXoi"s — double) for heavy hydrogen 
and “ diplon ” for the nucleus seemed to meet with some favour Whatever 
view may be taken on this question it is important that the new isotope should 
have a definite symbol allotted to it and the symbol “ D ” seems appropriate 

In this bnef statement I have not attempted to deal with a number of 
interesting points which I hope will receive the attention of subsequent 
speakers 

The President I think it might be well if each speaker would express his 
opinion on this question of the names , it would be useful to have the collective 
opinions of all those who speak. 

Dr N V Sidgwick, F R S I should like, m compliance with the Presi- 
dent’s wishes, to express very strong support for the terminology suggested 
by Lord Rutherford. I do not think that the objection he raised to the term 
" deutron ” because of its simdanty to “ neutron ” is at all an unimportant 
matter , I have beard from people who were at the meeting of the American 
Chemical Society at Chicago last summer that they actually had very great 
difficulty in determining whether a speaker said “ neutron ” or " deutron ” 
You must remember that this is not like the discovery of a rare earth. It does 
not much matter to any of us what we call No 61 because we rarely have 
occasion to refer to a substance like that , but the isotope of hydrogen is going 
to be one of the most important substances in the coming development of 
ohbmistry 

The names which Lord Rutherford suggested give us exactly what we want 
They give us, first of all, the relation between the nucleus of the new isotope 
and the nucleus of the old isotope, and it is really more sensible to call it “the 
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doable one ” than “ the second one ” because the interesting thing about it u 
not that it u the second lightest particle , that u a matter of argument and 
it may be said that the first particle is the proton and the seoond the thing with 
atomic number 2 The interesting thing about it is that it is double the first 
one, and that is the reason for the name Lord Rutherford suggests. Then you 
have the relation between the particle and the atom as a whole which is given 
by “ dipJogen,” which means that which makes diplon , and the rally way in 
which you can make the particle is from the atom of the isotope “ Diplogen,” 
too, conveys the obvious analogy to hydrogen, which is the most striking thing 
about it “ Deutium,” “ deuterium ” or “ deuteromum ” do not indicate a 
relation to hydrogen Moreover, when we come to compounds like CHJ) 
and 0 8 H 4 D t it is quite easy to call them diplomethane or di-diplobensene, 
whereas if you call them deuteromethane or di-deuterobenzene it must be 
remembered that the prefix “ deutero ” is a living prefix in scientific termino- 
logy, and means not “ containing deuterium,” but simply " second ” 

I have been asked to say something on the chemical side of the question, 
and I will do so as briefly as I can, since I have no new knowledge to produce 
I want to deal with what we may expect to be the properties of substances 
made of this new material, as compared with those made of hydrogen, and 
along what lines we may expect the investigation of the new substanoe to lead 
to the discovery of new knowledge 

It is to be expected that the atomic volume of the new isotope will be very 
nearly the same as that of hydrogen, just as the two isotopes of lead have, aa 
far as we know, the same atomic volume Moreover, since the atomic volume 
is practically the same and the atomic number is the same, the ordinary physical 
properties of a substance made of this element will only differ slightly from 
those of a substance made of ordinary hydrogen That is the first point 

The second point is that it has been shown by Urey and Rittenberg, on the 
basis of theoretical physics, that the equilibrium constant for reactions in 
which the new isotope takes part will not be quite the same as for those in 
whioh the old hydrogen takes part The difference is not likely to be more 
than 50% , thus for the reaction H t + 1» = 2HI they find a difference 
of 20% 

Hus refers to reactions at the ordinary temperature , if you do them at the 
absolute sero that difference ought to increase up to infinity, but at the ordinary 
temperature you may expect rather small differences With regard to this, 
we have already the experimental evidence of Lewis that the maximum density 
ofD a Ouatll 6° C, whereas that of ordinary water is at 4° C Weallnabw, 
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of course, that water, at any rate at temperatures near freezing point, is made 
up of a variety of polymers m some sense or another, and that the abnormal 
change in density near freezing point is due to that fact. Now, it is obvious 
from the fact that the maximum density for the D,0 is at a different tempera- 
ture from that of water, that the equilibrium between those polymers or between 
the various states of water is different for the two substanoes, and therefore — 
and this, I think, has not always been noticed— it follows that the differences 
which have been observed m the physical properties of the heavy water and 
the light water— the difference of 3 8° m freezing point and 1 4° m boding 
point, about £% in molecular volume and about 1% in molecular refraction — 
are not the normal differences to be expected, but are bigger, because the 
equilibrium is different for that substance They are larger differences than 
you would expect to find, for instance, in non-associated substanoes such as 
benzene and hexadiplobenzenc 

The next point is that we should expect to find that the rates of reaction 
of the new hydrogen wdl be slower than the rates of reaotion of the old, and 
to an extent which may easily lead to a variation in the ratio of 5 to 1 in the 
velocity constants of the reaction , and in exceptional types of reaotion the 
differences may bo very much greater This is obviously of great importance, 
because there are many reactions, particularly in organic chemistry, where it is 
a matter of dispute whether a hydrogen atom takes part If you can put one 
of the diplogen atoms in place of the hydrogen atom and measure the rate, 
that ought to tell you whether the hydrogen atom does take part in the reaotion, 
or whether the reaction in which that hydrogon atom takes part is slow enough 
to affect the whole of the rate of the reaction 

Another point is that the discovery of this new isotope enables us to earmark 
the hydrogen atoms in a compound in very much the same way that Hevesy 
and Paneth have earmarked the atoms by the use of radioactive isotopes 
mingled with the other isotopes of the same elements which were not radio- 
active, but with this tremendous advantage, that whereas they were neces- 
sarily confined to the isotopes of the heaviest elements, which form part of 
only a very limited number of molecules, we are now able to do the same with 
hydrogen, which is a constituent of more chemical compounds than any other 
element. 

All sorts of obvious applications arise out of this One is in determining 
the readiness of reaction of hydrogen in ordinary groupings. Bonhoeffer has 
already ahown that if you dissolve sugar in heavy water and let it crystallize 
out you get a redistribution, an almost equal partition of the heavy isotope 
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•toms between the water and the hydroxyl groups m the sugar, but that in 
those conditions you get no such partition with the hydrogen of the C— H 
groups of sugar Sugar consists mainly of H 0 C H groups , one part re- 
distributes with the water and the other does not redistribute at all Again, 
Polanyi has found that DH gas reacts with water in the presence of a catalyst 
such as platinum black. It is clearly desirable to pursue this line of inquiry 
further, and it may be expected to throw much light on the nature of the 
processes involved In particular, it will be important to find out how for the 
readiness of the hydrogen to undergo this ohange is affected in the first place 
by the nature of the atoms with whioh it is linked, and secondly— which is also 
a matter of great nnportance— by the nature of the other groups in the same 
molecule That ought to throw a great deal of light on the nature of the 
chemical reaction 

To give another example of an important development, I may mention the 
question regarding electrolytic concentration It is obvious to anyone who 
has seen the literature on the subject that when wo know what the real difference 
of effective conditions is, the knowledge of that will throw great light on the 
intimate nature of these electrolytic processes themselves 

I have only tned to show a few of the directions in which we may expect tho 
new reagent to be of value, but the most important Bomoos it will be found to 
render to Bcicnce will be in directions which we do not yet suspect 

Dr F. W Aston, F R 8 There are only two points which I wish to make 
In the first place, 1 should like to emphasize how very small a discrepancy 
enabled the discovery of this element to be made Tho measurement of the 
atomic weight of hydrogen by chemical and physical methods, as you know, 
oompared with 0 — 16, is l 00777, and when I measured the relative masses of 
hydrogen 1 and oxygen 16 1 got I 00778, and that measurement was made 
through helium, and therefore might have an accumulated orror The method 
I used was one m which one had to change the electnc field In tho com- 
parison of 0 s with Ho 4 1 was able to use a small ohange of tho field, as I could 
use the atom carbon as a marking point between the two, and I had only to 
change the field by 33% , but with He 4 and H, I had to ohange the field 100%, 
and, if there had been any systematic error, that on tho two together might 
have been quite serious I did estimate the possible error of the whole bracket 
as 1*0 parts m 10,000, and I thought it was considerably less 

There are three completely different measurements, the chemical atomic 
weight, the isotopic weight, and the abundance of the rare isotopes of oxygen 
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made by optical spectrographic observations The accumulated error of 
those three experiments, of which in one the error might be admittedly 15m 
10,000, had to be less than 2 in 10,000 to prove that heavy hydrogen existed 
1 think Urey is to be congratulated as a brave experimenter to attack such a 
problem with such extraordinarily small differences in which to trust 

The only other point to which I desire to refer is that of nomenclature, whioh 
I think is extremely important I was at the meeting in Chicago last June 
at which Urey and Lawrence wore present I was interested to note that the 
discussion threatened to become acrimonious, and I fear that our friends across 
the Atlantio may not like the suggestion coming from Hun side I had a talk 
with Professor Bohr at the time, and he certainly at first insisted that the new 
isotope should be called hydrogen , ho said it was not a new element , it had 
the atomic number 1, and therefore it was hydrogen I admit that is true, 
but it is quite impossible to go on with the chemistry of this substance without 
having a new word for it, and at that mooting I suggested to Professor Urey 
that, although tradition allows the discoverer to name his discovery, it certainly 
does not guarantee that the public will use that name We all know the story, 
for instance, of the “ corpuscle,” and in quite recent years there is the word 
“ isotope,” which is now so altered in meaning that its author would hardly 
know it My own word, “ mass-spectrograph,” has also changed I think 
we ought to have a word which will bo as useful as possible, and therefore I 
strongly support Lord Rutherford’s suggestion of “ diplogen ” and “ diplon ” 

Dr P Habteck Fust of all I should like to show you two experiments, 
illustrating the differences of vapour pressure from normal and heavy water 
and the different melting points of normal and heavy ice According to 
Lewis and Macdonald, the vapour pressure of heavy water is smaller than that 
of normal water , at 25° C it is 12% less, and at 60° C about 8% lees. Normal 
water has, at room temperature; a vapour pressure of about 24 mm., heavy 
water a vapour pressure of about 21 mm , a difference of 3 mm At 60°, heavy 
water has a vapour pressure of 138 mm against 150 mm for normal water 1 
can show you this difference of vapour pressures with the help of a differential 
manometer. 1 have here a U-shaped tube containing mercury , on one side 
is a little heavy water and on the other side a little normal water , on the one 
side is the vapour of heavy water and on the other the vapour of normal 
water, and, at this room temperature, you will see a difference of 3 mm. in the 
levels. When the temperature increases, the difference will be greater I 
have another apparatus of the same type which I plunge into hot water, and 
yon can see as a result what a big difference there is I 
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The second experiment illustrates the difference m melting points. Normal 
water has a freezing point of 0° C , and heavy water, aocordmg to Lewie and 
Macdonald, 3 8° C 1 have here two tubes, m one of which u a white pearl 
and in the other a blue pearl They have been placed in a vessel where the 
temperature was about 1° C , and you will see that the heavy water is still in 
the form of ice, whereas the normal water has melted 

I should now like to make some remarks on the preparation of the heavy 
water. 

Lewis and Macdonald* have described the preparation of heavy hydrogen 
by means of the electrolysis of an alkaline solution with nickel electrodes. 
They do not give details of the experimental methods. There are, however, 
some precautions which must be observed if the enrichment of the heavy 
hydrogen (H*) is to proceed satisfactorily This paper gives a description of 
a convenient method of working For the working out of the method it was 
a big advantage that slightly enriched samples of water could be examined in 
the apparatus of Ohphant and Rutherfordf in which lithium ib bombarded 
with hydrogen ions The long range a-particlee which are observed are due 
to collisions involving H* according to the equation, 

H* + Li* = 2a (13 cm range) 

The amount of heavy hydrogen m ordinary water gives a measurable number 
of disintegration particles, and is a rapid method of estimating the amount of 
H* at weak concentrations 

About 60 samples of enriched hydrogen, which had been prepared by electro- 
lysis of normal water under varying experimental conditions, were tested m 
this way When the method had been developed the H* concentration was 
determined by density measurements. 

The electrolytic cells were made of nickel supplied by the Mond Nickel Co 
The cells were soldered carefully on the outside so that practically no solder 
came m contact with the electrolyte 

The electrolysis is begun with $% NaOH With a current of 100 to 
200 amps and cooling water approximately 10° C the temperature of the 
electrolyte does not rise about 26° C Grease and organic oompounds in 
general must be carefully avoided The wet surface is scrubbed with glass 
paper and steel wool and the electrolysis immediately begun 

* * J Cham Phys vol 1, p 841 (1983) 

t Oliphant and Rutherford, * Proo Roy 8oc A, vol 141, p 859 (1983) Oliphant, 
Knuwy and Rutherford, ’ Proc Roy 8oc A. vol 141, p 733 (1933) 
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More than 25 electrolyses have been earned out in this manner with four 
different cells without any case of failure Since the initial concentration of 
alkali is so small it is possible to electrolyse to a A or Vo of the initial volume 
The solution is then neutralised with CO, and the water distillod off, as described 
by Lewis and Macdonald 

The efficiency of the electrolysis seems to be independent of the concentration 
of alkali over a wide range No definite increase in efficiency was observed 
with increasing current density provided this was greater than 0 6 amp /cm. 1 
The temperature dependence of the electrolysis was not investigated sinoe it 
was always necessary to work at a low temperature to keep down evaporation 

If the electrodes are really clean the efficiency has its full value from the 
beginning 
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As soon as the concentration of H* liad the valuo of about 12% the 
mixture of oxygen and hydrogen coming off from the cell was burnt to water 
to avoid loss 

In the course of these experiments we have obtained enriched samples of 
heavy water containing from 30% to 98% of heavy hydrogen, corresponding 
in all to about 25 c c of pure heavy water 

Professor F Soddy The questionable extension of the now well-understood 
term “ isotope ” to heavy hydrogen and other supposed examples revealed 
only by band-spectra is, I think, probably responsible for the confusion, sinoe 
1927, between the chemical and physical (positivo-ray) unit of atomic mass 
The conception of chemically non-separable varieties of the same element, 
which dates from 1907-10, had its origin in the absolute chemical identity of 
radio-elements of different atomic mass, genesis, and inodes of disintegration 
It was followed by the displacement law of radioactive change, arrived at 
in its final form early m 1913, the critical evidence for which was based mainly 
on the work of Alexander Fleck in my laboratory at Glasgow The double and 
single shift of place m opposite directions m the periodic table, which is produced 
by the expulsion of the a- and the (3-ray respectively from the disintegrating 
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atom, caused the word “ isotope ” to be corned To me it was and stall is a 
short term for the individuals of a group of two or more chemically identical 
elements existing together in constant natural proportion and separable only 
by the few physical methods that depend directly on the masses and therefore 
the velocities of the molecules 

In the country of its origin at least this independent experimental conception 
of chemistry has always been overshadowed by the contemporaneous con- 
ception of the nuclear atom of Rutherford and Bohr, and the conception of 
atomio number of van der Broek, as later determined experimentally from 
X-ray spectra by Moseley, ultimately for all the elements exoept those of the 
first short period The positive ray method of Thomson, Aston’s extension of 
the conception of isotopes to the non-radioactive elements, and his discovery 
of the whole number rule, furnish now the best proof of the correctness of the 
conception itself, as it was arrived at m the narrower field of radio-chemistry, 
and particularly the constancy of the natural ratio The only slight exception 
with regard to the second criterion, the constancy of natural ratio of isotopes, 
is boron, examined by Professor Briscoe and others, which is, as Aston has 
pointed out, most favourable for separability by physical processes such as 
diffusion 

Up to 1929, the chemical and physical methods of determining atomic 
weights led to the most gratifying agreement for the four elements up to and 
including oxygen, found by Aston by the mass-spectrograph to be “ pure,” 
and for which some of the finest atomic weight data are available Thus, in 
terms of oxygen 16, the chemical and physical (mass-spectra) values were as 
follows 

Nitrogen 14 006 and 14 008 

Carbon 12 0025 and 12 0036 

Hydrogen 1 00777 and 1 00778 

Then, m 1929, from evidence of band spectra, the existence of small proportions 
of the two isotopes 0“ and O 17 was inferred. If these are really isotopes m 
the original seme, their existence demands the existence also of very nicely 
equivalent proportions of corresponding isotopes m the other three elements, 
and sure enough, when looked for, band spectra indicated also the existenoe 
of N 1 *, C 1 *, and H* 

The first point is, and it has not been mentioned to-day, that the heavy 
hydrogen does not appear to be in nearly sufficient proportion to bring back 
the concordance between the chemical and physical numbers. I think Aston 
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refers to 36,000 to one, and Lord Rutherford to-day gave it about half 
that. 

Lord Rutherford I said 6600 

Professor Soddy 6000, at any rate, is required to bring it back to the 
right value, and how these proportions can possibly be determined seems to 
me very difficult to believe , 1 mean, for these isotopes at any rate it is mere 
guesswork, and I think the knowledge of what is required to bring the value 
right must have a certain weight — unconsciously, no doubt — with the investi- 
gator Further, it has been forgotten that this marked difference of chemical 
character that has been discovered for heavy hydrogen entirely destroys the 
basis of the prediction To any chemist who is acquainted with the most 
extraordinarily careful atomic weight work on which the ratio of hydrogen to 
oxygen was founded, it is incredible that a substance so easily separable can 
have had any more effect on the chemical than it docs on the physical ratio 
One need not go into the question of whether heavy hydrogen is or is not 
absorbed by palladium or the usual methods by which the chemists purified 
their gases Kither hydrogen and heavy hydrogen were separated completely 
or not at all Otherwise the differences in purification must inevitably lead 
to differences m the atomic weight determinations The fact that this value 
of the chemists was a concordant value, although the two substances are 
readily separable, seems to me conclusive evidence against the validity of 
the original prediction To me it is a comedy of errors , it is not a question 
of prediction at all 

With regard to separabdity, the instance would appear to be much more 
analogous to the separation of a pair of homologues, such as zirconium and 
hafnium, rather than isotopes As to the criterion of constant ratio, I do not 
know what the evidence is, but I have yet seen none which would exclude the 
possibility that we are dealing with substances analogous to oxygen and ozone , 
that is, that heavy hydrogen is not m natural constant proportion in hydrogen 
at all, but is formed by the electric discharge or by electrolysis of alkaline 
solutions under high pressure and current density Aston quotes in his recent 
book, “ Mass Spectra and Isotopes,” the evidence of Sandford, that the band 
due to C’K! 18 is abnormally intense in the spectra of ocrtain types of stars, 
and for what stellar evidence is worth to the chemist that shows that these are 
not isotopes m the original sense of the word 

The relative ease with which the light elements are transmuted apparently 
ought also to make for caution in applying properties inferred from the behaviour 
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of the heavier elements to thoee of the first short period, and particularly to 
hydrogen I have never given a place in the periodic table to this element 
at all, and therefore regard the expression “ hydrogen isotope ” as doubly a 
misnomer It may prove that it is even easier to synthesize heavy hydrogen 
artificially than to disrupt the light elements 

I do not wish to detract in the very least from the intense interest and 
importance of this discovery I think it is of fundamental importance, and 
the Americans are to be congratulated on it. I recall that two Americans, 
McCoy and Roes, m 1907, when confronted with a pair of isotopes, had the 
courage to call a spade a spade and to declare that radiothonum and thorium 
are chemically inseparable by any process Heavy hydrogen bids fair, I 
think, to be one of the great discoveries of the century I hope it may prove 
valuable not only in smashing up a few atoms, but even more so m smashing 
some of the physical theories of the present day about the whole of them ! 

Dr M Polanyi I should like to sav a few words about the experiments of 
Dr Honuti with hydrogen containing a small percentage of diplogen which 
have been made with a view to measuring the rate of ionization of diplogen, 
in connexion with the problem of over-voltage and catalysis If hydrogen 
oontauung 1% of diplogen is put into a 100-c o container and 10 c o of water 
is added, and we add half a gramme of platinum black and shake up the whole at 
ordinary temperature for 10 minutes, the 1% of diplogen is reduoed to \% 
This proves the existence of a catalysed interchange between the diplogen and 
the water 

It is well known that platinum is a good hydrogen electrode, and that the 
function of the hydrogen electrode consists m bringing about equilibrium 
between hydrogen and the hydrogen ions of the solution in which it is im- 
mersed In doing so, the current is caused to pass through the electrode 
carrying hydrogen atoms m the form of hydrogen ions into the solution, and 
hydrogen ions at the same time and in the same quantity pass from the solution 
and form hydrogen If part of the hydrogen on the electrode is substituted 
by diplogen then those two currents tend to interchange the hydrogen and the 
diplogen On half a gramme of platinum black there is about 0 2 ampere of 
current going to and fro m both directions 

We have earned out a few experiments to make sure that what we axe 
measuring here is really the actual rate of ionization and not some accidental 
factor such as diffusion. We changed the solution, taking an acid solution, 
then an a lk al ine solution, and then a different acid as well as alooholic solutions, 
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and we found that as we did so the rate of ionisation changed quite considerably , 
m particular the rate of ionisation was very much slower in the alkaline solution 
than m pure water If we take the rate of ionization in water as 1, n/1 hydro- 
chloric acid is 0 7, n/1 sulphnc acid 0 2, and n/4 NaOH 0 4, in aloohol with 
2% water the rate is 0 4 and if we add some alkali to this solution, the ioniza- 
tion disappears, so that we oould not measure it in the time used for these 
experiments. 

This shows that we actually measure not the diffusion, which, of course, 
oould not be affected in this way, but the ionization process itself In addition, 
I think it throws some light on the question of what is the inertia attached to 
the ionization of hydrogen It is well known that, when hydrogen is formed on 
an electrode, it is necessary to have a certain over-voltage to force the hydrogen 
out of the solution, and from this over-voltage one can conclude that there is 
some oheimcal or physical resistance which has to be overcome Evidently, 
this resistance is identical with the inertia attached to the ionization of hydrogen, 
which we have measured m our experiments We recognize that it depends on 
the nature of the solution in which the electrode is immersed This indicates 
very strongly that of the two theories which have been current about the nature 
of this resistance, at least for platinum, only one can hold good One of these 
theories assumes that it is the dissociation of the hydrogen into atoms, which 
is accompanied by inertia, and that this caused over-voltage The other theory 
assumes that the hydrogen instantaneously decomposes into hydrogen atoms, 
and that it is the second step, the ionization of the hydrogen from the 
atomic Btate to the ionic state, to wluch over-voltage is due It is evident that 
the first step, which is really a reaction between hydrogen and platinum, could 
scarcely be influenced by the nature of the solution, whereas the second step 
would naturally be strongly influenced by it Therefore, at least, for platinum, 
the cause of over-voltage must lie in an inertia attached to the transition of 
the hydrogen ion from the solution to the atomic state m its adsorbed form on 
the platinum. 

It seems to be generally assumed that diplogen will always react more slowly 
than hydrogen As I may partly be responsible for this view,* I should like 
to point out that this is not always correct Lower reactivity of diplogen 
compared with hydrogen results mainly from two causes (1) the existence 
of zero point energy , and (2) the quantum mechanical leakage of particles 
through energy barriers Whilst the leakage through the barrier is always 

* Grenier and Polanyi, 1 Z phye. Chera ,’ B, voL 19, p U3 (1032) Seo abo Byring 
* Proo Nat Aoad. Sci. Wash.,’ rol. 19, p. 78 (1933) 
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greater for the hydrogen than for the diplogen atoms, the effect of the aero 
point energy may occasionally favour the reverse ratio I will oonfine myself 
to one special case, as the general treatment will be published shortly by 
Bawn and Ogden Compare the reaction of a free hydrogen and a diplogen 
atom , m the initial state the atoms poesees no aero pomt energy and their 
energies will be equal. However, at the top of the burner there will be a aero 
pomt energy present ,* and this will be greater for the oomplex reacting with 
the hydrogen atom than for that reacting with the diplogen atom. The effect 
of the zero pomt energy at the top of the bamer is, therefore, to increase the 
activation energy of the hydrogen atoms to a greater extent than that of the 
diplogen atoms 

Professor E K Hideal, PUS I cannot do more, m the tune available, 
than give you a very brief r6sum6 of the w$>rk which has been earned out by 
Drs L and A Parkas during the last few months. They had been occupied , 
when in Germany, m Professor Haber’s laboratory in Berlin and Dr Bon 
hoeffer’s laboratory in Frankfurt, with experiments on the ortho-para hydrogen 
conversion, and it did seem possible that the thermal conductivity methods 
used for studying the ortho-para hydrogen system might bo applicable to the 
diplogen-hydrogen system The only method we have had of estimating the 
quantity of diplogen in hydrogen has been that of converting it into water 
and determining the density, a laborious process and one requiring at least 
several milligrams, whereas with the thermal conductivity method 0 002 milli- 
gram is all that is necessary 

The experimental arrangement was a slight modification of that described 
m a recent publication by Dr A Parkas for the sensitive measurement of 
ortho-para hydrogen composition This method is based on the different 
slopes of the specific heat curves for the two hydrogen isotopes H, has at 
80° K a specific heat of 3 cal /mol which rises to 6 cal /mol at room tempera- 
tures, whereas the specific heat of D, (and also that of HD) does not alter much 
over this temperature range and is about 5 cal /mol The actual determination 
of the hydrogen diplogen concentration was earned out by measuring the 
temperature of an electrically heated wire stretched in the hydrogen at about 
0 04 mm. pressure The difference in the temperatures of the wire which 
were reached when pure H, and pure D, were placed in the conductivity cell 
amounted to about 20° C corresponding to a change of 6 ohms in the r esistan ce 
of the wire The calibration was effected by the samples of water of different 

* Eyring and Polanyi, ' Z. phy*. CW B, voL 18, p. 279 (1981) 
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D content We have to thank Dr Harteck for having performed the very 
tedious process of concentrating to its last stages our heavy water 

The next point was to study the equilibrium H a + D a 2HD If the 
hydrogen and diplogen mixture is heated on a catalyst, m fact on a nickel 
wire, that equilibrium is rapidly established The formation of HD from H a 
and D a effected a rise of approximately 1 ohm m the resistance value of a 50% 
mixture, of H a and D a and this 1 ohm corresponds to the establishment of an 
equilibrium when 50% HD is formed and 25% H s and 25% D t disappeared 
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By making suitable mixtures of hydrogen and diplogen and bringing them 
to equilibrium, one can find the equilibrium constant In fig 1 are the experi- 
mental values, and one can see that the equilibrium constant lies between 3 
and 4, the curves correspond to the theoretical values The first point that 
has been established here is tliat, m accordance with theory, the equilibrium 
constant does not change much above room temperature and up to 600°, and, 
secondly, that the equilibrium constant is very close to 4, as was also to be 
anticipated by theory 

The next point to consider is how this equilibrium is established We have 
seen that on catalysts it can be established very readily at quite low tempera- 
tures How is it established in the homogeneous gas phase at high tempera- 
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ture 1 It wm found that there was no reaction at all m quarts under 600° C 
At higher temperatures, however, a reaction took place, and samples could be 
removed and analysed and we can get the order of the reaction 

Fig 2 shows the reciprocal time of half change as a function of the pressure 
at 726° C The order of the reaction given by this curve lies between 3/2 
and 2 

There are two possible mechanisms for this reaction We can first of all 
imagine a molecular reaction H g + D, X 2HD, and secondly an atomic 
reaction giving H + D, = HD + D, D + H, £ HD + H, where H and D 
are formed by the thermal dissociation of H, and D, The velocity of the 
molecular reaction will be proportional to the square of the pressure (p*) and 
of the other proportional to p^ 2 From the velocity of the reaction at different 



temperatures, it is possible to split up the curve into two corresponding to 
each of the above reactions and to get the variation of the collision efficiency 
with the temperature, and from that what is called the energy of activation 
It is found that for the jfl* reaction, the one going through the atoms, the 
energy of activation is 60,000 + 7,000 calories, » e , 67,000 calories, where 
60,000 calories are used up for the thermal formation of the H and D atoms 
That is in good agreement with the result obtained for the thermal para- 
hydrogen reaction which proceed according to the reaction H -J- Hj -*■ H, -f H 
The molecular interchange reaction haa an energy of activation of the Bame order, 
that is, between 60,000 and 60,000 calories, 

Qre Farkas have also examined the reaction with water 
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Table I — D, -f H,0-reactnm. 1 mm. D, -f- 17 mm, H,0 

D-oontaut 

Temperature after 2 hours Collision efficiency 

reaction. 

'C % 

flOO 98 2 10-“ 

•00 90 2 10~“ 

•78 76 9 10-“ 


From the data of Table I one can show that the energy of activation of the 
reaction is again of the order of 60,000 calories 

One can analyse the gas mixture from time to time and find out how these 
particular reactions are proceeding We have two possible reactions, 
11,0 + D, = D,0 + H a , and H,0 + D, — DHO -|- HD and it is found that 
the ratios of the velocities of these two reactions are ol the order of 1 3 
It is also interesting to note that the collision efficiency, extrapolated to 
room temperature, is about 10~ 4S , which indicates very dearly that the so-called 
Ohphant reaction does not proceed directly, but proceeds probably through a 
catalyst, as shown by Dr Polanyi 

Some rather interesting things wore discovered in the exammation of the 
effusion of hydrogen diplogen mixtures through a fine nozzle, as the effusion 
may cause a very great change m the composition of the gas 

In Table II are shown the changes in the composition of the residual gas 
when the preesuxe p 0 (several hundredths of a millimetre) is diminished to a 
pressure p 

Table II 

Pt/p 11, observed | “a D, uakmluted 

1 47 

IS BO 1 80 7 

2 0 S3 0 88 0 

3 86 86 0 67 8 

The observed results are in very good agreement with the values calculated 
on the basis of the theoretical equation 
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where the separation factor, is the ratio of the molecular velocities, 

♦ «, V2 

The diffusion of the two isotopes m their passage through palladium, which 
is one of the best methods of purifying hydrogen, was also studied 
If one starts with hydrogen and diplogeu nurtures the equilibrium between 
all three is readily established The rate of diffusion is temperature exponential , 
16000 

and proportional to the expression eUT, where 16,000 cals is the activation 
energy for the diffusion If we analyse the hydrogen diplogen of tho diffused 
material and compare it to the hydrogen diplogen ratio of the original material 

^ ■ we find a verv interesting thing This ratio at low temperatures 
(H/D) ong 

is relatively high, » e , 1 5 at 160° C' , while os the temperature rises the ratio 
gets closer and closer to unity , in other words, the diplogen, as it were, remains 
liehind, and tho light hydrogen passes through more freely The expression 
for the ratio as a function of the temperature is given by w here 830 calories, 
represents the difference m activation energy for some process in the diffusion 
It is remarkable that the observed 830 calories is very close to the energy 
difference in the zero point energies for the two substances 

Thu observation suggested that one should be able to separate hydrogen and 
diplogen in those chemical reactions m which the velocity whatever the energy 
of activation happened to be, is sensitive to changes in the energy of activation 
of oa 1000 calories For example, if one takes metals and dissolves them in 
water or dilute acids one finds the energy of activation for the process is 
extremely small One would therefore anticipate that one could obtain, 
coming off m the gas, a nuxture of hydrogen and diplogen, but that the ratio 
of hydrogen to tho diplogeu Bhould be much higher than in the water itself 
That in fact occurs, and I have here a few tentative figures for the analysis 
of gas commg off from a 30% hydrogen-diplogen water If one takes nnc, for 
example, with a slight quantity of sulphuric acid, and dissolves that m this 
water, one finds that the ratio of hydrogen to diplogen in the effluent gas is 
3 5 to 1 , in other words, one has almost the separation that is found by 
electrolysing Other metals are not so effective For calcium it is 1 5 to 1, 
for sodium 1 2 to 1, and for aluminium 2 to 1 There is a number of other 
possible methods of effecting this separation by chenucal means , I have 
■imply shown this one because it is very simple, und possibly lends itself to 
technical application 

As I said before, this is just a very brief summary of the work that the two 
Drs. Farkas have been doing since they came from Germany 
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Professor R H Fowl hi, FRS Personally- I have been interested m 
trying to understand how it is that electrolysis separates the hydrogen and 
the diplogen in such a way that over very wide ranges of hydrogen-diplogen 
concentration m the water that you are dectrolj sing vou get a rate of evolution 
of hydrogen and diplogen which is some factor, Q, times the ratio of then 
concentrations m the water I have been trying to satisfy myself, for example, 
by general arguments that the ideas put forward by Dr Polanyi which are 
probably right, represent the only possible way of talking about that separation 
In doing that, 1 tried to avoid as far as possible all reference to details of the 
mechanism, and merely to see what w as required to get such a constant evolu- 
tion rate independent of the concentration ratio m the solution , at the same 
time recognizing that you have a steady process of electrolysis going on, that 
vou have no accumulations of hydrogen or other substance anywhere except m 
the evolved gas at the expense of the solution in general 

The point that I wish to make is this If you consider the whole electrode 
system where the process is going on, hydrogen is being fed into that by various 
processes, by the ( urrent carrying process' for example, from the solution in 
general, and is being evolved in gas bubbles, and those two things must take 
place at the same rate From a simple argument such as that you can, I 
think, get a certain control over your theories whioh it is well worth while to 
develop at some length I do not, propose to do that now , I shall merely 
indicate the sort of arguments employed 

For example if diffusion in your liquid were negligible and jour onl) 
hydrogen carrying process was the actual cuirent transported by the hydrogen 
ions then, no matter what }our electrode processes might be, the ratio of the 
rates of evolution of the hvdrugeu and diplogen would be just Q times the 
ratio of the concentrations, wheic Q ir simpl) the ratio of the mobilities — that 
and nothing else Now , that is not true, and wliat is happening is that atomic 
diffusion in the neighbourhood of the electrode prevents the building up which 
would be required by that result, and actually the boundary there is kept by 
diffusion at a fair sample inH/D ratio of the whole liquid in bulk, m spite of 
the transport of H and D to the electrode 

If you go further mto the process and consider the exchange of hydrogen 
between the electrode itself and the boundary layer of the liquid, you have a 
deposition of hydrogen on the elec trodc from the boundary layer , this deposi- 
tion is a current-carrying process, controlled by the over-potentials, which 
may be different for the H and D, and that by itself could give nse to a ratio 
of rates of evolution of the two gases of the observed form, provided this 
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deposition is the only process effective in exchanging hydrogen and diplogen 
between the solution and the electrode The factor Q is then just the ratio 
of the rates of deposition at the given concentration and under the given 
conditions of the electrolysis That would be true no matter how the atoms 
after deposition reacted to become gas molecules , but, as Dr Polanyi pointed 
out in his interesting experiments, that is not the only process of exchange 
The current-carrying process is not the only process of exchange of hydrogen 
between the liquid and the electrode, and other conditions come in which must 
be taken into account When you take those other conditions into account, 
of course, it may very well happen, and will happen at low current densities, 
that the current carrvmg pro< ess is trivial, and you still have your equilibrium 
set up between the adsorlied hydrogen and the hydrogen in the water , and 
then it matters very much what happens later on The process which controls 
the evolution will then depend on the rate at which the adsorbed hydrogen 
react atoms in pairs to form the evolved gas 

When you trace that through you find that a oertam condition has to be 
satisfied between the efficient y of interaction of HD, HH and DD, but a 
relationship which is likely to be true, and, if that is true, you then still get a 
ratio of rates of evolution of the form QH/D over an infinite concentration 
range, but your factor Q may depend here not merely on tin ovcrpotential 
factors but also on a collision-efficiency factor betw ecu the adsorbed hydrogens 
The quest ion therefore seems to nic still open as to what part of the observed 
Q comes from one or other of those processes This is not the place to go into 
such a special point more deeply , 1 merely wish to point out that such questions 
do arise and wall need further interesting disousaion as the facts become better 
known such discussion will inevitably lead to a better understanding of the 
w'hole phenomenon 

Mr H P Bell I have a very short report to make on some experiments 
earned out by Mr Wolfenden and myself on the effect of different factors on 
the electrolytic fractionation of water We determined the concentration of 
diplogen by measurements of specific gravity, independent determinations by 
different observers agreeing to within 1 part in 100,000 Water of known 
diplogen content was electrolysed under different conditions to a known 
fraction of its original volume and the concentration of diplogen m the final 
product determined by a specific gravity determination We have expressed 
the efficiency of separation by the factor a m the equation 
d log 1) = ad log H, 

» c , our a is the same as Professor Fowler’s Q. 
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Our fust experiment# deal with the effect of varying the cathode metal, and 
the results are given m Table I 


Table I — Effect of Cathode Metal 
D/H = 0 l%-0 3% 


The estimated possible error iu the value of a is 0 06 , this, however, refers 
to the absolute values, and the differences between the values m a senes should 
be correct to about 0 02 Within the experimental error, exactly the same 
efficiency was obtained using nickel, platinum and copper aa cathodes In one 
experiment the initial caustic soda concentration was 8%, and henoc the final 
concentration was something like 40% It has been reported that the separation 
beoomes much less efficient m concentrated alkal l This is not confirmed by our 
results, the efficiency being just the same as in dilute solutions 

Table II shows the result of experiments on the effect of temperature and of 
current density 


Table II — Effect of Temperature and Current Density 
I D/H = 0 26% -0 5% 



Electrolyte 

j Temperature j a 


as 

II 

100° 0i7 \j.noK 

10” O 24 J J ‘° 06 


II 

D/H =* 0 06% -0 16% 

Electrolyte 

| Current demity j a. 

1% NaOH 

1% NeOH 

I 10 amp./om* 0 18\ 

0 08 amp /cm* 0*7/ ±006 


It will be seen that there is practically no difference between the efficiencies at 
10° and 100° There does appear to be a slight difference in « in the two current 
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density experiments, but it is doubtful whether it is greater than the experi- 
mental error These experiments need repeating with greater aoonraoy 
These are the experimental results which I wish to report, and I think that 
the most interesting point is that the separation is muoh less sensitive to different 
variables than one would have expected It has been suggested that the 
separation is in some way connected with over-voltage phenomena If this 
is so, one would expect some change m efficiency on changing the nature of the 
cathode metal , actually mckel, platinum and copper were found to be equally 
efficient The absence of any temperature effect is also unexpected, though it 
may be that the processes taking place in the neighbourhood of the cathode 
are not much affected by the temperature of the bulk of the electrolyte 
Our average value for the efficiency a was about 0 2, agreeing with the 
value found by Lewis Dr Hartock’s results also appear to indicate about the 
same efficiency 

Mr J D Bernal Through the kindness of Lord Rutherford, I was able to 
get some of the 91% heavy water This was put into a small capillary, and a 
single crystal of ice was made and photographed * The resulting cell measure- 
ments showed a slight, but I think, genuine difference from the values for 
ordinary ice taken under similar circumstances and with the same camera The 
a axis was 4 60 A for heavy ice as compared with 4 62 A for ordinary ice, and 
the c axes 7 .$6 and 7 39 A respectively The difference is small, and amounts 
m specific volume to a little over 1%, but it is very interesting to note that, if 
this result is correct, the volume difference is in the opposite sense to the volume 
difference for water The apparent molecular volume of heavy water is slightly 
greater than that of ordinary water , the apparent molecular volume of heavy 
ice is slightly smaller than that of ordinary ice 
I think 1 can give a theoretical reason for that being so, and at the same time 
point out that there are two quite different reasons why diplogen compounds 
should differ from ordinary compounds. One has already been mentioned 
the difference between the zero point energies. The other is the difference 
which is a pure mass effect, due to the double mass of the diplogen in the 
water, and that affects the whole nature of the water in this quite simple way 
The nature of the difference of the so-called polymers of the water is really 
determined by the orientation, by the regular or irregular arrangement of the 
molecules, | , The moment of inertia of the heavy water ib about twice that of 

* The photographs were taken and analysed by Miss H Megaw 
f Bernal and Fowler, ‘ J Chem. Phys ,’ vol T, p M (1933) 
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ordinary water, and therefore it is in general a slower rotator, so that at the 
same temperature heavy water should be more ice-like , that is, its co-ordina- 
tion number should be lower, giving it a larger volume That is what you 
get in the actual waters , you do get a larger volume for the heavy water 
On the other hand, with ice, where the rotation is completely suppressed and 
all the atoms are m regular positions— suppressed, that is, but for a small 
number of rotators to account for the large dielectric constant— you got a 
smaller volume 

All the properties of heavy water fit in with this hypothesis The most 
interesting is the relation of surface tension and viscosity The viscosity of 
heavy water is definitely 30% to 50% larger than that of ordinary water, 
whereas the surface tension of heavy water is actually only 0 8 of the surface 
tension of ordinary water Here you have two phenomena both associated 
with polymerization and going in different directions The abnormally large 
viscosity of heavy water is not a translate ry but a rotary viscosity The ease 
with which an object can be moved through water depends on the degree of 
spontaneous rotation of the molecules That will be small for heavy water 
and therefore you have higher viscosity On the other hand, the surface 
tension of water depends on the force between the molecules and is not directly 
affected by the rotation and therefore you would expect it to be the same or 
somewhat smaller for heavy water It is possible to construct a theory for 
these effects, but I cannot go into it here 

The differences due to this mass effect will be very apparent xn certain com- 
pounds where the other effect may not bo bo noticeable, and particularly 
where the possibility of the mobility of the hydrogen ion is concerned, 
especially in acids. I think the general theory of the mobility of the hydrogen 
ion depends, at any rate in the form of which Professor R H Fowler and I have 
worked it out, very much on the mass, and the difference in mobility shown by 
the hydrogen ion is about 50% greater than could be accounted for by a normal 
viscosity effect 

Dr W Jevons Spectroscopic investigations m connection with the 
hydrogen isotope have not been reviewed in this discussion, beyond Lord 
Rutherford’s opening remarks on Urey, Bnokwedde and Murphy’s original 
observation and measurement of the weak Balmer lines of D (le , H*) whioli 
accompanied the much stronger corresponding lines of H (♦.&, U 1 ), and Hertz’s 
conspicuous success in obtaining D in such a high state of purity that the line 
spectrum showed no trace of the Balmer lines of H and the molecular spectrum 
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consisted of band-hues of D, with no trace of those of H t and DH. I therefore 
venture to draw attention to the significance of the spectroscopic results so 
fa r secured 

These measurements of the Balmer lmes of D, and Ballard and White’s 
subsequent measurement of sue lmes of the Lyman ultra-violet series of D, 
constitute the only examples of an observed electronic isotopic effect which is 
given directly by Bohr’s well-known expression for the Rydberg constant for 
one-electron atoms, H, He + , Li + ' , Be -4 ++ , (For atoms with two or three 
electrons, such as Li 4 and Li, the observed isotope effects are, of oourse, less 
simple in theory , the theory has been given by Hughes and Bckart ) 

Turning now to band-spectra of diatomic molecules we have so far records 
of the H isotope effect in three well-known band systems of HC1, H a and OH — 

(i) It is now well known that in the infra-red HC1 absorption band near 
X 8 46 p each strong line of the more abundant molecule HC1“ has, on the 
low-frequency side of it, a weaker line of the less abundant molecule HC1* 7 , that 
is to say there are two overlapping bands arising from the Cl isotope effect 
Hardy, Barker and Dennison have observed near X 4 8 p the corresponding 
pair of bands due to DC1, with a similar duplex structure arising from the Cl 
isotope effect, no leee than 19 lmes of the molecule DCl 34 and 17 lmes of the 
rarer molecule DC1 17 being measured The vibrational displacement is very 
large (DC1 - HC1, 8v - - 805 cm ~ l ), the ooefheient p — 1 being very much 
greater than for any other observed isotope effect The deduced mass ratio is 
HD- 1 00778 2 0137, in close agreement with the mass spectrograph 
determination made earlier by Bambndge, narnoly, 1 00778 2 01363 (on the 
chemical scale 0 — 16) The estimated abundance ratio HD- 35000 1, 
has been superseded by Bleakney and Oould’s result, 5000 1 The ratio 
6000 1 quoted by Lord Rutherford is presumably a stall later and oloser 
estimate 

(u) Using a gas mixture consisting of about 25% of H f , 50% of DH and 
25% of D„ Miss M Ashley and Professor G N Lewis have obtained 21-foot 
grating spectrograms, and identified and measured several hundreds of new 
lmes Many of these lmes have been arranged into P, Q and R branches of 
DH and D, bands whioh correspond to the a bands (3 p a Il-*2 » *22) of Hg 
The large isotopic displacements observed are in satisfactory agreement with 
those calculated from H, data, and include, not only the usual vibrational and 
rotational displacements, but also very considerable electronic displacements, 
the latter amounting to as much as 2 4 cm -1 for DH — H r Alternating 
line intensities are observed in the bands of the homonuclear molecule D,, 
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but not, of course, in those of the heteronuclear molecule DH The alter- 
nations in the D 2 bands axe such that, without reasonable doubt, the spin 
quantum number for the D nucleus (diplon) is 1, which is twice that of the H 
nucleus (proton) 

(lii) In the 0, 0 band of OH, *L -*■*11, at X 3064 the hydrogen isotope effect 
has been reported, though somewhat tentatively, by Miss K Chamlierlain and 
H B Cutter, who observed and measured several new lines m the positions 
computed for lines of the S R 11 branch of the corresponding band of the ibo 
topic molecule OD This result is confirmed and greatly extended in a detailed 
investigation by Johnston and Dawson, who have identified and analysed 
large portions of the 0,1, 1,0 and 2 0 bands ns well as the above branch of 
the 0,0 band The observed displacements lmlude pronounced isotope effects 
on the spin-doubling in the *0 state in addition to the larger vibrational and 
rotational displacements. It may reasonably be expected that this investiga- 
tion will lead to a very exact value of the H D mass ratio, and also reveal 
yet unobserved isotope effects on the A-type doubling m the *11 state and the 
spin-doubling in the *22 state 

Lord Kuthekford, OM.FUS Ism sum you will all agice that we have 
had a most interesting meeting, and i regret that lack of time does not allow 
many speakers to contribute to our discussion At the moment, only a few 
scientific men m the country have even a cubic centimetre of heavy water for 
experimental purposes I hope this difficulty will soon be removed and that 
our industrial friends will help us to obtain supplies of the new water at a 
reasonable price The cost of making the new water m places like Oambndgf 
where the cost of power is high, is almost prohibitive If a further discussion 
is held again, say, in six months' time, new mformation is likely to be available 
on the biological as well as on the chemical physical side 

Before closing the discussion, I am sure you would like nic to say a word on 
the points raised by Professor Soddy in lus communication As you all know, 
Professor Soddy was the discoverer of isotopes in the radioactive bodies and 
conned this name because the radioactive elements appeared to occupy the 
same place m the periodic table, and to be inseparable by chemical methods 
Much water has flowed under tho bridge since he made that disoovery and we 
now speak of the isotopes of an element not as inseparable bodies but as con- 
sisting of atoms which have the same nuclear charge but different masses 1 
think no one will doubt that heavy hydrogen has the same nuclear charge as 
hydrogen with one electron circulating round the nucleus, and from this point 
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of view u properly to be regarded as an isotope of hydrogen I, of course, 
quite understand the reason of Professor Soddy’s difficulties The name 
isotope was first applied to atoms of the heavy radioactive elements differing 
only slightly m mass, chemically indistinguishable and very difficult to separate 
oven by diffusion The name is novs given to the atoms of heavy hydrogen 
which can be readily separated from ordinary hydrogen and shows some very 
distinctive properties This contrast is due to the fact that in hydrogen the 
masses of the isotopes vary in the ratio of 1 to 2, and are thus readily separated by 
diffusion or by processes like electrolysis where the mass plays a large part 
Even the radioaotive isotopes could be partially separated In diffusion methods 
but owing to the small difference m their musses the process would be a slow and 
tedious one 

I hope that I have been able to convince Professor Soddy that m using the 
word isotope for heavy hydrogen we are not conti.idictmg the essential ideas 
involved in his first use of the word 
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On Dynamical Evolution 
By Sir Johfph Larmor F K S 
Summary 

The evolution of a rotating liquid mass with an assigned angular momentum 
about a central axis has been sketched by Poincarf m his celebrated memoir 
on a rotating liquid mass ( Aeta Math 1886) The liquid continually 
contracts so as not to violate the principle of degradation of mechanical energy 
which we take for the criterion of the trend of evolution For the sake of 
mathematical simplicity we make the assumption that the contraction permits 
the liquid to be always homogeneous. Initially a sphere with a “ small ” 
angular velocity about a diameter, the liquid mass acquires greater and greater 
velocity as it contracts with constant momentum and passes through the stable 
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Maclaunn and Jacobian forms. This is the order up to the critical Jacobian 
ellipsoid, if for conserved momentum the total mechanical energy becomes 
continually smaller so that the principle of degradation of energy w not con 
tradicted The next type in the succession, a pear-shaped figure, is unstable, 
and so it is presumed that a cataclysm involving tumultuous cliange sets in 
at this stage In view of the slowness of the evolution it is perhaps to be 
expected that the cataclysm would be smooth in its earlier stages We examine 
the general features of these earlier stages and show that contraction subject 
to degradation ot energy permits the Darwin -Poincar6 pvriform solution, 
unlike that of Jeans The former seems to have been iound to be stable 
while the latter, the more developed pear, has been shown by Jeans to be 
unstable Without discussing the cataclysm further, we pass next to a 
senes of double-figure configurations (both components sphencal), which is 
characterized by two parameters, X the mass-ratio and / the separating 
distance In the diagram of the course of evolution which summarizes the 
investigation all the configurations are brought in If the cataclysm ends in 
such a smooth state of fission, we muBt have A < J 4 which is in keeping with 
the observation of double stars As regards the earlier stages, the Maclaunn 
spheroid shrinks m every direction, but not the Jacobian ellipsoid 

1 Introduction 

The histoncally famous problem of gravitating liquid masses is discussed 
here from a point of view winch has not received due attention, since Lord 
Kelvin published a brief statement of results, without proof* As discussed 
here the problem is this given a mass M of a homogeneous liquid rotating 
uniformly like a rigid body, with a fixed angular momentum p, what will be 
its course of evolution, if it slowly ( ontracts so as always to remain homo- 
geneous? Owing to the recent progress of astrophysics the interest id this 
form of the problem is now mainly historical Nevertheless, there is a good 
reason for presenting these considerations, as Sir George Darwin, who had 
this problem in view, had to leave it undiscussed , for the question of the 
stability of the pear-shaped figure still needed attention when he died, and 
when the last word was said in this connection, the interest in the problem of 
evolution had evaporated 

There is also another reason, equally good The current idea about the 
origin of the binaries is essentially that held by Darwin, and Pomeari f But 

* “ Thomson and Tait,” 2nd od , $ 77*. vol 2 (1883) 

t “ Aota Math " p 37W (1885) see also Jeans’s “ Astronomy and Cosmogony," p 414 

<1M») 



30 


V V Narlikar 


there does not eeem to be on reoord a model of evolution, in oonfornuty with 
the old or the new ideas of astrophysics, which would support this current view, 
or otherwise It may therefore be worth while developing folly the Kelvm- 
Pomcart stellar model 

2 An Account cj several Huooctnont q$ Ftguru of Squthbnwa. 

Let us take a rectangular set of axes O -ays fixed m space. 0 is the centra 
of a homogeneous liquid sphere of mass M, radius a 0 and density p 0 Let a 
spin <i> 0 be given about the axis OZ, being small enough for a spheroidal form 
to be possible We will suppose that the mass is oontraotmg, owing to cooling, 
and that the contraction is so slow that whatever form the mass assumes it 
is always homogeneous As the system remains isolated, the angular momen- 
tum p as well as the mass M must remain constant Throughout this paper 
the liquid will be supposed to be homogeneous We will consider a succession 
of figures of equilibrium all of which have the same mass M and angular 
momentum p When tables are constructed for the densities, angular 
velocities, etc , corresponding to these figures, it should be possible to derive 
a sequence of configurations characterising the oourae of evolution With 
this end in view we proceed to explore the three well-known types of con- 
figurations, the Maclaunn spheroid, the Jacobian ellipsoid, and the binary 
configuration 

2 (a) The. Maclaunn Sphmnd 

Consider a typical Maclaunn spheroid with semi-axes a, a, a, density p and 
angular velocity to Let 

t, — a cos y, ^= X , e = siny (l) 

Here s u the eccentricity of the spheroid , % and y are parameters connected 
by the relation* 

X — cot y [y (3 4- cot* y) — 3 cot yl 
For the mass and the angular momentum we have 

4 2 

M = - vxPp COB Y, p — -Ma*co (2) 

Solving (1) and (2) for a, at, and p we obtain 

26 p» cosy — x i* 2 3« M lu x* 

6 M» x ’ " 126 p s Icosy/ P= 6Sr p« oo*y 

* Thomson and Tut, vol i, P 77i (18SS) 


a — 
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The kinetic energy is 



The potential energy is 

W = - ^ 7U( s pM 


9 x f 

126 p» cos y^ 

= —-a-. 

125 p* sin y coe y 


We will denote the expressions 


— ]Qt — JL* 8 , 

VnosY' sin y cosy 126 p* 

by the symbols rj, e, and A respectively The total energy E iu then A (rj — 2c) 
There is one and only one Maclaurin spheroid corresponding to each value of 
Y, subject to the inequalities 0 < y < frc Taking typical values of y m this 
region the quantities a, e, to, p, T, VV, and E are now calculated and the results 
are set out m Tables I (a), I (6), and IV (a) 

It does not appear that the total energy E has been tabulated up till now, 
and it is an affair of some trouble , a column for momentum can readily be 
added to the tables, as it is equal to Ico, while T is JIco 2 , thus E can be graphed 
against density p subject to p constant, and the evolution is towards diminish- 
ing E on this graph. 

2 (6) The Jacobian Blhpsotd * 

The semi-axes of a Jacobian ellipsoid may be expressed as a, b = a oos (J, 
c — a cosy, P y being subject to 0 ^ p < Jtc , also 64° 21' 27" < y < ia 
A Jacobian ellipsoid does not exist for y < 54° 21' 27" fl and y •» con- 
nected by the relation 

where k is defined by sm £ = k sin y 

For the Jacobian ellipsoid to be determinate there must be a relation between 
Xi P, and y It is 

— \y ~ cot {} cot { oosec 3 (S (1 -f cm 1 |3) (F — E) 

— ^ K cot* fi cot y oosec |3 -)- ~ 

where «'* — 1 — k* while 

E = j Y (1 — k* am* <£)* and F = j’(l - 

* Sir 0 H Darwin ‘ Collected Paper*,’ vol 3, p 128 
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Since the mass M and. the angular momentum jx are assigned wo may write 

M = | 7WJ*p COS P COS Y, (X = ^ o* (1 + 0°®* P) 


and solving these for a, «, p, 


I M (1 - 


JhL 


\ * 2 cos |3 cos y 

^TpjJ m, ’ 


2 V M l0 r/ 

uK 


5*7t jx® IJ cos p cos y/ 

T - A |tt±«ilC 

IT^,- iltLfcJSggig 


3M X rr Ha+oo^P) ) 3 . 

1.2 cos |3 cobyJ i 5p I 


cos p cos y 




sin y coeYO 08 PJ 


Defining tj and c by T — At] and W ~ — 2As, we have E = A (tj — 2e) 
Choosing typical values of y, the quantities a, w, p, etc , are calculated for the 
corresponding ellipsoids and Tables II and IV (6) are oonstruotcd * 


2 (c) The Binary Configuration 

The mass M is supposed to be separated into two detached portions M, 
and M t rotating like one connected rigid body It is convenient to express 
Mj and M a in the forms ~~ and respectively (X > 1) Let p be the 

density, the masses being so far apart that they may be regarded as spherical, 
with radu « v and a t and r the distance between the centres As the spheres 
rotate and revolve with the same angular velocity a 


where 


°i* — 


= 2npx, 

3M 




4rrp (1 -h A) * 47rp(l + X)* 

' - JuTwik' 0 + *“> u + «“* + 1 1 J . 


A\ =^ --~ TOh'pMi — g TWl/pM, - 

= - 5 ^r[/>« + x'Y,(xft 


* The values of F and E needed to oompleto these computations were taken from Table 
IX of the second volume of Legendre’s “ Traits dee Fonotkms Klhptiquee.” 
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f '™ = WTW and 


, m 2/3>*» 1 f-X 3 ' 3 

(ITxr 


It w dear that x must be very small for the masses to be aearlv spherical 
under their mutual attraction An upper limit on % is obtained, taking into 
aocoont the liability to tidal disruption and partial secular instability Let ns 


put r ~ oiL where a is given by = a 3 Since ^ = to* we have 

r 4itp r a*tjr 

= i 7tp or x - For the reasons given b> Jeans' 1 ' -Ji _'> 2 5 roughly. 

Thus x < 10 * v " 4 268, say, Xo 

A rotating mass cannot break up into two spheres unless / is less tlian /„ 
According to the notation followed so far we mav write 


where 


0 

Let us put 


T = Aq and W -= ~ 2A*. 
if? and 


M 10 2 3* 

T s% 


50 

3 M* 


Then the numerical values given in the tables for energy, density , and length 
are A -1 , B -1 , D 1 times their actual values respectively The binary con 
figurations are characterised hv two independent parameters X and /_ subject 
to the conditions X)>1, / >* /„ For y--»/ 0 and some values of X ,> 1, 
Table III is constructed 

3 The Kelvin- Pottioare EooliUimi 

Fig I, in which the total energy with its sign ohanged, * e , -E, is plotted 
against x> i* the diagram of the gradual succession of configurations as / 
increases, but the actual evolution is for constant y. as infra The course of 
evolution starts at O, marches along the thick line OA until it is diverted at A 
to pursue the other thick line up to E At this point a cataclysm begins to 
develop which ultimately comes to an end m the neighbourhood of the binary 
configuration P that has nearly the same energ> for the same j* and p The 
details axe aa follows — 

The line OABCD represents the Maolaunn spheroids the thick line OA 
represents the secularly stable spheroids , AC are secularly stable if the figures 


* “ Problems of Cosmogony and Stellar Dynamic*,” p 54 (1010) 
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are constrained to be figures of revolution, and C is the limit due to Bryan* 
who showed that the range CD are not “ ordinarily ” stable Incidentally, 
A is the critical spheroid from whioh the ellipsoidal senes starts The thick 
lino AE represents the succession of secularly stable ellipsoids, the other 
Jacobian ellipsoids being stable only if constrained to remain ellipsoidal 
From K branohes off the “ pear-shaped ’ series which, however, is not shown in 



the diagram as these figures are unstable Although very little m known of 
the cataclysm that starts at the stage E the binary configuration is considered 
to be its outcome We have therefore inserted m the diagram discrete binary 
configurations as represented by the thick dotted lines. The oentral feature 
of the evolution ib the principle of degradation of energy. 


‘ PUL Tmns.,’ A, voJ 100, p. 187 (1887) 



Kelmn- Poincare Problem of Stellar Evolution 


35 


It is Batumi to expect that m the initial smooth stages of the cataclysm the 
pear-shaped figure, although unstable, may develop The following inde- 
pendent analysis, however, indicates that Jeans’ figure, unlike the less- 
developed Darwin-Poincar4 “ pear,” has no place in the evolution 
Since the liquid is not supposed to have become turbulent m such early 
stages we may consider the density p, the total energy B, and the angular 
momentum p. to bo the same for the critical ellipsoid and the initial forms of 
the changing pear In our notation 

T f W = K, 2T - {we, w* = Srpy, la - jx, 

I being the moment of inertia about the axis of rotation By logarithmic 
differentiation we obtain for constant jx, if p were unchanged, 

2^ 

I X 

But this is not satisfied by the leans’ pear {loc cit , p 101) for which 

^ = 0 05227 e* ^ ^ - 0 09378e* 

X I 

where e is a small parameter, so that it is not m the evolutionary succession 
This shows that the pear-shaped forms cannot arise in the early smooth 
stages of the cataclysmic transitions unless perhaps some of the implied 
restrictions relating to constancy of jx, p, and E are removed We may examine 
whether the density slightly increases Let then tho density of the ‘ pear ” 
be p -f dp, p being that of the critical ellipsoid The total mass and the form 
of the figure r emaining the same, the moment of inertia I -f- dl is replaced by 

(I f dl) ^1 — | which is I -)- dl — 1 1 dp, to the first order We have 
from the conservation of angular momentum 



= dl-|idp)(6) l-dw), 

giving 

dl , da _ 2 dp 


I a 3 p 

Also as 

to* a Sbrpx, ^ — 2 ^ . 

rA ' a tl) V 

Thus 

P “X 


3 P I + X ’ 



36 


V. V. Narhkar 


no that for Jeans’ pear dp/p = — 0 40587e*, which means expansion On 
the other hand, the formation of the Darwm-Pomcar<5 pear* demands con- 
traction, which is more natural, since for the latter 

144306 1 », ^ = 0 157786e* 

y I 

and hence 

& =0 1513798 e» 

P 

If the cataclysm carries over the quantities E, p, and (i all practically un 
changed from the critical ellipsoid, the binary configuration P is reached 
The ratio of masses of the pair of bodies corresponding to P is 3 37 The 
dotted curves in fig 1 are the equi-denmty curves, the one passing through P 
corresponding to the density of the critical ellipsoid In view of the principle 
of the degradation of energy, the conclusion seems inevitable that the ratio of 
masses (X) after fission m this model of ovolution cannot exceed 3 4 This, 
by the way, is remarkably in agreement with observation for double stars 
Lastly, consider the process of contraction geometrically if the contraction 
is due to cooling of tho fluid it might perhaps be expected to proceed uniformly 
in all directions , then every figure should be wholly within the space occupied 
by the preceding, instead of bulging in parts Consider first the spheroids 
Let r be the radius vector to the surface of a Maclaurm spheroid, drawn from 
the centre, making an angle (1 with the plane of the equator Then we hare 

l cos* 0 . am* 0 

-3T + — 

The contraction Sr in the direction (0) as the matter passes to the consecutive 
stage is given in terms of the principal contractions 8a, 8c by 

8r 8a cos* 0 , 8c sin 1 8 
r® 3=1 «» + c 8 * 

Since 

a-pSSDC, c = pS2!ll 

y y 

where p is a constant, 

8a^ 1 x am ySy-t- cosy 8x Sc _ 1 2% sin yfor •+ oo«Y 8y 
a* p* co8*y ** 0* p* cos 8 y * 

It can be shown from Tables I (a) and I (6) that dx/dy > 0 from ««=0 to 


Darwin, be cU., p. 380 
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e — 0 93 Hence up to this point — — < ~ Also {8r) = 0 when 0 = 0 

and This shows that the minimum contraction is in the equatorial plane 
and that its value is 5o/o* The maximum expansion is along the axis of 
rotation and its value is Sc/c 3 So and 8c have been shown to be positive 
later on All this is quite m keepmg with the cooling hypothesis, for the heat 
generated inside the surface will be conducted more rapidly in the direction 
of the shortest radius vector, and the subsequent radiation and cooling would 
produce the maximum contraction m this direction 


Table I («) -Maclaunn Spheroids 


10-« 1 159 

10-* x l OHO 
10-* X 2 41 
j 10 -* \ S 115 
' 10-* •> 4 3Bfl 
, 10 1 8 90 

I 10-‘ l 007 

10-' s l 387 
' 10*‘ X 1 097 

10 ' < 1 812 


< 2 56 

< l 89 
5 75 

v i 73 
X 4 71 
x 1 17 
X 5 84 
X 2 40 
x 1 027 
2 13 
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10 * v 5 63 10 -* X 2 37 

10** x 4 00 1 10-* v A 34 

10 4 •> 1 40 I 10-* y 1 19 

10** 2 89 I 10 * x 1 85 

10*« X 6 47 I 10-* X 2 588 

10-* x 1 23 | 10-* y 3 01 

10 * 2 25 10*» X 4 89 

10*» ' 6 34 | 10-* X 8 37 


I 10*» V 1 35 
2 15 
1 < 2 73 


9 117 | 10*» s 3 4 


10*» x 4 7 
10-* - 1 20 
10-* X 2 37 
10-» x 3 29 
10*« x 5 111 
10** X 7 11 
10** x 9 68 
10* 1 1 81 
10*1 x 2 54 
10*1 x 3 93 
10*1 x 4 88 
10-» X 6 088 
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0 85 I 

0 9 

0 01 < 

0 92 ; 

0 03 I 
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I 10 •* * B 44 j 
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10*« X 0 42 
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0 477 
0 621 

0 827 
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1 638 

2 518 
4 296 
9 44 


0 1005 
0 1031 
0 1105 
0 1484 
0 2566 
0 2880 
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0 5946 
0 7209 

0 9013 

1 21 


0 8630 

0 9340 

1 032 
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1 323 
1 587 


0 7721 

1 0024 
1 0600 
1 1175 
I 1974 
1 2757 
I 3659 
I 4695 
1 6961 
1 7447 
1 9 


(f =) 84 M l (?-) 2 436 l(i ~) 24M 


Critical uphomW 



38 


V.V Narlikar. 


Tuble II -Jacobian Ellipsoids 
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28 30 0 

0 186 

10~* X 5 936 
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0 3798 
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0 866 

SO 0 0 

40 54 0 
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10-* (1 858 
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0 6814 
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MOO 

64 46 0 
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10-* < 1 133 
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60 49 0 

64 23 40 

0 14200 

0 25J 
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0 9739 
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70 0 0 
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75 0 0 

72 16 0 i 

0 1072 

0 9 
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0 835 

1 3605 

0 984 

80 0 0 

79 10 0 

0 08614 1 

4 809 

0 5601 

1 664 

2 7689 

0 9962 

86 0 o , 

i 84 62 0 

0 02586 

! 76 45 

1 404 
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3 862 

1 

90 0 0 

90 0 0 

0 »> 

• Critk-iil eUijwoid 



-- 


Table III — Double Figure Configurations 


A. 


2 

3 

4 

5 
0 

7 

8 

10 

100 

1000 


0 699 
0 3»n 
0 183 
0 093 
0 05108 
0 03188 
0 02088 
0 0140 
0 01065 
0 007901 
10-« X 1 678 
10-* X 8 374 
10-* X 7 77J 


* 


0 1608 
0 1292 
10-* X 8 834 
10 * ✓ 6 297 
10 * 4 709 

10-* x J 861 
10 * 2 086 

10 « 2 487 

10-> x 2 122 
10- x 1 842 
10 » x 2 075 
10-» X 1 889 
10-» ' 1 82 


0 0980 
0 6048 
0 4780 
0 3915 
I 0 3287 

1 V 2841 

0 2490 

i 0 2226 

I 0 2018 

0 1848 

I 10 > X 5 458 

1 10-* X 4 367 

i 10-» > 4 260 


2« - i, =. - E 


0 7200 
0 6103 
0 5297 
0 4681 
0 4204 


0 3512 
0 1066 


0 08545 
0 08351 


In the preceding we took for granted that Sa, Sc, the contractions m a, o 
respectively, are positive Table IV (a) shows that this is actually so Table 
IV (b) for the axes of ellipsoids shows that b and o decrease so that b/o tends to 
unity as the material contracts On the other hand, a gradually increases from 
0 7785 to 0 845 and then decreases to nothing Such a gradual increase and 
decrease might tend to produce heterogeneity, but we suppose that there is 
tune for the densities to be equalised 

Lastly, I should like to express my thanks to Sir J I Armor, who pointed out 
the historical interest of the problem and made many valuable suggestions 
and criticisms while this work was being carried oat 
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Table IV (a) — Maclaunn Spheroids 



01 106 3 106 0 81267 0 7785 0 4636 
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Table IV ( b ) —Jacobian Ellipsoids 
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0 938597 0 90183 0 6024 i 
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0 7785 0 7785 0 4536 

0 7906 0 766 0 4534 

0 819 0 720 1 0 446 

0 846 0 638 ! O 422 

0 827 0 477 0 349 

0 7454 0 3221 , 0 2672 

0 7369 0 3150 I 0 262 

0 6077 0 1817 0 1573 

0 4606 0 0886 0 080 

0 2970 0 02658 0 02589 
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“ On Astronomical Evolution by Dissipation of Dynamical Energy ’ 

By Sib Joskph Larmor 

The object of the analysis in this paper, os stated in the beginning, is to 
set out in more systematically devoloped view the Kelvin suocenon of events 
in his historical problem, and especially to illustrate the general theory of 
dynamical evolution. For the dynamics of the planetary system, now so 
accurately developed, is concerned with the residual cyclic motions, which 
persist after non-cydic features have been smoothed away w course of ages 
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hv frictional /ottos, tidal, and other influences In the present illustration it 
is the trend of an energy -diagram that determines the course of the evolution 
In a material system in pure dynamics the variables are a Bet of co ordinates 
typihed by q with their component velocities q and momenta p which are 
dTjdq Here T is the kinetic energy which is a function of the variables q 
with coefficients functions of q there is a potential energy \V so that T + W 
is total encrgj which as was known in early days, is conserved m an isolated 
tnctionless system But ol tliese variables there may lie a set of co-ordinates 
of type winch do not appear in tho expressions for T and W with velocities i|/ 
and momenta 3T/?<j> or f These momenta are conserved being cyclic m 
type, and the velocities related to them can be eliminated from T by means ol 
the set of equations ?T/3«{i 'F The Lagrangian generalised dynamics, as 
developed into cyclic c o-ordinates by Routh Kelvin, and Helmholtz replaces 
the Lagrangiau func tion L = T — W by a modified funotion L' w iuch is 
t, -f + T 0 whore the terms arc of tho second degree first degree, and degree 
null, in the remaining velocities of type q, with ( oethcionts involving the q and 
also tho V wlueh are now constants of the motion The equations of motion 
are then of the fonn 


d,dU 
<U V ?q 


I 


31/ 

?'/ 




where K, is the extranoous force, in addition to the force involved in W, actmg 
on the co-ordinate q The time-rate of gam ot energy of the system is 
which works out into the complete differential expression dE[dl where 
E = t, — t 0 , in which tho first order terms which alone would change sign 
on reversal of the action even though the cyclic momenta have not been 
levereed have disappeared The expression L ' is equal to T - W — Z'ji3T/3iJi 

in which the variables ^ have been eliminated by introducing the constants Y 
instead of them U1 the equations of motion are expressed from L ' alone 
and it might be hastily presumed that the i ourse of evolution by dissipation 
would depend on the change of the time-gradient of the effcotive Action, which 
is T/ But that is not so, although L' b) its n equations determines the course 
of motion eompleteh 'The energ\ that comes into the system is the change 
in E, and it is E that is subject to dissipation witlun the system by frictional 
agencies not in\ olved in W Then the course of a steady evolution, as m the 
discussion above is to be presented as one of continual fall of E subject to 
conserved cyclic momenta If the co-ordinates are cyclio so that q are not 
involved m the energy the form of E is static varying with the co-ordinates q 
alone, and the steady so-called secular states of the system are those for which 
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£ is minimal We can represent the course of thin evolution graphically Let 
the variables q represent Cartesian co-ordinates m a hyperplane of the same 
number of dimensions, and imagine an ordinate E drawn at each point of it 
A set of hvpersurfaceH each of constant energy E is obtained, and thp bottom 
points represent the steady states of the system The hypersurfaces of constant 
E will now take successive forms owing to change by internal dissipation, in 
simple cases changing an internal parameter On this succession of hypor- 
surfaces there will be continuous sets of lowest points w hieh trace out curves 
of smooth evolution the highest points and (ols of Baddle sliape will 
represent unstable positions, impermanent but of change initially slow It 
is very linlikelv that two of these ( urves of evolution will meet and cross each 
other, unless there is one co-ordinate q, when the space is a plane with co- 
ordinates E, q A general pnnoiple was advanced by Poincare on graphical 
grounds that when a curve of stability meets and crosses one of the other set 
of curves, those of slowly changing unstable forms, their condition as to stability 
interchanges , this is the normal course of crossing, for two curves of stability 
cannot tome together unless by way of a curve of summits of the other kind 
which lies between them The principle predicted that the pyriform figure is 
stable but the result now seems to be accepted, after Jeans, that the pyriform 
states are initially unstable, m opposition to the Poincard* criterion This may 
be because a real crossing point is very seldom reached, as tho number of inde- 
pendent variables for a fluid mass is not finite , for Pomcarfi himself appears 
to arrive at an infinite scries of transitions ( cf Lamb's accouut) by a Lain£ 
analysis of the normal states of vibration of the fluid mass Thus tin 
mode of lapse into static states is determined by a set of equations equal m 
number to the effective co-ordinates, of which the equation of energy is only 
one, yet one which is involved along with all the others in the Action Principle 
and its characteristic function L' Our evolutionary criterion is far less 
complete, is merely one for the gradual rough trend of steady evolutionary 
states, without detail as to the transition whioh remains unexplored This 
general criterion of trend, the only one there is, prescribes total energy falling 
away for conserved cyclic momenta 

* Correction of Pomcart’s original investigation (1885) was soon made by Sehwanschild 
in a discussion whioh it difficult of access A van, complete historical acoount was given 
at an earlv stage by H Lamb, ‘ Hydrodynamics,’ ed 1895 and ed 1932, where he re pro 
duces some numerical tables from Kelvin and Darwin whioh ought to agree with those 
worked out and applied above There is an aocount by von Ziepol in the Poinoart Memorial 
Volume of " Aota Mathematics ” \ formal treatise bv L. Lichtenstein is announced 

which may provide okaer dotal] 
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But the main point » to assert the essential limitation of most of these 
evolutionary discussions. The subject originated with W. Thomson’s formu- 
lation of the Dissipation of Energy on the basis of the formal Carnot doctrine, 
at first without the illustrations from statistical atomic theory which made it 
so natural He was soon deflected from the development of his thermodynamic 
doctrine of Available Energy by the obvious problems of dissipation presented 
on a vast scale by astronomical systems If with Kelvin, and Helmholtz, and 
Waters ton even earlier, the availability that is inevitably dissipated is taken 
to be in part the energy of gravitational collocation of the bodies con- 
cerned, a problem is presented of which a very striking analytical exempli- 
fication has been prepared gradually by the elegant mathematical work of 
Jacobi and Kelvin and PomcarS But this on tenon of dissipation confined 
to energy purely mechanical is only valid, on the Camot-Kelvm doctnne, 
under limitation of the system to uniformity and constancy of temperature and 
of state during its evolution If the state is liable to change but restricted 
to constant temperature, it is a different entity, Thomson’s Available Energy 
as distinct from total energy, that is the subject of dissipation If the tempera- 
ture can change also, the formulation of a criterion is more complex. It is 
the special merit of the Clausius procedure by introduction of an Entropy 
inherent in the system an offshoot from the Camot-Kelvm temperature 
theory, which was later put into illustrative relation with the doctnne of 
probabilities of molecular states, and has now become a foundation postulate 
m its own right m these quanta! days, specified as an assumed definite function 
of state and configuration and temperature for every system — that it has 
covered the ground in a more direct manner, because Entropy trends upward 
without limitation except such as arises from abstraction of the rather indefinite 
entity experienced as heat Entropy may be transferred, but cannot diminish 
at a whole Any precise definition of heat must indeed be by way of Entropy 
or of Available Energy Thus for a gaseous star Bubjeot to its immense 
changes of temperature on shrinkage, the gravitational energy by itself has 
little to do with the secular course of evolution, exoept as the merest illustration 
In the abstract hydrod) namioal problem that fascinated Jaoobi, Helmholtz, 
Pomcarl, mainly on Kelvin s initiative, it is, however, reduced to an affair of 
structureless fluid, of unchanging density and therefore also unchanging 
temperature, so that as it happens the criterion of falling gravitational energy 
doee apply, as indeed under such limitations it could not help doing If 
then conditions were not satisfied, though abundance of types of nearly steady 
state might be worked out, and their ranges of dynamical stability marked. 
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there would bo no practicable general criterion, so long as discussion by Entrop\ 
or Available Energy u unmanageable, of trend of change as m foot governed 
by dissipation of availability, to decide how for the crowd of possible solutions 
even belonged to the same linear evolutionary succession, except by pre- 
sumptions derived from comparisons regarding the ordinary dynamical stabilities 
of the separate states that have been usually employed Following Pomcarf 
it was commonly held that these questions, whioh belong really to a pure 
topology of the various linear senes of steady secular states and the transitions 
where they meet, could bo readily settled by a principle of exchange of stabili- 
ties , though it appears somewhat mystenous that a consideration of linear 
topological grouping alone should settle a definite dynamical stability where 
there may be many degrees of freedom involved, obvious or latent , indeed, 
for the special example now on hand, in the transition from the Jaoobian to 
the pyriform secular figures, actual discrepancy appears to have been en- 
countered A final remark may not be superfluous, that this doctrine of 
dissipation, which is wider than any atomic scheme, does not stand m any 
relation to the principle of Least Action, which belongs to reversible dynamics , 
though Boltzmann, Clausius, Burbury, and others at one period tried hard 
to connect it up with the foundations of the principle of Carnot. 

The feature that has invited close attention to the special Kelvin problem 
of evolution ib its asymmetric character Starting with the Maclaunn 
oblate spheroids, becoming more oblate as they lose energy (E) while momen- 
tum is conserved, the senes continues as Jacobi ellipsoids with loss of the 
axial symmetry, aud then, as is suggested, it passes on mto lopsided forms, the 
pyriform bodies of PoincarS and Darwin, which may gradually develop a 
constriction and finally separate mto two masses of the type of the actual 
double stars without that hint from the heavens such irregular forms might 
hardly have been thought of as arising in the course of evolution One notes 
that the conserved momentum G being Iw, can readily be inserted in the 
tables The total energy E does not appear to have been previously examined 
at all The Maclaunn stability is found to persist, but only for axial disturb 
ance, beyond the poiut of bifurcation into Jacobi forms, up to the limit 
determined by 0 H Bryan Possible initiation towards a nebular nng-atruc- 
ture is perhaps also not quite improbable, cf the astronomical phenomena of 
Nova, the mathematical theory was explored long ago (of Lamb, §376) 
showing as is natural that for a nng of fluid type the period of rotation would 
be about the same as for meteono bodies such as are required for stability of 
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the Saturnian nugs. The tendency to such incipient ring-structure of oom- 
pressile non-uniform types may well be held to have some persistence 
before breaking up into parts flying of! tangentially, in arrangement more or 
less symmetrical with regard to the axis, after the manner of the wings of the 
spiral nebula: The observed rotational velocities e q , of the Andromeda 
nebula, are not inconsistent with such an origin The fundamental contrast 
with the very peculiar but dynamically well-founded lopsided type of evolution 
towards a double star is connected by Jprus ( t! Cosmogony ”) with this expansile 
tendency of the outer parts 

The subject matter of this discussion developed itself some years ago for 
flass lectures at Cambridge on the general theory of Energy The discrepancy 
of stabilities, as independently determined, with the Poincar6 criteria has 
persisted The Poincare senes of configuration (cf Lamb’s discussion, § 377) 
are senes with changing G , the senes of an actual evolution are of G neces- 
sarily constant but changing E The argument has regard on one side to 
unrestricted continuous change expressible in terms of differentials of first 
and second ord< in, so that stabilities as regards the vanous co-ordmates can 
be discussed for each energy atate independently of one another, in contrast 
to the turbulent transitions, necessarily largely undetermined and mixed up, 
in the path of secular evolution The suspicion here arising would m effect 
be whether the use of the same differential symbol in discussing ordinary 
dynamical stability on a given energy-lovel, and m representing the undeter- 
mined frictional transition to the other energy surfaces, is not analogous to 
the ancient ambiguity between differentials and variations in the variational 
calculus, which was brought out and surmounted by the notation and pro- 
cedure of Lagrange 

A very remarkable actual fact may here be relevant An arresting feature 
of the astronomical landscape is the presence of open groups of stars, all of 
them, though far apart, with the same velocity towards the same direction , 
in the case of the Ursa Major cluster the Sun happens to lie within the group, 
so that its stars appear all over the sky These groups cannot have been for 
long tune within our stellar system, else their equality of velocities would 
have been deranged They must have come in from the outside more empty 
apace, and are perhape merely passing across— though our own system is itself 
presumably scattering The stars of each group travel together like a solid 
body, but as one which has acquired no rotation comparable with its trans- 
latory motion The problem of the origin of the group thus arises A 
solution that suggests itself is that the group has broken off from a much larger 
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cosmic system, for which rotational motion as a whole would be translatory 
motion for a local group in it For example, it may have been shed off 
from an arm of a spiral nebula , when it was in position on the nebula 
internal gravitational disturbance was compensated, white after it lias 
broken off, on its journey across space with its initial velocity, it need 
not have had time to cumulate much disturbance The group could not 
have come from a very distant nebula for yet another reason its velocity 
would be excessive and in the wrong direction If this lie tenable, the 
velocities being of suitable order, the empty cosmic spaces would be inhabited 
by such relatively small isolated stellar groups as well as by isolated single 
stars 

A general key is indicated above m the sharp distinction between differentials 
and variations, introduced into analysis by Lagrange, which made general 
dynamics a possibility m connexion with his Calculus of Variations For a 
given form of the energy function K the stabilities of the system may be 
explored by the differential dynamical theory , adjacent forms of E differ by 
the coHfiuents in its analytic form having received mnalwtuU change In 
general there would be as many types of variation as there are co-ordinate 
variables But if we assert limitation of the modes of variation to one kmd, 
expressed by one parameter X (cf Lamb, § 177) we um draw a series of graphs 
of E as a function of X alone, thus of two-dimensional character, and the 
PomcarA theory of intersections with interchange ot stabilities acquires a 
footing But this limited variation is hard to conceive in general and makes 
a large call on previous special knowledge of the system. Such knowledge is 
available m the very special problem of rotating perfect fluid It recognizes 
the actual existence of a plurality of states, while it has to postulate that they 
are not a mere unrelated assemblage of self-subsisting forms, but express an 
actual mode of progress m the evolution of the system as a linear senes Thw 
means that it will not branch off into other modes except where this one 
becomes unstable, and such ordinary instability is sufficiently explored by 
neglecting slow dissipation, m the hydrodynamic problem by neglecting visoous 
terms in the equations. Here the Jaoobi senes is an example they are stable 
from their beginning as a branch from the Maclaurm senes until a place 
where a pynform senes branches off , it w as found by Pomcarf (Lamb, § 180) 
that afterwards complete change of character anses, that there are an 
infinite number of bifurcations each originating a branch senes, a remarkable 
transition which perhaps derives from the abstract simplicity of ideal fluid 
systems 
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The general theory gets a foothold only when we have an aasnranoe m 
advance that there is a definite linear order of succession of states, that the 
evolutional variation of E depends (somehow) on only one parameter X. In 
the Kelvin hydrodynamic problem the restriction that is tacitly imposed, 
involving this result, is that in each stage the system is to bo moving like a 
sobd body, implying an evolution of extreme slowness , the general possibilities 
of freedom would lie far wider than this 


The Emisnon of Electrons under the Influence of Chet meal Action 
Pad II - Some General Conclusions and a further Study of the 
Case of Carbonyl Chloride 

By A K Dfnisofp, University of London, King’s College, and 0 W 
Richardson, F R S , Yarrow Research Professor of the Royal Society 
(Received November 16, 1933 ) 

§ 1 Some General Crmdwnmvi 

We have now investigated this effect on the sodium potassium alloy K*Na 
for 22 different gases With 15 of these the emission has been found to be 
sufficiently largo for the distribution of kinetic energy among the emitted 
electrons to be determined, using the reacting gases at pressures of the older 
of 10 -8 ram of mercury 

As a result of these experiments we have been led to some general con- 
clusions, the most important of which we propose to state, very briefly, at 
the outset They are — 

(1) The energy distribution is not in general of the Maxwellian type as the 
earlier evidenoe had tended to indicate We expressed a suspicion of the 
correctness of this view on p 49 of our previous paper * The later experiments 
have confirmed that suspicion 

(2) The distribution curves all rise from a small value at zero energy (V -- 0) 
to a maximum at a oertam energy (V = V J and fall away to zero as the energy 
is increased further to V = E a In this statement zero is to be understood 
to mean zero within the limits of our experimental error 

• ‘ Proo Roy 8oc ,’ A, rol 13 J, p S3 (1931) This paper contains references to earltor 
publication*. 
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(i) The actual maximum energy E, of the emitted electrons is ultimately 
reached rather gradually and is difficult to determine precisely The expen- 
mental plots, in fact, show a ‘ tail ” similar to that observed in the photo- 
electric effect There is a practical maximum energy E M obtained by dis- 
regarding the tail, 99 9% of the emitted electrons have energies less than E m 
in the case of COC1, 

(4) The distribution curves for energies > V m and < K m can all be repre- 
sented quite closely by the equation 

N (V)dV — Ae~ 1( ' ~'«» ,c dV, (1) 

where A, k, and c arc < onstants The constant o lias a value very dose to l 
for the more energetic and very close to 1 for the loss energetic reactions 
For the most energetic reactions the equation (1) covers approximately the 
whole range of emitted electrons from V — 0 to V = E m , for these reactions 
the distribution curves, if wo disregard the “ tails, ’ are almost symmetrical 
about V = V m 

Equation (1) is inconsistent with the existence of a maximum energy E. 
hiich as is referred to under (2) It should be remembered, however, that 
equation (l) is not a theoretical equation It is a convenient empirical waj 
of representing Borne of the facts 

(5) For chlorine compounds (for other substances we havo not sufficient 
data) there is a simple relation between the maxnnum energy E m of the emitted 
electrons awl the energy of dissociation D of the chlorine compound referring 
to the corresponding reaction responsible for E m It is 

+ D * - constant (2) 

(b) At low pressures the electron emission is proportional to the pressure 
of the reacting gas In most gases it rises to a very sharp maximum and then 
falls, as has been described in Part I for COCl* However, this is not com- 
pletely general , in COS, for example, the rate of rise of emission witk increasing 
pressure steadily diminishes to zero, so that the emission at higher pressures 
reaches a constant value independent of the pressure 

(7) If we define the electronic yield Y of the reaction as the limiting value 
at p = 0 of the emission divided by the pressure p, the yield is greatest for the 
mote energetic and least for the less energetic reactions. For Cl* for example, 
the maximum number of electrons emitted for each chlorine atom taking part 
m the reaction is about 1 6 x 10 * whereas for SOCI, the corresponding 
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quantity is about 1 5 x 10‘ ‘ The contraction in the yield is very large 
compared with the contraction m the chemical energy E 0 (Bee below), as this 
quantity diminishes If we plot log Y against K e 1 the pomts tend to group 
themselves about a straight lme 

(8) A fair account of the facts, at any rate so far as the reactions which 
involve the formation of alkali-halogen bonds are concerned, can be derived 
from the following hypothesis as a result of the collision of a molecule of 
the chemically active gas with the metal surface a stable polar chemical bond 
is formed At the instant of formation the bond consists of a free negative 
ion, which is one of the atoms of the gas molecule, and one of the positive ions 
of the metul, which is c hemically bound to other atoms of the metal The 
kinetics of the heterogeneous change for polyatomic gas molecules may either 
be tliat the tw o active atoms of the gas molecule simultaneously enter into the 
reaction with the metal, or it may be that only one atom enters into the reaction 
at the instant of collision with the metal , it depends upon the strength of the 
bonds betwee n the atoms of the gas molecule and upon the orientation of the 
molecule at the instant of collision As we are concerned with the formation 
not of a diatomic alkali-halogen molecule (or alkah-pseudohalogen molecule) 
but of only one chemical bond of a large cluster, for example, Cl ' — K + - Heat 
of the metal, there will be no quantum restrictions for the stabilization of the 
nascent bond The stabibzatiou of the l>ond may occur by the excess entsrgj 
being dissipated among a number of the adjacent metal atoms by the ordinary 
mechanism of the heat conductivity of metals The energy of the reaction 
will be thus trausfonned into heat However, since m the chemical process 
of formation oi a pol/ir bond from neutral atoms, or molecules, a spontaneous 
re-arrangement of the electronic system of the nasoent bond is involved, the 
stabilization of the bond may also occur spontaneously under the mechanism 
of a three-body collision with one of the free metallic electrons In this case 
all the energy of the reaction goes off as kinetic energy of the electron which is 
thus enabled to escape from tho metal surface, Theso escaping electrons 
constitute the electronic spectrum which is the principal subjoct of the investi- 
gation 

On the basis of this hypothesis we can give an explanation of tho empirical 
energy distribution function given by equation (1) The analysis shows that 
the observed form of the distribution function can be qualitatively accounted 
for by the form of the function expressing the probability of tho collisions of 
the second land for electrons having different velocities (the do-excitation 
function). 
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Furthermore, on the basis of this hypothesis, relation (2) receives a very 
simple interpretation It is 

E« = E. - 0, (3) 

where E„ (<f §6) is the energy of the corresponding elementary chemical 
reaction responsible for E m , and </> is the work function of the metal This is 
true within the limits of accuracy of our estimation of E c This relation is 
general, at any rate so far as we have been able to find the data to test it 
The equation (3) is similar to the fundamental law of photoelectricity 

The evidence which has led us to these conclusions, as well as to some others 
which will appear in due course, is set forth in this paper and others which 
will follow it 

Much of this paper will be devoid! to an account of further experiments 
with COClj. This gas has been chosen for a particularly detailed investigation 
because it gives an enuswon of a suitable magnitude, it is convenient to experi- 
ment with and we have had more experience m manipulating it than the other 
gases to be dealt with later 

§ 2 The High Energy Part of the Electronic Spectrum from Carbonyl 
Chloride 

As we have stated already, the results of the experiments described in Part I 
indicated a possible deviation from the Maxwell distribution of energy for the 
emitted electrons with high velocities Further consideration led us to attach 
much more importance to this point, particularly m view of the great deviation 
from the Maxwell distribution in the region of low velocities which had boon 
observed m all the previous researches We therefore decided to investigate 
this question carefully and in detail 

We have to bear m mind that for the determination of the energy distribution 
among the electrons, the characteristic < urves electron current », as a function 
of the retarding field V, were employed For a Maxwell distribution 

* = *o (1 + °V) e~’ v , (4) 

where » 0 is the electron saturation current, and a — elk T This relation held, 
within the limits of experimental error, m the range of values */* 0 ~ 0 1 to 
*/* 0 ~ 5 X 10 -4 Commencing with iji 0 = 01 and going up to */»„ = 1, 
a great deviation from the above relation was observed. In view of the 
small values of the electron current at large retarding fields, and consequently 
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large relative error of measurement, determinations were made only down to 
*/* o = 5 X NT* 

The purpose of the present experiment consisted mainly in the determination 
of the energy distribution among the electrons in the region of higher velocities 
Taking into consideration the experience obtained from the previous work, 
it was possible to improve upon the accuracy in the measurement of the electron 
currants, and by such means it was possible to increase the range of measure- 
ments and reach a value of »/»„ so low as 1 X 10 - * For this, it was essential 
that the following conditions should be fulfilled — 

(1) Sufficiently high electron saturation current This limits the range of 
gas pressure within which the determinations can be made 

(2) High constancy of gas pressure during the whole period of the experiment 
In Part I it was established that the contact potential difference was a 
function of the gas pressure, and it was the inconstancy of the gas 
pressure which mainly determined the error of measurements in obtaining 
the characteristic curves 

(3) It was necessary to add a suitable system of capacities, connected in 
parallel with the electrometer, which would make it possible to vary 
the sensitivity of the measuring apparatus quickly 

Determinations were made on the same alloy, of the composition approxi- 
mately K f Na, as in Part I and with the same sample of phosgene The 
description of the apparatus, and the procedure used in the measurements are 
the same as there described 

The previous work on the electrons in the range t/» 0 = 5 X 10~ 4 to »/» 0 = 01 
had led to the conclusion that the distribution of energy among the electrons 
follows Maxwell’s law The average energy corresponding to such a dis- 
tribution was determined* by the use of a graph expressing the relation between 
<tV and V 1 , where <xV is taken from the equation * = » 0 (1 + aV) e -,v , and 
Vj is the experimental scale of potential V = V x -f K, where K is the con- 
tact potential difference between the alloy and the outer electrode For a 
Maxwell distribution this graph is a straight line, the slope of which is equal to 
a — ejk T. On such a graph the deviations from the Maxwell distributions 
axe easily seen as a departure from rectalineanty 

Five characteristic curves */* 0 ==/ (V x ), obtained under different phosgene 
pressures from 1 6 X 10“ * mm. to 3 X 1CT 4 mm , served as data for the 


•O W Richardson and M. Brotberton, ‘ Proc Roy 8oc A, vol 110, p 20(1927) 



Emission of Electrons under Chemical Action. 


51 


present analysis The maximum of electron saturation current » 0 is at about 
5 x 10 -6 mm , at a pressure of 1 5 x 10~ 8 mm , t 0 was about 25% and at 
8 X 10 -4 mm about 50% of the maximum saturation current Thus the 
observations wore made in the most interesting range of pressures, where the 
important changes m the surface conditions of the alloy occur A further 
decrease, or increase, m pressure would inevitably have led to a further 
decrease of saturation current, and m consequence the relative accuracy of 
the measurements would have been insufficient 

The tame T of the drop in all experiments was 25-26 seconds The time of 
exposure dt — 2b seconds The maximum diameter of the drop was about 
4 mm and the drops had a regular spherical shape The maximum saturation 
current under such conditions was equal to (t u ) null = 1 70 X 10 "" amp 

Figs 1 and 2 show the above-mentioned graphs oV = F (Vj) 

The curves III, V, and II, fig 1, are shifted to the right relative to curve I 
by 0 3, 0 8, and 1 8 volts respectively The experimental points for curve I 
are indicated by crosses, the others by circles Table I shows separately the 
results for one of the curves (curve IV, fig 2) For the purpose of comparison 
with the results of the previous experiments, a dotted straight line is drawn 
for each curve ThiB line is so placed that the pomta of the curve in the range 
of values of oV from 3 to 8 would have given the best coincidence with the 
dotted line The slope of this straight line, a, has a value of about 5 5, » e , 
practically the same value as m the previous determinations Generally, the 
curves of the previous research, which have been obtained m the range of <rV 
between 3 and 8, completely coincide with the present curves. 

We wish to draw attention to the following features of these curves — 

(1) The great similarity of all the curves among themselves Within the 

limits of experimental error they coincide with one another 

(2) The slope of the curves continuously increases as oV increases This 
can also be seen from Table I In column 3 are given the ratios of 
each preceding value (»') of the current to the one following (i), for 
every 0 1 volt. With an increase m the retarding field (V x ) the ratio 
*'/* systematically increases The slope, which has the value about 
5 *5 has a local character and has been obtained because the observations 
were limited to values of dV below about 8 

From this we arrive at the following important conclusion The funda- 
mental distribution of energy among the electrons w not according to Maxwell's 
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The above evidently solves the question as to the reality of the deviations 
from the linear relationship m the region of low velocities, which have been 
observed in all previous researches We can see now that the results of the 
previous experiments also indicated deviations from the linear relationship 
in the region of high velocities Such deviations can be seen, for example, 
in fig. 10, p 48 of Part I, and also in the paper by Richardson and Brotherton 
(loo at , pp 25-26, Table IV and fig 2) 


Table I 


0 S31 
0 701 
0 B87 

0 543 
0 472 
0 370 
0 304 

0 178 
0 120 
0 0878 
o o«03 
0 0371 


O 000613 
0 000304 
0 000132 
0 0000583 
O 0000241 
O 0000053 


1 07 
1 06 
1 14 


1 48 
1 30 
1 40 


3 18 

3 08 

4 07 
4 54 
B 10 


11 45 

12 34 

13 20 

14 01 


In the experiments of Richardson and Brotherton a very interesting fact 
was observed, namely, the difference between the apparent contact potential, 
as determined from the properties of the chemically emitted electrons, and 
from the photoelectric measurements In the greater number of experiments 
the difference was about 0 6 volt, and this fact is difficult to explain on the 
assumption of a Maxwell distribution of energy among the electrons With a 
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Maxwell distribution the straight line representing the relationship between 
oV and should intersect the Vj axis at V = 0, te , at V x = K, as 
V = Vj + K, where K is the contact difference of potential As the straight 
line on figs 1 and 2 assumes, with the new interpretation, the significance of an 
accidental tangent there is no reason to expect the intercept on the Vi axis, 
between the slope lint and the origin, to represent the contact potential 
difference 

The observed difference between the photoelectric and the chemical zero 
can thus be considered as a confirmation of the present conclusion that the 
distribution of energy is not Maxwellian 



Fig 3 

Fig 3 shows three characteristic curves t/» 0 =>/ (Vj) which have been 
selected because the measurements they represent were taken with the utmost 
care In each case the smaller currents against the higher retarding potentials 
are shown separately to the left of the m a in curve For these extensions of 
the mam curve the ordinates have one-tenth of the value shown on the scale 
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The curves correspond to the following pressures Curve I, p — 2 2 X 
10“ 5 mm , curve II, p — 1 4 X 10“ 5 mm. , curve IV, p — 5 0 X 10 5 mm 
Curve IV corresponds to the actual V, axis, curves II and I are shifted to the 
right from IV by 1 and 2 volts respectively It is important to note that m 
spite of the different pressures under which they have been obtained and the 
different surface conditions of the alloy resulting therefrom the curves have a 
very constant shape The same thing is shown by the curves in Part I 
throughout the whole range of pressures from 10~ 7 to 10 " a mm The slope 
of the middle part of the curves is almost a straight line This fact distinguishes 
them very strongly from thermionic curves and Bhows a similarity with photo- 
electric ones 

Fig 4 shows the corresponding differential curve A (»/»„) = <f> (Vj), at 
AV — 0 1 volt It represents the distribution of total energy among the 



emitted electrons The points marked • arc derived from fig 3, curve I, 
those marked X from fig 3, curve II, and those marked O from fig 3, curve 
IV As the value of the contact potential difference is not known, we do not 
yet know the exact position of the zero on the V x axis, since V = V t + K and 
when V = 0, V x — — K This point has been determined by experiments 
with mixtures of gases, which will be described in a later paper These 
experiments show that the point of departure of the curves, such as those in 
fig 3, from the saturation value t 0 corresponds to the value V = 0 within the 
limits of experimental error The curves in fig 3 have all been drawn to fit 
this experimentally determined zero The experimental points show some 
systematic deviation from the curve, but it is doubtful if this exceeds the 
experimental error which is greatest in this part of the ourve (see § 4, p 62) 



06 


A K DemsofE and 0 W Richardson 


The ourves in fig 3 give the following values for the contact potential difference 
and for the maximum electron energy E m — 

Curve I K- — 20 ±01 volts, E m = 2 5 ± 0 1 volts 

Curve II K ' 1 9, ± 0 1 volts, E m = 2 5 ± 0 1 volts. 

Curve IV K - - 2 2, ± 0 1 volts, E„ — 2 6 ± 0 1 volts 

Average valuo for E m = 2 5 S ± 0 1 volts 
If N (V) dV denotes the proportion of the whole of the emitted electrons, 
which have energies within the range eV to e(V + dV), the distribution 
function N (V) for COC1, satisfies the equation 

N (V) -= Ae-^'W, (5) 

where A and k are constants, to within the degree of accuracy of the experi- 
mental data, or nearly so, except in the very high and very low energy parts 
of the spectrum Wo can test this as follows, taking logarithms of (5) we 
have 

•ogio A = log N (V) + j-| 5 - j (V- V m ) 2 (6) 

Thus the nght-hand side of (6) should be a constant quantity for all values of 
V When the data of fig 4, for example, are subjected to this test the result 
is Table II In this table the value of k, 2 303 X 1 087, has been determined 


Table II -Test of the equation N (V) = Ac W-W for C0C1, 



by subtracting the values of log 10 N (V) at V — V m = 0 and V — V m = 1, 
and thus eliminating A It will be seen that the values of log 10 A m the last 
line of Table II, which are the sums of the quantities m the two preceding 
lines m the same column, vary very little over a range of V of I 8 volts The 
mean of these values of log 10 A is 2 924 It is probable that a more accurate 
value of this empirical constant will be given by the value of log 10 N (V) at 
which it is a maximum This is 2 937 These two values do not differ 
much It is possible that the average of them, 2 930, will be more correct 
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than either If we use this average value to re-detenrune k in combination 
with the data for V = 1 0 and V = 2 0 volts we find 

k = 2 30, X 1 15, = 2 65 s volt 8 

Equations (5) and (6) are only to be regarded as empirical equations which 
express the experimental data with a fair degree of accuracy In all prob- 
ability they do not represent the correct mathematical form of the distribution 
function Nevertheless, they have a certain degree of practical utility It 
will bo noticed that equation (5) makes the distribution function completely 
symmetrical about the lino V = V m That the actual distribution function 
for COC1, is very nearly symmetrical about this line is one of its most striking 
features 

The extent of the deviation of the actual distribution functions from a 
Maxwell distribution is shown m fig 8 In this figure the circles represent the 
experimentally determined values whilst the crosses give the values of the 
Maxwell distribution function N (V) = 0 775 V^e -2 2V which fits the experi- 
mental data from V = 0 to a little beyond V = V m It is at once seen that 
after passing the maximum the actual electron density becomes smaller and 
very rapidly enormously smaller than that which would be given by a Maxwell 
distribution formula 

§ 3 Influence of the Geometry of the Electrodes on the Experimental Energy 
Distribution Curves 

The experiments described so far were all made with small drops of the 
alloy at the centre of a platinum cylinder 4 2 cm long and 2 0 cm. in diameter, 
as described in Part I Inasmuch as wo are only concerned with the dis- 
tribution of total kinetic energy the shape of the surrounding negative electrode 
is of no account provided it completely surrounds the small source For this 
particular case the results are the same as for a small source at the centre 
of a charged sphere, where the geometry permits an easy calculation of the 
details of the motion of the electrons In the actual experiment it is not 
possible to use a surrounding electrode with a completely closed surface as it 
is necessary to have openings for the tube to admit the alloy and for the escape 
of the drops. The presence of these apertures introduces an clement of 
uncertainty into the analysis of the data whioh it is necessary to remove 

For concentric spherical electrodes it is possible to estimate tho errors 
introduced by the finite size of the central electrode and by the apertures m 
the outer electrode The problem of the application of spherical condensers 
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to energy distribution analysis has, in fact, been considered in detail by 
Lukirsky * The error introduced by the finite radius of the inner sphere is 
equal to the square of the ratio of its radius to that of the outer sphere Thus 
in the experiments of Richardson and Brotherton (loc cU ), where a sphere of 
3 8 cm diameter was used and the drops had a radius of 0 3 to 0 4 cm , the 
error from this source would not exceed 1% For concentric spheres, since 
all the trajectories are radial, the proportion of the electrons which escape 
through the apertures is simply the proportion which the solid angle subtended 
at the centre by the apertures boars to 4 re With Richardson and Brotherton’s 
electrode this would amount to about 2% This error will be somewhat 
affected by the distortion of the radial held caused by the presence of the 
apertures, but it is not believed that tbs effect will be of much importance in 
the present experiments 

With electrodes of other shapes it is much more difficult to estimate the 
errors which may bo introduced by the presence of apertures Wo have 
considered two problems, f (1) a narrow emitting piano strip of indefinite 
length lying in the middle of a coplanar conducting stnp of the same indefinite 
length and width 21, opposite to an opposing parallel plane electrode of the 
same dimensions, 21 X °o , at a distance b , and (2) a small emitting souroe 
treated as a portion of a cylinder of radius a placed at the centre of a co-axial 
cylinder of radius b and length 2/ In each the emitting electrons are endowed 
with a Maxwell distribution of kinetic energy 

It might be thought that problem (1) would be very simple It is easy 
enough to obtain an integral, wbch expresses the number of electrons which 
escape through the aperture, but it is not mtegrable in finite terms, and we 
have not been able to find any senes expansion for it wbch is of any practical 
use However, it has one simple property Every element of the integral is 
real and positive By the artifice of multiplying the integrand by a certain 
factor wbch is positive and greater than unity throughout the domain of 
integration we can reduce it to a very simple integral wbch must thus have a 
value greater than that of the first integral In this way we can show that 
the proportion of the emitted electrons wbch escape through the apertures 
between the planes must be less than 

vb V8 exp (7) 

*‘ Z Phyrik,’ vol 22, p 301 (1024) 

t The details of these calculations may be published elsewhere 
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except when Ve/AT is small, let us say appreciably less than unity In (7) 
V is the opposing potential difference, e the electronic charge and k Boltzmann’s 
constant For any useful values of l/b, such as would correspond to the 
dimensions of apertures used in actual experimental arrangements, (7) is a 
very small quantity It is zero when Ve/kT — 0, has a single maximum value 

when ^ ^ and approaches zero with great rapidity as Ve/PT 

increases in the direction of -J- oo 

In problem (2) it is possible to write an integral which expresses the number 
of electrons which escape from the ends of the cylinder But the integral 
involves the smallest real root of a transcendental equation which so far has 
resisted all efforts to contrac t an infinite senes which forms part of it How - 
ever, by a graphical method, it is possible to show' that with the dimensions of 
the cylinder used in the present expenment the error in the experimental 
distnbution function caused by the electrons which escape from the aperture 
is always very small for values of V at which the deviation from the Maxwell 
distribution, as shown, for example, m fag 8, becomes appreciable 

The foregoing considerations make it highly improbable tliat the deviations 
from the Maxwellian distnbution at high energies can arise from the effects 
of apertures in the surrounding electrode or from the finite size of the source 
However, it is not possible to make calculations for the precise structure of 
electrodes and resulting distribution of electno field used m the present expen - 
raents so that the reality of the deviations cannot be regarded as completely 
established by these arguments 

We can obtain some further evidence bearing on this question by considering 
some of the older expenments In 1921 it was proved by one of us* that, 
within the limits of experimental error, the substitution for a spherical electrode 
of a cylindrical one of approximately the same form as the cylinder used in 
the present expenments did not alter the form of the characteristic curves 
Again, if we compare the results obtained by Richardson and Brotherton 
(loc ci t ) when using a spherical electrode with those got with the oylmder in 
Part I and m the present expenments there is no appreciable difference m 
the range in which they overlap However, this evidence is also not entirely 
conclusive because in the 1921 expenments the accuracy of measurement was 
far below what it is now, and m the expenments of Richardson and Brotherton 
the amount of overlap in the high energy region where the deviations occur is 
very slight 

* Richardson ‘ Hid Trans.,’ A, vol 222, p 1 (1921) 
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§ 4 Experiments vnth a Sphenoal Electrode. 

In order to remove any uncertainty, resulting from the considerations set 
out in § 3, as to the reality of the deviations from the linear oV V x plots, we 
decided to repeat the experiments using a spherical platinum electrode, with 
the same refinements and precision as had been attained with the cylinder, 
and extending well into the high energy region With a spherical electrode, 
as we have pointed out, the disturbing effects of apertures and finite size of 
drops can be ascertained with sufficient certainty and shown to be unim- 
portant 

The electrode used was a seamless pure platinum sphere about 2 75 cm. m 
diameter with two circular apertures each 
1 00 cm in diameter Fig 5 represents 
exactly the actual size of the spherical con- 
denser It also indicates approximately the 
maximum size of the drops This depends 
somewhat on tho time T of a drop The first 
experiment was performed with T = 2 minutes 
30 seconds and the maximum diameter d was 
about 0 4 cm In other experiments T was 
about 10 seconds and d about 0 3 cm With 
this value of d the ratio between the diameters 
of the sphere and the drop is 27 5/3 = 9 2 and the error introduced by the 
finite size of the source is thus about 1% The combined error arising from 
this and from the apertures was m the neighbourhood of 3-6% 

The sphere was thoroughly cleaned with benzene, caustic soda, nitric acid, 
and distilled water , it was then placed m a quartz tube and evacuated for 
many hours at 1000° C In the actual experiment the spherical electrode was 
used without a heating arrangement and for that reason the pressure of the 
active gas was not allowed to exceed 5 X 10' 5 mm At such low pressures 
the behaviour of the outer electrode, as regards variations of the contact 
potential difference, was the same as that with the cylindrical electrode with 
a heating arrangement This is important because changes m the contact 
potential difference affect the experimental determination of tho characteristic 
curves and it is necessary to understand and allow for these effects 
As a result of a large number of observations on a variety of reactive gases 
we can sum up the effects of these gases on the contact potential difference 
between the alloy and the platanum electrode as follows 
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At very low pressures the variation of the oontaot potential difference is 
determined mainly by adsorption of the active gas on the platinum surface. 
Thu effect u quite reversible The active gas u electronegative and it reduces, 
when adsorbed, the work function of platinum , so that the contact potential 
difference u less than m a good vacuum At the lowest pressures, of the order 
10" 8 mm , the equilibrium conditions result in the formation of a mono- 
molecular layer on the platinum surface and the effect of the gas m reducing 
the work function of the platinum is then the greatest With increase of 
pressure the equilibrium conditions allow the metal surface to be covered with 
a layer more than 1 molecule thick and this will reduce the effect of the first 
layer of molecules The contact potential difference will thus show an increase 
with pressure (maximum about 0 5 volt, sec Part I, figs 3 and 4, pp 36-37) 
When the pressure of the active gas exceeds 5 X 10'* mm., the vigour of the 
chemical reaction with the alloy is increased so much that it may cause 
individual molecules of the alloy, or the reaction products, to evaporate and 
condense on the platinum surface This is shown by the fact that, even if 
the exposure to the gas at these higher pressures lasts only a short time, a 
thin layer can be noticed on the inner sidn of the platinum electrode after the 
apparatus has been taken to pieces In this respect, apparently, wator vapour 
gives the greatest effect W hen such layers are present compl icatod permanent, 
or semi-permanent, changes m the contact potential difference may occur of 
the typo described by Richardson and Brotherton (loo cU , pp 39-41) as 
hysterotic effects. It is probable that an essential feature of the mechanism 
of these effects is the presence on the platinum of a layer of reaotion products 
which insulates it from the electrons and thus forms a condenser of very high 
capacity 

Three independent experiments were carried out with the spherical olectrode, 
the oV V l plots of which are given in hg 6 Experiment 1 (marked 2 in 
fig 6) Tune of drop T — 2 minutes 30 seconds, time of exposure dt = 60 
seconds, pressure p ~ 2 8 x 10~® mm , saturation current i 0 — 3 7 X 10 10 
amp Experiment 2 (1 in fig 6) T = 7-8 soconds, dt — 10 seconds, p ~ 17 
X 10~* mm , i 0 = 3 8 x 10 _g amp Experiment 3 (3 in fig 0) T = 9 5 
seconds, dt=* 36 seconds, p ~ 4 7 x 10 6 mm., ♦„ = 9 2 x 10' 9 amp 
Curves 2 and 3 m fig 6 are shifted to the right relative to curve 1 by 0 2 and 
1 2 volts respectively It will be seon that the results of all three experiments 
are consistent with each other and, within the limits of experimental error 
(maximum 5%), the plots can be very well superimposed on each other and 
on those obtained with the cylindrical electrode This is shown on ourve 2 of 
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fig 6 where the crosses represent the experimental points of curve II, fig I, 
which was obtained with the cylinder 

This proves that the apparatus tenth the cylvndncal electrode does give the correct 
energy distribution in the spectrum of the emitted electrons 

As the cylinder is more conveniently adapted to heating and wo thus avoid 
troublesome changes m the contact potential difference, we have used it in 
preference to the sphere ui most of the other experiments 



The actual characteristic curves corresponding to 1 and 2 in fig 6 are shown 
as 1 and 2 respectively in fig 7 where curve 2 is shifted to the right relative to 
curve 1 by 1 0 volt In each the high energy part is shown separately from 
the rest with the vertical scale magnified ten times The irregularity of the 
points in the neighbourhood of i/i 0 = 1, which is particularly noticeable in 
curve 1, fig 7, is due to small changes m the contact electromotive force which 
occur during the experiment, coupled with the fact that the absolute error of 
measurements is greatest m this part of the curve It is impossible to deter- 
mine the exact course of this part of the curve with anything like the certainty 
which is attained m the high energy part, on the left-hand side 
Figs. 8 and 9 show the energy distribution curves A (»/»„) /AV — N (V) for 
AY = 01 volt corresponding to curves 1 and 2 respectively of figs 6 and 7 
The points, which are measured from fig 7, are shown as circles In % 8 
the crosses represent the Maxwell function 0 775 V*e~ 2 iv which fits the low 
energy part of the curve The deviation of the high energy part fro m this 
function is very striking The crosses in fig 9 are the corresponding data got 
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in one of the experiments with the cylindrical electrode, and shown as solid 
dots m fig 4 



Particular attention was paid to ascertaining whether small accelerating 
electee fields have any real effect in increasing the electron emission. It 
will be remembered that the measurements with the cylindrical anode m 
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Part I gave a negative answer to that, but there were some elements of un- 
certainty a rising from the geometry of the cylindrical electrode It will be 
seen from Table III that the electron current (m arbitrary units) remains 
constant within 3% with accelerating fields up to + 6 volts The current 
was saturated at about + 1 8 volts These results were obtained in the 
course of the experiment 1 of figs 6, 7, and 9 



Fio 9 

Table III 

Volta V, 

Current i 

§ 5 The Low Energy Part of the Spectrum, the Determination of the True Zero 
on the Volt Scale and of the Maximum Energy 
In this section we outline very briefly the conclusions we have reached on 
these questions It is impossible at this stage to give the reasons for them 
adequately as they depend very largely on an accumulation of evidence which 
has been got from the investigation of gases other than C0C1, and which will 
be described m the papers to follow 

At the end of Part I we expressed a suspicion that the deviations from 
linearity of the aV V x plots in the low onergy part of the speotrum, » s , 
near V = 0, were a real feature of the energy distribution and not due to 
secondary complicating causes tending to prevent the attainment of saturation, 
as had hitherto been supposed. We are now quite convinced that these 
deviations are real They are found to persist unchanged, as we mentioned in 
Part I, over an enormous range of variation of different experimental oon- 


— Test of Effect of Accelerating Field on Saturation Current 
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ditions The former straight lines are now only tangents to a curve whioh is 
continuous from V = 0 to the highest values of V for which measurements 
can be made, but which happens to be nearly a straight hue over a considerable 
range. The curious conflict found by Richardson and Brother-ton (foe cU ) 
between the voltage zero when determined photoeloctnoally and when deter- 
mined from the oV V! plots on the old interpretation now disappears In 
fact, we now know where the true voltage zero is It coincides with tho photo- 
electncally determined zero and with the point at which the current begins 
to drop from the saturation value In this respect we are back at the position 
reached in 1921 * Tho aV plots have to reach this value of V x at <rV = <» 
and they approach it by means of the continuous curve found experimentally 
and not by means of a straight line which leads somewhere else Other facts 
which make it quite certain that the deviations of the linear plots near V = 0 
are real are derived from experiments with gases other than COC1* The 
shapes of these “ feet ” are found to be characteristic of tho different gases , 
in some gases they are even absent and the oV plots axe linear down to V as 0, 
to within the limits set by the errors of measurement. 

We therefore conclude that the diagrams such as figs 4, 8, and 9 represent 
the true distribution of energy among the emitted electrons, to the limits of 
accuracy set by the experimental measurements. 

The reason we are so sure that the true voltage zero coincides with that 
deter min ed photoclectncally and with the voltage at which the current begins 
o fell from the saturation value is because we have devised a new experi- 
mental method of attacking this problem which confirms those determinations 
This method depends on experiments with mixtures of different gases and will be 
described m a later paper The reason why this position was abandoned 
previously is because in the older experiments, owing to the difficulties created 
by changes in the contact potential difference, the point of departure from 
saturation could not be determined with sufficient accuracy to enable a 
decision to be made as to which of the tu o zeros then measured experimentally 
was the correct one 

Although we can state quite definitely, as we have done above, that the 
deviations from linearity of the oV V x plots in the low energy part of the 
spectrum are a real feature of the energy distribution and not due to secondary 
complicating causes tending to prevent thft attainment of saturation, it is 
neoeeaary to point out that sometimes such secondary factors preventing the 
attainment of saturation did exist m the immediate neighbourhood of the 
* Richardson, toe et< 
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actual zero These distortions of the extreme low energy part of the electron 
spectrum were observed only at pressures higher than 10“ 1 mm , and it seems 
that the higher the pressure the more readily they appear Curve 1 of fig 7, 
obtained at a pressure of 1 7 X 10“ 1 mm , gives a good idea of the magnitude 
of these distortions The effect can be explained by a greater change in 
contact potential difference at higher pressures during the experiment By 
all indications, such distortions existed in some greater magnitude in the 
higher pressure experiments of Richardson and Brotherton (of fig 1, p 25, of 
their paper) They have probably played an important role in making it 
much more difficult to give a correct interpretation of the difference between 
the chemical and photoelectric zeros 

An analysis of the energy distribution curves, such as I, II, and IV of fig 4, 
and the curves of figs 8 and 9, shows that the curves do not plunge into the 
volt axis very sharply in the neighbourhood of the maximum energy, not 
nearly so sharply as they do in the case of the photoelectric effect However, 
the detailed investigation of the high energy part of the electron spectum 
(see § 2) has proved quite definitely that the distribution curves do not approach 
the volt axis asymptotically This can be very well seen, for instanoe, from 
curve III of fig 1 and curve IV of fig 2 with increase of the energy V the 
tangent of the curves approaches a value equal to infinity It follows from 
this that the actual maximum energy E„ can be estimated from the cV V t 
plots and could be defined as the value of V x corresponding to a = oo There 
is some reason, however, for dealmg with the “ effective ” maximum energy 
rather than with the actual maximum energy E a This effective maximum 
energy E m will be defined aB the value of V x at which the energy distribution 
curve practically touches the volt axis Below we give the values of E m , 
obtained from the energy distribution curves, and the corresponding values 
of t/t 0 

Fig 4, curve I E m = 2 5 volts, »/*„ = 0 0008 

Fig 4, curve II E m — 2 5 volts, t/t 0 — 0 0006 

Fig 4, curve IV E m = 2 6 volts, »/»„ -= 0 0006 

Fig 8, curve 1 E m = 2 5 volts, t/» 0 = 0 0006 

Fig 9, curve 2 K m = 2 5 volts, t/*„ = 0 0005 

Average value for E w == 2 5 a volts 
The values of E„ obtained from the oV V x plots are — 

Fig 1, curve III K, = 3 0 volts, t/* 0 < 0 000005 

Fig 2, curve IV E, = 3-1 volts, »/i 0 < 0 000005 

Average value for E. =3 0 5 volts 
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It will be seen from this that the values of E a are about 0*5-0 *6 volt higher 
than E„, but the electron current at V = E m is already less than 1 /1000 of its 
saturation value and, as can be seen from the oV V! plots, it falls down very 
quickly at V > E m , so that there is every reason to treat the part of the 
distribution curve at V > E m as a “ tail ” caused by some secondary factors 
With many other gases it was even impossible to obtain the ratios t/t 0 at 
V > E m because of the small absolute value of t 0 , and thus it was impossible 
to find the actual maximum energy E a 

It may be pointed out that the values of E m can be approximately estimated 
also from cV V x plots As can be seen from figs 1 , 2, and 6, at V = E m the 

curves turn sharply to the right from the tangent indicated in the diagrams 

According to this method the curves III and V of fig 1 (these curves were 
obtained in the investigation of the extreme high energy part of the electron 
spectrum and because of the lack of the middle points it was impossible to 
plot differential curves for those data) give the following values of E m — 

Fig 1, curve III E„ = 2 4 volts, t/* 0 = 0 0010 

Fig 1, curve V E m = 2 5 volts, t/» 0 = 0 0007 

§ 6 The Relation between the Maximum Energy of the Emitted Electrons and 
the Energy of the Reaction. 

In the reaction between COCl s gas and KjNa alloy we are concerned with the 
formation of a polar chemical bond between the Cl atom, which on the ground 
of our experimental results we can assume to be simultaneously liberated 
from the rest of the molecule and converted into a negative ion, and one of 
the positive K, or Na, ions of the metal, which ib chemically bound to other 
atoms of the metal It w important to realise that the energy of the formation 
of the bond will be dissipated, among a number of the adjacent metal atoms, 
in a very short time, of the order of 10~ 1S seoonds, because of the normal heat 
conductivity of the metal * On the other hand, the time required for an 
adiabatic formation of a bond is of the order of at least 10 -U seoonds There- 
fore, the energy developmg during an adiabatio formation of the bond will 
be practically wholly dissipated to the adjacent metal atoms by the tune the 
incident molecule first reaches the equilibrium position corresponding to the 
maximum negative potential energy of the ftwoent bond We thus arrive at 
an important oonolusion that the observed chemical electron emission can only 

* Langmuir, ' Phyi. Rev ,’ voL 8, p. 149 (1910) , ' J Amer Ohem Soo ,* vol 38, p 2288, 
(1910) 
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be a remit of a spontaneous rearrangement of the electronic system of the nosoent 
bond 

Tho experimental evidence on the spectra of alkalihalide molecules,* as 
well as the results of theoretical considerations of non-adiabatic chemical 
processes, f lead to the conclusion that the formation of a stable alkalihalide 
molecule in the normal state from the two neutral atoms is an essentially 
non-adiabatic process That is, if we consider the reverse process of dis- 
sociation it is necessary for the alkalihalide molecule in the ground state to 
absorb a light quantum to give dissociation into normal atoms It is 
pointed out, however, that the chemical transformation may be concerned 
with a quantum transition which involves no change of the character of the 
electronic term, since in the case of alkalihahdea the ground state (which 
gives dissociation into ions) and the first excited state (which gives dissoci- 
ation into normal atoms) may both be ^-tenns If we accept that, m our 
case of the heterogeneous formation of tho polar bond, the process of 
formation is, m principle, analogous to that m the case of the alkalihalogen 
molecules, it will follow that the chemical electron emission has as its 
basis a pure quantum effect 

As the amount of energy liberated in most chemical reactions between a gas 
and a metal is of tho order of a few volts, it will be safe to conclude that m> 
chemical electron emission from a metal can be observed during an adiabatic 
heterogeneous chemical transformation, which does not involve a spontaneous 
rearrangement of the atomic electrons, such as, for example, the condensation 
of metal atoms on the surface of their own metal 

So far as we are only concerned m giving an energy account of the chemical 
process it is not necessary to know exactly the actual mechanism of the forma- 
tion of the polar bond, but we have to know the initial and final states of the 
system. Because of the short time of de-excitation of the polar bond formed 
the final state of the transformation will be that which corresponds to the 
instant of formation of the bond It is evident that a direct comparison of the 
nrnL-nmnm energy of the emitted electrons with the chemical energy calculated 
merely on the basis of thermodynamical arguments under equilibrium 
conditions will be wrong 

The exact theoretical calculation of the energy of the heterogeneous chemical 
transformation, corresponding to the instant of the formation of the polar 
bond, even m our comparatively simple case would be quite hopeless. It 

* Sponar, “ MoIektUstrnktur," p 106, Leipsiger Vortetge (1931) 
t London, < Z Phytik,’ vol 46, p 466 (1938), and vol 74, p 143 (1982) 
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would be neoeasary to determine the distance between the ions of the polar 
bond at the instant of its formation and to calculate the effect of the adjacent 
metal atoms upon the bond considered Neither of these two factors can be 
estimated accurately We should like, therefore, to put forward an approxi- 
mate method which will enable us to estimate the order of magnitude of the 
amount of energy liberated at the chemical transformation One great 
simplification which can be introduced m the heteiogeneous change considered 
is that the problem of interaction between alkali and halogen atoms may be 
simply reduced to an electrostatic problem of interaction between point 
charges In fact, the ions constituting the chemical bond have electronic 
systems like inert gases, and it is easy to show that at the interatomic distances 
involved, the deformation (polarization) of the ions of the bond by each other, 
or by the positive ions and free electrons of the metal, will be small Therefore, 
them electric fields will be those duo to point charges ± e at the centre of each 
Consider first the simpler case of the combination of a neutral atom of E, 
for example, with a neutral atom, let us say, of Cl at the instant when the 
electron jumps from the K to the Cl atom at the distance r between their 
centres We can represent this process by— 


K Cl 

K 

Cl 

k a 

O 

+ 

O 

> O 

O - 

— > © 0 

< 00 > 



«- r-r 

Let us denote the overall 

energy liberated 1 

n this process by (E,) Now 


consider the following reverse process, by an alternative route — 


K Cl K Cl K Cl Electron 

< oo » < — OO »« — oo * 

© © — > © + ©—>-© + 0 + © 



O 


K 

The dissociation of K + Cr (f) into K + and (f- requires energy e*/r, the neutrali- 
zation of Cl - requires energy Aq (the electron affinity of Cl) and the 
neutralization of K + supplies energy I K (the ionization potential of K) It 
follows that (E.) = «*/r + Aoi-I K ( 8 ) 
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or, in word*, the energy liberated instantaneously m the reaction is equal 
to the mutual potential energy of the two ions at the instantaneous distance r 
plus the electron affinity of the negatively charged atom minus the initial 
negative energy of the displaced electron This result is exact and will apply 
to any reaction of this type (exoept that, in general, the expression for the 
potential energy of the ions will be more complicated than — e*/r) 

Now consider m what ways the actual heterogeneous reaction will differ 
from this homogeneous reaction In the first place there will be a certain 
distance r x characteristic for the heterogeneous reaction We shall assume a 
normal collision diameter and put r x equal to the sum of the radii, r C i + r K , of 
the neutral halogen atom and of the “ neutral atom ” of the metal For the 
latter quantity we shall take one-half of the closost distance between atoms m 
the metal For the Cl~ — K + bond we may take r cl = 1 07 X 10 -8 cm.* and 
for r K = 2 25 X 10~* cm ,* then ~ r u ~f- r K = 3 32 X 10 -8 cm. This 
distance is probably larger than the equilibrium distance of a normal KC1 
molecule by about 0 5 X 10~ 8 cm In the second place the displaced electron 
is no longer in the ground state of the K atom , it is m one of the states occupied 
by the free electrons m the metal Adopting Sommerfeld’s theory the minimum 
negative energy of an electron (at 0° K.) will be tf> = W„ — p. (where <f> is the 
work function of the metal, W. is the total height of the potential barrier and 
p. is the energy associated with the highest possible state occupied by the free 
electrons) and this will have to replace I K in equation (8) There is, however, 
another difference According to fig 10, which gives a schematic representa- 
tion of the chemical bond at the instant of formation, an essential difference 
between this and that of a free molecule is that the negative Cl ion is subject 
not only to the attraction of tho positive K ion, but also to that of the whole 
mass of metal to the right-hand side of the plane x — x 0 Since the negative 
charge is, in effect, m the plane x = x 0 -f fu, and if we make the further 
assumption that the field of force to the left of the plane x = x 0 is dete rmin ed 
by the mirror image of the charge, the final negative energy of the pair of 


determined by the relation <f> = 


1 e* 
4 x 0 


( — ) , where the parameter x 0 is 

'x 0 + r u / 

Thus we obtain finally 




(9) 


* LwodoH-Bomsteln, ‘ Phyiikalisoh-Chemische Tsbellen,’ 1024-1931 
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Thu formula will only be approximately true, as the distortion of the electron 
distribution in the metal by the K + ion which combines with the Cl" ion will 
come into play at those small distances This would tend to make the expres- 
sion — ( ) too large However, there are other uncertain elements 

4 '*o + f u/ 

which come in at these distances, arising from our ignorance of the precise 
form of the electron potential energy distribution as we cross the surface of 
the solid, and it is probable that, m fact, equation (9) is very little m error 
In particular, it is fairly certain that it is less incorrect than the combined 
inaccuracies of tho data to which it is applied 



Since the actual initial state is tho gaseous (COCl 2 ) molecule, and not the 
free (Cl) atom, it ib necessary to take into account the energy of the corre- 
sponding dissociation of (COClj) Dissociation of the gaseous molecule will 
occur simultaneously with the electronic rearrangement of the nascent polar 
bond, on account of the weakening of the bond connecting the Cl atom to the 
rest of the COCl t molecule which is caused by the electron transference It is 
well known* that in the photochemical decomposition of molecules both the 
dissociation energy D and the energy of*Slectron transference c have to be 
included in the photochemical equation Av = c — D, thus showing that 


Of Franck, ‘ NaturwiM voL 10, p 817 (1081). 
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dissociation occurs simultaneously with the electronic rearrangement We 
have been able to establish, from a comparative study of a large number of 
different reactions, that m the case of (COC1,) the energy of dissociation D of 
the process (C0C1,) — (CX)) + 2 (Cl) — D is equally distributed between the 
two Cl atoms This shows that two Cl atoms of the (COCl a ) molecule normally 
enter into the reaction with the metal simultaneously 
Relation (9) will then take the form 

K. = £ HAcH-£(— j— )-* — il> (10) 

r, 4 x 0 r u ' 

The electron affinity A, ( of the (Cl) atom can be derived from the grating 
energy of the alkali halogen crystals, it is Aa = .1 8 _fc- 0 3 volts * (A more 
accurate determination of the electron affinity has been made only for the 
iodine atom, by the method based on the thermal equilibrium at high tempera- 
ture of Cal vapour ) 

It may be pointed out that the energy of the reaction E„ can be put in a 
direct connection with the thermochemical data if we make use of the relation 
between the grating energy U K( i and the electron affinity Au This relation 

Wt U k ,i = Qmi 4 JD' + Ik f-S k A (1 , 

where Q Kn is the heat of the reaction \ (Cl # ) + [K] = [KC1] at 0° K , D' is the 
heat of dissociation of Cl t , Ik is the ionization potential of the (K) atom, 
Sk is the heat of sublimation of [K] at 0° K Now, 

Uk, i = Mio i + Sr< i ~ — + Ski i, 

where M K u is the energy of the process (Cl - ) + (K + ) = (KC1), which is approxi- 
mately equal to e s /r 0> r„ being the equdibnum interatomic distance of the 
(KC1) molecule in the normal stato, and S K ci is tho heat of sublimation of 
fKCl] at 0° K We thus obtain 

E e = (Qki . + *D')+ (Ik -^)-(Skm-Sk) -HI— - f) (ID 
'*o + r ei ' ' r 0 r x / 

Takmg for |D = 1 83 volts, and for the work function of the K t Na alloy 
<f> K.K, = 2 5 ± 0 1 volts (Richardson, loc mt), and therefore x 0 — 1 44 X 10 -8 
cm , we obtam, according to relation (10), 

E a — 4 34 1-38 + 1 44 - 25-1 83 = 5 2, volts 

* van Arkel and de Boer, “ Ohenusohe Bindung ale elektroetatisohe Eraoheinttng, 1 ' 
p 63 (Leipsig, 1931) 
f Ibtd , p. 50 
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with uncertainty at least ±0*3 volt The calculation according to relation 
<11) gives practically the same value for E, , it is leas only by 0 1 volt 

We obtain the maximum possible value for the energy of the emitted electrons 
if we consider the de-excitation of the nascent chemical bond by collision of 
the second land with an electron of maximum energy (x inside the metal (at 
0° K ) This will be equal to 

(E. - <f>K t \»)mnx — 2 7 5 

It may at once be seen that the calculated value of the maximum energy of 
the emitted electrons is of the same order of magnitude as tho observed, which 
lies between 2 5, and 3*0 6 volts 

Since the potential energy of the bond Cl~ — K h is in inverse proportion to 
the distance r x between the centres of the ions and therefore it is sufficient if 
the distance is decreased by about 10% (Ar t ~ 0 4 X 10 “ 8 cm ) to give an 
increase of energy equal to 0 5 volt, it seems to be natural to assume that the 
observed unsharp limit for the maximum energy (the “ tail ”) is a rosult of 
the uncertainty of the collision diameter On the one hand, as gaseous 
molecules take part m the reaction the collision diameter will depend upon the 
orientation of the molecule at the instant of collision It is hardly probable, 
however, that the fact that tho COC1, molecule contains two Cl atoms plays 
any important part , for the samo unsharp upper limit of energies of the 
emitted electrons was observed, as wo shall show in a later papor, also for 
(NOC1) On the other hand, the collision diameter will depend upon the 
electron atmosphere of the metal Since the metal is at ordinary room tempera- 
ture there exists a more or leas sharp limit for the maximum kinetic energy of 
the free electrons m the metal, and we may expect that there will be a more 
or less abrupt outer limit for the electron atmosphere of the metal, at whioh 
most of the halogen molecules will undergo chemical transformation However, 
there may be some halogen molecules which will penetrate this electron 
boundary and thus will undergo transformation at a shorter distance from the 
metal 

There are two more factors which will act m the same direction of giving an 
unsharp character for the distance r v and therefore for the upper limit of 
energies of the emitted electrons One factor is the thermal agitation of the 
alloy atoms (ions), the K|Na alloy used m t#e experiments is quite a mobile 
liquid at room temperature Another is that the composition of tho metal 
is not homogeneous This latter fact may turn out to be rather important 
and not only because of the different sure of the positive K and Na ions (the 
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radius of the Na h ion is less by about 0 3 X 10 -8 cm ), but also because of the 
possible difference m the character of the interatomic forces of the two bonds 
Cl" -K+andCl--Na + 

We might also expect some part of the tail to be caused by the kinetic 
energy of the partners at the three-body collision, t e , the gas molecule, the 
metal atom and the free electron In particular, tho estimation of this tempera- 
ture effect of tho free electrons, on the basis of the Fermi-Dirac distribution 
function for tho electrons inside the metal at 300° K , shows that its con- 
tribution to the tail can be appreciable, but only at V — E m < 0 2 volt 

In concluding we should like to take this opportunity of acknowledging 
our indebtedness to the Department of Scientific and Industrial Research for 
a grant which has made it possible to carry out these investigations 


Summary 

This paper starts by summarizing some general conclusions we have reached 
from experiments on the reaction between K,Na and 22 different gases These 
include — 

(1) The energy distribution ih not in general of the Maxwellian type 

(2) The distribution curves all rise from a small value at zero energy (V = 0) 
to a maximum at a certain energy (V = V ra ) and fall to zero at a certain 
maximum energy (V — E a > V m ) 

(3) These curves have a “ tail,” like that m the photoelectric effect, and E« 
is approached rather gradually A practical maximum energy E„ is obtained 
by disregarding the tails. About 99 9% of the electrons have energies below 
E m (E, > E„ > V,) 

(4) The distribution curves for energies > V M and < E„ can all be repre- 
sented quite closely by N (V) dV — Ae~ k{V ~ v ** )C dV, A, k and c constants. 
For the most energetic reactions this equation is a fair approximation from 
V = 0 to V = E„ 

(5) For the Cl compounds E m -f- D = constant, where D is the dissociation 
energy of the relevant reaction 

(6) At very low pressures the electron emission is proportional to the 
pressure It usually rises to a sharp maximum at a quite low pressure and 
then falls 

(7) The yield of electrons diminishes rapidly as the available chemical 
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(8) The facta can be accounted for on the view that in the formation of 
the polar bond, which involves a spontaneous rearrangement of the electronic 
systems of the atoms conoemed, the bond is stabilized spontaneously by a 
three body collision with a free metallic electron which carries away all the 
reaction energy The effect is thus a quantum phenomenon This view gives 
a reasonable aocount of the energy distribution It also allows of a simple 
interpretation of the equation E w + D = constant It is E w = E # — <f>, 
where E 4 is the energy of the corresponding elementary chemical reaction 
responsible for E m and <f> is the work function of the metal This relation 
appears to be general and is similar to the fundamental law of photoelectricity 
A more refined and detailed experimental investigation than has hitherto 
been earned out with phosgene is then given This is followed by a discussion 
of the low energy part of the spectrum, the determination of the true zero 
on the volt scale and of E m and its relation to E„ 

The last section confirms the equation E m = E„ — ^ for the particular 
case of COC1, 


The Structure and Formula of 12 - Fhosphotungstxc Acid. 

By J F Keggin, Ph D 

(Communicated by W L Bragg, FR8 — Received June 14, 1933 — Re\ised 
November 27, 1933 ) 

[Pl-AX* 1 ] 

1 Introduction 

This acid belongs to a large class of compounds known as the hetero- 
polyacids, of which the structures and exact fonnul© have long been a subject 
for speculation The heteropolyacids are compounds in which one atom of 
such elements as P, Si, As, B, Al, etc , is combined with a number of atoms of an 
element such as W or Mo, together with a relatively large number of atoms of 
oxygon In addition to the elements mentioned, it has been shown that the 
oxides of a considerable number of other elements show a tendency to form 
heteropolyacids All formulae proposed indicate a relatively large number of 
atoms m the molecule, and a complex structure In spite of the complexity 
of the molecule, many of these acids are quite stable, and form stable salts with 
practically all metals The best known compounds of this group are the silico- 
tungstic, sihcoraolybdic, phosphotungstic and phosphomolybdic acids, in 
which one atom of silicon or phosphorus is combined with a number of atoms 
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of tungsten or molybdenum. Mixed acids are also known in which a 
number of tungsten atoms are replaced by molybdenum atom a, or vtoe versa 
The heteropolyacids are classified according to the ratio of the numbers of 
the two types of cations present 

Throughout the whole class of hetcropolyacids, those acids which have the 
same cation-cation ratio tend to be isomorphous and have similar properties 

These acids have several outstanding properties , the following apply more 
especially to the 12-acids, though several of the other types of acids are very 
similar — 

(1) They form crystals containing large amounts of water of crystallization 

(2) They are usually very soluble in solvents containing oxygen m the 
molecule* * * § — in water, ether, alcohols, alcoholic esters, ketones, alde- 
hydes, etc , but not in hu< Ii solvents as benzene which contain no com- 
bined oxygen Ether will extract these acids from aqueous solution, 
forming a system of three layers, with ether on top, an aqueous layer next 
and at the bottom a saturated solution of the acid in ether It has been 
suggestodf that a loose compound of the oxomurn type is formed with 
ether Tlus property is used in the preparation and purification of the 
heteropolyacids 

(3) They are readily reducedj by i ommon reducing agents such as nascent 
h)<lrogen, H s S0 3 , etc 

(4) Perhaps the most remarkable property is the ability of these acids to 
form insoluble precipitates, often crystalline, with many substances, 
which substances often have large molecules With the alkaloids bulky 
precipitates are formed , the standard method of estimating nicotine 
makes use of this property They have been suggested as antidotes m 
cases of alkaloid poisoning Albumen, peptones, etc , also give pre- 
cipitates with these acids, which are used m then separation They 
give precipitates with substances containing urea, and with amino- 
auds form crystalline compounds § With basic dyes they give 
extremely insoluble lakes which are remarkably stable and fast to 
light 

The present work is concerned with 12-phosphotungstic acid 

* Soroggie, ‘ J Amer Qhem Soc voL 61, p 1067 (1929) 

f Rosenheim and J&enioke, 1 Z. anorg Ohera.,’ voL 100, p 319 (1917) 

t Wu, * J Biol Chain., ’ voL 43, p 189 (1920) 

§ Drummond, ‘ Bioobem J ,’ voL 12, p 6 (1918) 
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2 Brief Remew of the Literature with Reference to the Constitution of the 
12-heteropolyactds 

The heteropolyacids were first discovered by Berzelius* in 182b Among 
the more important of the earlier workers on these compounds, De Mangnao.f 
Scheibler.J 8prenger,§ Soboleff ,|| Kehrmann.^f Parmentier,** and Copauxff 
may bo mentionod Most of these workers suggest H 8 PWi a O 40 , and 
H*SiW lt O 40 as the empirical formula of the anhydrous 12-phosphotungstio 
and 12-8ilicotung8tic acids, as a result of dehydration experiments 

In 1908, Miolati and Pizzighelli.JJ and later Rosenheim and co workers, §§ 
suggested H 7 [P (W a 0 7 )J nH,0 and H 8 [Si ( W a 0 7 ) e ] nH a O as the formula of these 
acids, as a result of titration experiments Tins type of formula is known as 
the Miolati-Roeenheim formula, and is now considered as the classical formula 
In 1913 W and D Asch|||| suggested a structure for the 12-acids, m which 
the molecule consists of two hexito rings This gave H 8 SiW ia O 4a nH a 0 as 
the formula for 12-silicotuugstic acid 

Pauling, m an attempt to explain the properties of the 1 2-heteropolyacids, 
proposed, on theoretical grounds, the first three-dimensional structural 
formula m which the positions of the atoms and the oxact manner of co- 
ordination were indicated After reviewing the literature, he decided that the 
12-phospho-acids are three-basic and the 12-silico-acids are four-basic Also 
that the 12-acids and their salts show a marked tendency to crystallize with 
cubic symmetry, which indicates a highly symmetrical molecule The proposed 
molecule is a co-ordinated structure in which 12 tungsten atoms, each sur- 
rounded by an octahedron of 6 oxygen atoms, are linked in a continuous shell, 
by sharing oxygen atoms, round a central P0 4 or Si0 4 tetrahedral group. 
Each WO, octahedron shares three oxygen atoms with neighbouring W0 4 
octahedra In the complete acidic anion there are 18 oxygen atoms, each 
* ‘ Pogg Ann.,’ vol 8, p 389 (1826) 
faB. Acad. 8oi Paris,’ vol 56, p 888 (1882) 
t * Z. Naturwiss Halle,’ voL 40. p 298 (1872) 

| ‘ Bull. Boo. Chim. ’ vol 38, p 221 (1881) 

|| ‘ Z anorg. Ohem.,’ vol 12, p 10 (1896) 

H • Bor deuts. ohem. Qes ,’ voL 20, p. 1811 (1887) 

••‘OR. Aoad. Sot Pans,’ vol 92, p 1234 (1881) 

ft ‘Ann. Chun. Phys.,’ voL 7, p 118 (1906) , ‘ Bull. Soo Chun.,’ voL 3, p. 101 (1908). 
tt ‘ J Pract. Ohem.,’ vol 77, p 417 (1908) 

|J Rosenheim and Pinsker, ‘ Z anorg. Ohem.,’ vol 70, p 73 (1911), Rosenheim and 
Jaenioka, • Z anorg. Chem , vol 100, p. 304 (1917) , vol 101, p. 247 (1917). 

HU “ The Silicates in Chemistry and Oommeroe,” London, vol 15, p. 78 (1913) 

‘ J Amor Chem. Soo ,’ rot 51, p. 2868 (1929) 
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shared between two tungsten atoms, thus having their chargee completely 
satisfied Each of the remaining 36 oxygen atoms is linked to 1 tungsten 
atom only, and takes up a hydrogen atom to satisfy its charge, giving 36 OH 
groups as an outer shell The symmetry is of the cubic point group T< 
This gives the formulae 

H 4 [Si 0 4 W ia 0 ls (OH)*], * e , H 4 [H n Si WjjOJ 
H,[P0 4 WjjOjg (OHJa*], » e , H s [H* P W ia 0 54 ] 

Thus this type of molecule cannot exist for the dehydrated forms of the 12-acids 
reported, with oxygen contents less than 68 

Scroggic and Clark 1 * attacked the problem of the structure of 12-sillco- 
tungstic acid both by chemical and X-ray methods 

The acid dried at 100° C was examined by X-rays using the powder method 
Thev obtained lines corresponding to a body-centred cube of edge = 12 16 A 
By density measurements they found that the unit cell contained two mole- 
cules No attempt was made to work out the positions of the atoms, or to 
get further details from this photograph Their work showed that 12-silico- 
tungstic and is 4-basic The acid dried at 100° C they represent by 
4H a O SiO a 12WO, 4H a O, * e , II, „ SiW la 0 4(l 
This form of the acid they found to be very persistent, and very strong 
dehydrating conditions were ncc-essary to remove more water They succeeded 
in dehydrating to 2H a O SiO a 12W0 S , » e , H 4 SiW ia 0 40 , and found that this 
apparently was the anhydrous acid, as the removal of any further oxygen 
caused the acid to change its physical and chemical properties completely, 
indicating a breakdown of the molecule From these results they proposed a 
molecule for 12-sdicotungstic acid which gave the formula of 12-silicotungBtic 
acid as H 4 [H ia SiW 11 0 44 ] 

M and E Kahanef studied the dehydration of 12-phosphotungstio acid and 
came to the conclusion that the dehydrated acid has a formula of the type 
H„P W ia O 40 As the classical Rosenheim-Miolati formula and also Pauling’s 
proposed formula have more than 40 oxygen atoms in the molecule, they 
consider these formula incompatible with their results for dehydrated forms 
of the acid, and further, consider it unlikely that there should be a different 
molecule for more highly hydrated forms of the acid. 

A large number of hydrates of the 12-aoids and their salts have been described 
by many workers Representing the 12-acids by the typical formula 

* ‘ Proo. Nat. Aoad. Sol. Wash roL 15, p. 1 (1939) 
t ‘ Bull. Soe Ghim.,’ roL 49, p. 567 (1911). 
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H a RM lt O„, including water of crystallization to avoid confusion, hydrates 
have been described where n = 40, 44, 46, 68, 58$, 61, 62, 65, 68, 69, 69$, 70, 
70$ 

In addition to the normal 12-acids which have been discussed, so-called iso- 
12-acids have been reported in the cases of 12-silicotungstic and 12-boro- 
tungstic acid The cation-cation ratio is reported to be still 1-12, but the 
properties of these iso-12-acids differ from those of the normal 12-acids , the 
iso-acids and their salts crystallize m more complex forms with different 
amounts of water of crystallization, etc Iso-12-sihcotungstio acid was first 
reported by Do Marignac,* who also prepared its salts Copauxf and Rosen- 
heim:): have also studied these iso-12-acids 'Dio iso-12-aoids are thought to be 
isomeric forms of the normal 12-acids Tho literature, howover, is not very 
definite concerning these iso-acids Rosenheim, in his proposed formula, 
attempts to account for their existence by assigning different properties to 
different atomic positions in his molecule, whilst Pauling suggests that they 
may be explained by assuming condensation of two molecules of the normal 
12-acid to form the molecule of the iso-12-acid, which would then contain 24 
tungsten atoms and 2 silicon or boron atoms 

3 Dxncusswn of Literature 

The literature concerning the 12-heteropolyacids ib very large and much 
confusion exists owing to uncertainty as to the correct formula of the molecule 
Many formulae have been suggested which differ widely Tho classical chemical 
formula attributes a basicity of 7 to the 1 2-phospho-acids and a basicity of 8 
to tho 12-silico-acids, but tho experimental evidence for this is not conclusive 
Only in very rare cases have salts been reported in which this number of hydrogen 
atoms have been replaced, e g , some Ag and guanidine salts, and even for 
these salts it is more normal to have only 3 and 4 hydrogens replaced instead 
of 7 and 8 respectively The salts in which 7 and 8 hydrogens are replacod 
are only prepared with difficulty The electrometric evidence supporting 
these high basicities again cannot be considered conclusive Practically all 
salts reported support the formula which treat with 12-phospho-auds as 
3-basic and the 12-silico-acids as 4- basic, and modern workers tend to consider 
these basicities as correct. Also the reactions of the 12-acids indicate a 
structure of MO ( octahedra rather than one of M0 4 tetrahedra For example, 

• ‘ Ann. Ohim. Phyi ,’ vol 3, p 5 (1864) 
t ‘ Ann Ohim. Phy*.,’ vol 17, p 217 (1909) 

X Roaentetsa and Jaeokka, ‘ Z anorg. Chem.,’ vol. 101, p 236 (1917) 
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the Mo0 4 group is not usually highly coloured, whereas 12-phosphomolybdio 
acid is of a bright orange colour, which colour is a characteristic of the MoO, 
group Again, the fact that these acids are very susceptible to reduction 
would seem to suggest MO 0 groups rather than MO t groups 

References to hydrates are meaningless unless the formula used for the acid 
is given Some workers tend to treat different hydrates of the aame type of 
acid as distinct acids, describe them as coming out of the same solution 
together, with differing crystalline forms, and from these diffonng crystals 
prepare salts which they declare to differ according to the hydrate of the acid 
used Some of these statements are duo possibly to the use of impure hetero- 
polyacids , great care must be taken m preparing the 12-acids to ensure that 
no 9-acid is present Throughout all thu published work, however, there 
appears to be general agreement that the hydrato of the 12-auds which crystal- 
lizes out of saturated aqueous solution at room temperature is of the type 
H^tM li O 70 , though some workers suggest H.RM 11 0„, and also that when 
salts of these acids are dehydrated, the lowest form of the anion is RM ia 0 40 , 
removal of more oxygen results m a complete change of properties There is 
also much evidence that when 12-acid is dehydrated the lowest form is 
H b RMj,O 40 In fact several formula have been proposed which are based 
on these facts, the molecule being represented as H a RM lt O 40 

4 The Results of the Present Work 

A General Account of the Structure of the Molecule of 12 -phosphoiungsttc 
Aotd, with Us Formula, as found by X-ray Analysis * — The derivation of this 
structure is given in a later section of this paper The molecule of 12-phospho- 
tungstic acid has the formula H, [PW^O^] The phosphorus atom is at the 
centre of a group of 4 oxygen atoms arranged with their oentres at the comers 
of a regular tetrahedron as in fig 1 Each tungsten atom is approximately 
at the centre of a group of 6 oxygen atoms, the centres of which are at the 
comers of a distorted octahedron, as in fig 2 

The complete acidic anion PWnO^ -8 is a co-ordinated structure of point 
group symmetry T* consisting of a central P0 4 tetrahedron, surrounded by 
12 WO, octahedra as a shell, linked together by shared oxygen atoms. The 
12 WO, octahedra are arranged in four groups. Each group oonsists of 3 WO, 
octahedra round a trigonal axis, so that the co-ordinates of the 3 tungsten 
atoms are of the type (a a b) (a b a) (b a a), with two oo-ord mates. 


* See also ‘ Nature,' voL 181, p. MS (June 8^ 1833). 
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equal, referred to the rectangular axes of cubic symmetry, with origin at the 
centre of the central phosphorus atom Fig 3 shows the arrangement for 
one group of 3 WO e octahedra relative to the P0 4 tetrahedron Considering 
first only this one group of three octahedra, there is 1 oxygen atom shared m 



Fio 1 — Four ox> gen atoms arranged with >iu 2 — >Six oxygen atoms arranged with 
centres at the comer of a tet rahedron centres at tho comers of an octahedron, 

with a phosphorus atom at the centre with a tungsten atom at the centre 

common between the 3 WO, octahedra and tho central P0 4 tetrahedron and 
each octahedron shares two other oxygen atoms, one with each of the two 
neighbouring octahedra Thus each octahedron has two edges shared, one 


r 



Fio 3 — The arrangement of one group of three WO, octahedra relative to the centra 
PO, tetrahedron. 

with each of the two neighbouring o< tahedra Fig 4 shows this arrangement 
exploded outwards for simplicity The arrows indicate the corners which 
coincide when in their correct positions as shown in fig 3 
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Four such groups of 3 WO, octahedra are arranged round tie central P0 4 
tetrahedron in tetrahedral symmetry, so that each oxygen atom of the PO, 
tetrahedron is now an oxygen atom already shared between 3 WO, octahedra 
Fig 5 shows the arrangement with two groups of 3 WO, octahedra For a 



Fro 4 — Exploded diagram of the arrange Fig 6 — Tba arrangement of two groups of 

ment shown in fig. 3 TWO, octahedra relative to the central 

P0 4 tetrahedron. 


diagram of the complete acidic anion, ui ordei to avoid confusion, each group 
of 3 WO, octahedra is represented in outline as a solid as in fig 6, which is a 
representation of the 3 octahedra m fig 3 The complete acidic anion is shown 



Fio 0 — Simplified repre 
Mentation of the J WO, 
octahedra shown m fig. 8 


in fig 7, the central PO, tetrahedron being shown 
complete It will be seen that each WO, octahedron, 
besides sharing 2 oxygen atoms with octahedra in its 
own group of three, also shares 2 oxygen atoms with 
octahedra in other groups In the complete acidic 
anion, each WO, octahedron consists of 1 oxygen 
atom sliared between 3 WO, octahedra and 1 PO, 
tetrahedron, 4 oxygen atoms shared between 2 WO, 
octahedra, and 1 oxygen atom unshared with other 
polyhedra Also, two edges of each WO, octahedron 
are shared with edges of two other octahedra 
This anion has the for mala PW ll O w 3 Hence the 


molecule of 12-phosphotungstio acid has the formula H^PW 1J O w This might 


be written H, [PO, (WO,), J, to indicate a central PO, tetrahedral group sur- 


rounded by 12 WO, octahedra, each of which is WO, m effect But perhaps 
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the beet form of expression is H s [P (W,O 10 ) 4 ] l to indicate a modified PO,~* 
tetrahedral group, m which each of the 4 oxygen atoms has been replaced by 



a W s O 10 * group, eacli W,O 10 - * group consisting of 3 WO, octahedra sharing 
oxygen atoms with other octahedra This formula agrees with the mass of 
chemical evidence 

Co-ordinates of Atoms, and Interatomic Dis- 
tances — The oxygen atoms fall into four groups, 
which will be called 0„ 0 |( O s and 0 4 The 
positions of these types of oxygon atoms are 
indicated m fig 8, which represents the left- 
hand octahedron in fig i The O x oxygen atoms 
are shared between 3 WO, octahedra and 1 PO, 
tetrahedron The O t oxygen atoms are shared 
between 2 WO, octahedra The 0, oxygen 
atoms are also shared between 2 WO, octa- 
hedra. The O, oxygen atoms are unshared with 
other polyhedra The 0 1 -0 a edges are shared 
between 2 WO, octahedra 

The atoms are referred to the rectangular axes of cubic symmetry, with 
origin at the centre of the central phosphorus atom 



Fro 8. — The left-hand octahedron 
in fig 3, showing the position of 
the four type* of o x ygen atoms 
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The co-ordinates of the atoms are — 

1 P atom at (0, 0, 0) 

4 Oj atoms at (a a, a,) (a, a, a) (a, a, a,) (a, a, a,) 
where a — 0 99 A 

12 O t atoms at (6, b, c) (b, 6, c) (6 6, r) ( b , h c) 

(A, c,b)(b,c,'b)(b,r,b){b,c,b) 

{c, b, b) (c, b, b) (< b b) (c, b, b) 

where 6 — 0 97 A , c = 284A 

12 O, atoms at (d, d, e,) (d, 7l, ? ) (d, d, F ) (d, d, a,) 

(d, f, d,) (d, e, l) (d, e, <],) (d, e, d,) 

(e,d,d,) (e,d,d,)(?,d,d,)(ed d) 
where d = 1 49 A , e — A MA 
12 O, atoms at (/, g, g,) (/, g, g,) (/, g, g,) (/, g, g ) 

(9./. 90 (ijj > 90 (9 f, 90 (9,1 9 ) 

(9, 9, /,) (9. 9,1 ) ( 9 . 9, 7 ) (9. 9 A) 
where /=0 1A,i/-)79 4 

12 W atoms at (h, A, l,) (A A, A,) (A A, A0 (A, A, AO 
(A, A, AO (A, A, A,) (A, A A ) (A, A, AO 
(A, A, A0 (A, A, A) (A, A A) (A, A, A,) 
where A = 0 07 A , A — 2 495 A 

The interatomic distances are as follows — 

The P0 4 tetrahedron in the centre is undistorted All edges (0 1 -0 1 dis- 
tances) are 2 80 A 

The WO, oetahedra are distorted The shared edges (Oj-O, distances) are 

2 66 A The 0^-0, distances are 2 70 A The 0,-0, distances are 2 90 A. 
The 0,-0, distances are 2 65 A The 0,-0, distances are 2 61 A The 

0,-0 4 distances are 3 10 A The 0,-0, distances are 2*80 A. 

The tungsten atom is 2 34 A distant from the 0} oxygen atom, 1 85 A 
distant from the 0, and 0, oxygen atoms and 2 0 A distant from 0, oxygen 
atoms 



Structure and Formula of 12-Phosphotungstic Acnd 


85 


5 Dtscwmon of t-hts Structure 

From a consideration of the forces acting in this structure, these distances 
and the distortions are seen to be quite logical The average erystal radu of 
the P, W, and 0 atoms may be taken as equal to 0 34 A , 0 62 A., and 1 36 A 
respectively The tungsten atoms have a major effect in determining the 
structure, and the positions of the oxygen atoms will be to a large extent governed 
b\ them. The tungsten atoms repel each other, and tend to distribute them- 
selves in the most uniform manner possible where their potential energy is 
lowest Neglecting the very small displacement (0 07 A ) of these atoms from 
the ideal positions, the reasons for which will be dealt with later, m this structure 
this distribution is realized , the 12 tungsten atoms are arranged on a sphere 
with the most uniform distribution possible, each tungsten atom being equi- 
distant (3 63 A ) from four neighbouring tungBten atoms They may also be 
regarded as being at the centres of the edges of a regular octahedron, or at the 
centres of the edges of a cube The oxygen atoms then form distorted octahedra 
round these tungsten atoms in such a manner as to give this distribution for 
minimum potential energy of the tungsten atoms most closely The edge of 
a l’O t tetrahedron is normally about 2 G A. In this case the edge is lengthened 
to 2 8 A, as 3 tungsten atoms act m opposition to the central phosphorus atom 
and tend to pull the oxygen atoms of the P0 4 group outwards The tungBten 
atoms are not at the centres of the octahedra Mutual repulsion tends to 
make the sphere on which they lie be of as large a radius as possible, and in 
this structure this effect is considerable Hence the distance of the tungsten 
atoms from the inner 0 t oxygen atoms is relatively large (2 34 A ) as compared 
with their distances from the other oxygen atoms Also, in order to reach 
positions of minimum potential energy, the tungsten atoms are displaced 
from the centres of the octahedra so as to be nearer the O t oxygen atoms 
(1 85 A. distant) than the 0 8 oxygen atoms (2 0 A distant) In agreement 
with Hub displacement, the 0 8 -0 8 distances are lengthened to 2 90 A and the 
0,-0, distances and the shared edges, (O t -O s distances) are shortened to 
2 66 A. 

The formula HjPWjjO^ agrees with the large mass of evidence already 
mentioned, which gives this formula for the anhydrous acid 

This structure has some remarkable features It appears that some of the 
principles determining the structure of complex lomc crystals as formulated by 
Pauling* are not strictly obeyed Each of the 4 oxygen atoms of the type 0, 
• * J Amer Owtou Soo vol SI, p 1010 (1929) 
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which form a tetrahedron round the central phosphorus atom, is shared between 
1 phosphorus and 3 tungsten atoms. According to Pauling’s “ electrostatic 
valence principle,” where the electrostatic valence bonds of the cation act in 
a roughly symmetrical manner and are neutralised by the immediate neighbour- 
ing anions, this implies that each Oj oxygen atom has a force of -f acting 
upon it, if the phosphorus atom has charge of + B and the tungsten atom a 
charge of -f 6 Again, there is an outer shell of 12 0 4 oxygen atoms, each of 
which is directly connected with only 1 tungsten atom According to the 
above principle each of these oxygen atoms has a force of only + 1 acting 
upon it This structure may be considered in two ways (A) If the bonds of 
the cations act in a roughly symmetrical manner, then this complex anion has 
a region of large positive potential at its centre, surrounded by a region of 
negative potential as a shell, which, by action through a distance across inter- 
vening atoms, gives a total charge of — 3, or (B) the electrostatic valenoe 
bonds of the cations do not necessarily act in a symmetrical manner, the 
directions of their action being determined by the positions of the unsatisfied 
anions 

The properties to be expected from this structure agree well with the known 
properties of 1 2-phoephotungstic acid 

This acidic amon would be expected to be stable, as the tungsten atoms arc 
practically in positions of minimum potential energy, and the whole structure 
is compact and tightly bound together 

These acidic anions are complete structural units in themselves, and when 
packed together m a crystal are not strongly linked to each other, and should 
thus be relatively easy to separate Thus the acid would be expected to be 
highly soluble 

Also any crystalline structure formed by the packing together of these 
anions would be expected to contain a relatively large amount of water of 
crystallization For these anions are large, roughly spherical units, and, when 
arranged even m close packing, will still leave a considerable volume of un- 
occupied space Water of crystallization will tend to pack in these spaces so 
as to make the whole structure more homogeneous, and as oxygen atoms are 
very small compared with these acidic anions, there is always room for a 
relatively large amount of water 

This anion also explains why numerous hydrates are formed by the acid 
As the atoms axe arranged in a fairly uniform manner, and the charge is small 
for such a large group of atoms, this amon may be considered as a large, 
practically spherical, unit, with a fairly uniform charge distribution over its 
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surface Such a unit has no strong directional forces which would tend to 
make one type of packing more probable than any other arrangement. Thus 
it is to be expected that quite a number of arrangements would exist. Also, 
as these units are so uniform m shape and charge distribution, they will tend 
to pack m simple arrangements which explains the tendency for the hydrates 
to be cubic, despite the complexity of the anion. 

The tungsten atom, by reason of its small sire, may be surrounded by a 
tetrahedron of oxygen atoms, as well as by an octahodron, as in this structure 
Thus the reduction of the present arrangement should not be difficult. 

The marked tendency of these acids to combine with largo organic molecules 
to form insoluble precipitates is possibly connected with the large, shell-like 
region of negative potential surrounding the anion 

The basicity of three for this structure agrees with that found by most 
chemical workers Also the oxygen content of the molecule — 40 atoms of 
oxygen— agrees exactly with the results obtained for the anhydrous acid by 
many workers on the dehydration of the acid and its salts. 

b Experimental 

The preparation of the at id used in this work was that described by Wu * 
It was found that if no HC1 was added during the last ether extraction, the 
product was pure 12-phosphotuiigstic acid, though the omission of HC1 reduces 
the yield 

The colourless oetahedra which crystallise from aqueous solutions at room 
temperatures are extremely unstable, and commence to lose water and to 
break down to a white powder immediately on drying Thus, though by taking 
precautions against loss of water an apparently good photograph of this 
hydrate was obtained, this photograph was not used in this work owing to the 
uncertainty introduced by the instability of the crystal The structure of 
this hydrate, however, has since been determined 

Dehydration of the Acid —In order to obtain a more definite photograph, a 
more stable hydrate was sought It was assumed that the hydrate which 
crystallises out of saturated aqueous solution at room temperature m colourless 
oetahedra was of empirical formula either H lc PW ll O 70 or H # P'W ll O w This 
was the only assumption made as regards the formula, and losses of water 
on dehydration were calculated on the first formula Whether H 7 or H s is 


* • J Biol Chera voL 48, p 180 (1020) 
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taken aa the basicity is immaterial, owing to the large molecular weight of the 
acidic anion 

In order to find the loss in weight, it was necessary to weigh this unstable 
hydrate To do this with as little error as possible, large crystals wore grown, 
of dimensions of the order of 1 om These crystals were taken out of the 
solution, dried quickly with filter paper, put in a closely stoppered bottle and 
weighed immediately By using large crystals, surface action had a relatively 
small effect and it was found possible to repeat results quite accurately 

This unstable hydrate was allowed to reach constant weight in the open at 
about 70% RH 15 6 mols of water were lost An X-ray photograph of 
this product showed a mixture with no distinct lines 

Drying over CaOl, at atmospheric pressure and room temperature was 
next tried The acid reached constant weight with a loss of 22 5 mols of 
water On standing m the open this product took up only 0 0 mols of water, 
which was probably due to surface adsorption, and indicated that this product 
is fairly stable This gave a photograph with sharp lines On drying over 
P,0 6 tn vacuo, the weight was practically constant with a loss of 23 5 H,0 
On prolonged drying, however, over a period of several days, the weight con- 
tinued to fell very slowly, until after about a week, 24 mols of water were lost 
After this period the acid commenced to turn brown on the surface, indicating 
that disintegration of the molecule had commenc-ed For losses of water 
ranging from 22 5 mols to 23 5 mols the product gave identical sharp lines 
but after losses of more than 23 5 mols of water the lines commenced to 
broaden, and after a loss of 24 mols of water the lines were distinctly blurred, 
which indicates the beginning of a change in the crystal structure There is 
a definite structure m this range, but the number of molecules of water present 
is not definitely fixed by the above results The water content of this hydrate 
will be considered later 

X-ray Technique — The X-ray photographs were taken by the powder 
method in a camera of the modified Debye-Scherrer type as described by 
Bradley and Jay* The specimen to be photographed is m the form of a 
powder rod Owing to the chemical activity of this acid, and its variable 
water content, the normal method of preparing the powder rod, by fixing the 
powder to a hair with adhesive, was not used In order to avoid the possibility 
of change, the powder was packed into a fine capillary of Lindemann glass, 
which was sealed, mounted m the camera and used as a specimen. This glass 


‘ Proc Pfay*. goo.,’ to] 44, p. OSS (IMS) 
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has a low absorption for X-rays, being composed of lithium and beryllium 

borates 

The observed intensities of reflection were obtained by measuring the 
blackening of the powder photograph by means of a Cambridge microphoto- 
meter designed by Dobson * The figures for blackening were then con- 
verted into intensity values by means of a calibration curve for the emulsion 
used, m which exposure is plotted against blackening The intensity measure- 
ments were then plotted against distance along the film, and an integrated 
value of the intensity of each line was obtained by determining the area under 
the curve and above the base line of general blackening 

The structure investigated in this work was tliat of the dehydrated 
12-phosphotungstic acid discussed before, which gave sharp lines The acid 
actually photographed was the product obtained by dehydrating the octahedral 
crystals over P,0 5 t n vacuo, with a loss in weight corresponding to loss of 
23 5 mols. of water 

OuK, radiation was used A typical powder photograph of this hydrate 
is shown in Plate 1 

7 Determination of the Lattice 

The values of HA* for the lines wore found to be all even numbers, except for 
two very faint lines corresponding apparently to HA* — 33 and 41 These 
two lines were neglected at first, as it was thought that they were due to slight 
impurity An arrangement of lines where HA* corresponds to consecutive 
even numbers is a characteristic of the body-centred cubic arrangement. Also, 
as lines where HA* — 28, 60, 92, etc , which are theoretically impossible, were 
missing from the photograph, it was assumed, at first, that this structure was a 
body-centred cubic arrangement It was found later that this was not quite 
the true arrangement The effect of the modification necessary, is, however, 
extremely small This will be considered later The value of “a,” the 
length of the edge of the unit cube, was now calculated for each Ime The 
results are given m Tabic I 

The usual practice of comparing the observed sm*6 with the calculated 
sin*6 is unnecessary here 

By plotting these values of “ a ’ against cos 3 0, and extrapolating to 
cos* 0 = 0,f the true value of the edge of the unit cube was found to be 
12 141 ±0 006 A 

• ‘ Proc Roy Soo.,’ A, toL 104, p. 248 (1923) 
t ‘Proo Phyi. Soo.,’ voL 44, p. 563 (1933) 
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The density of this hydrate was determined by the displacement of bensene, 
using a density bottle, and was found to be 5 6 The density calculated for 
two molecules of H.PWjjO^ m a cube of side 12 14 A is 5 65 This agrees 
well with the experimental value For a body-centred cubic arrangement, this 
implies that there is an anion at each comer of the unit cube and one at the 
centre, all anions being equivalent for this symmetry 


Table I 



The above, together with the observod intensity values, were all the data 
available, as no single crystal data could be obtained 
The problem wbb now to locate the atoms m the striuturo by use of the 
above data 


8 Location of the Tungsten Atoms 

As the scattering power of a tungsten atom for X-rays is much greater than 
that of either an oxygen or a phosphorus atom, it was possible to locate the 
12 tungsten atoms quite accurately, by neglecting all other types of atoms at 
first, and considering the agreement between the observed intensities and the 



Structure and Formula of 1 2-Phosphotungst%c Acid 


91 


intensities calculated for the 12 tungsten atoms only It was assumed that 
there were 12 tungsten atoms m each molecule of the acid, and that the anions 
were arranged m body-centred cubic packing 
The simplest way to arrange groups of 12 tungsten atoms to agree with body- 
centred cubic symmetry, is to arrange them m the manner already given in 
the section describing the structure of the anion, each group of 12 tungsten 
atoms having point group symmetry Tj In this arrangement the positions 
of the atoms are defined by only two variables, and it ib thus possible to repre- 
sent atomic positions on a graph When such groups of atoms are arranged 
with body-centred packing, the space group is T d 3 From a consideration of 
the observed intensities it was possible to impose very rough limit s for the 
calculated intensities which would be consistent with those observed on the 
film In this way curves defining areas of possible atomic positions could be 
drawn on a graph for each reflection This was done for a large number of 
reflections until only a small area of possible positions for the tungsten atoms 
was left 



Fig 9 shows the location of the final area of possibility This area is shown 
heavily outlined , and the reflections used for this location are shown The areas on 
the shaded sides of the curves are areas of forbidden co-ordinates for the tungsten 
atoms The area left gives possible co-ordinates for the tungsten atoms between 
the limits 1 = 2 156 A -*-2 51 A , fc = 0 185 A 0 185 A Thus the 

possible variation of h or ifc ib not more than about 0 36 A The location is 
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surprisingly definite, e\cn though the limits of possible intensities imposed 
were quite rough, owing to the large allowances made for the possible effect 
of atomB other than tungsten In spite of tlus, a sufficient number of sensitive 
lines, for which the intensity varies very rapidly for small changes in the atomic 
co-ordinates, were found to give thiR small final area of possibility A similar 
method was used by W L Bragg and Warren'" in work on the sibcates The 
mean location is h -- 0, k — 2 S3 A 

To get a still more accurate location of the tungsten atoms, the intensities 
of many lines were now worked out for sets of co-ordinates m this area, still 
considering only the tungsten atoms By considering the best general agree 
ment between observed and calculated intensities, it appeared that the most 
probable co-ordinates for the tungsten atoms are h = 0, k = 2 490 A The 
general agreement for these co-ordinates is reasonably good for all lines 

9 The Structure of Co-ordinated Oxygen Polyhedra agreeing with these 
Tungsten Co-ordinates 

It was assumed that the oxygen atoms would be arranged round the phos- 
phorus and tungsten atoms with their centres at the comers of polyhedra, 
the cations being roughly at the centres of these polyhedra, as is usual for 
structures of the complex ionic type 

The crystal radii of the phosphorus tungsten and oxygen atoms are usually 
taken as equal to 0 34 A , 0 62 A , and 1 36 A respectively 

The positions of the tungsten atoms were fixed, and to agree with symmetry 
a phosphorus atom must be at the centre of each group of 12 tungsten atoms 
An arrangement of oxygen polyhedra around these faxed atoms had now to be 
found which would fulfil the following conditions — 

(1) The distances between the centres of neighbouring oxygen atoms m the 
structure must be within the limits 2 50 A to 3 10 A 

(2) The acidic anions must pack in a cube of side = 12 14 A so that the 
distances between the centres of neighbouring atoms in adjacent anions 
are of the correct dimensions There must be two anions m each 
cube 

(3) The number of hydrogen atoms necessary to give a neutral structure, 
* the basicity of the acid, must be reasonable, preferably 3 or 7 to 
agree with the bulk of chemical evidence 

(4) The stability of the acid suggests that the polyhedra should be well 
linked together by sharing oxygen atoms 

• ‘ Z. Krfetallog ,’ voL 89, p 168(1928). 
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Many arrangements were tried with various types of polyhedra, but the 
conditions imposed were found to be very stringent, and condition 1 alone 
eliminated decisively all arrangements other than the anion whioh was found 
to be correct and which has been described This structure was found to 
fulfil all the other conditions, and gave the formula of the molecule as 
H*PWnO 40 It is interesting to note that m none of the structures tried was 
a basicity of 7 indicated for this acid 

10 The Arrangement of these Antons tn the Structure of the Hydrate 
Investigated. 

The symmetry of thiB anion is essentially tetrahedral, and in considering 
the orientation of the anions it is convenient to refer to the orientation of the 
central P0 4 tetrahedron The O, oxygen atoms are above a base, and the O, 
oxygen atoms are above an apex of this central tetrahedron 

The structure which has h< en described for the anion of 12-phosphotungBtie 
acid is very symmetrical At first it was thought that the anions were packed 



Fro 10 — True body oentral arrangement Fig 11 — Arrangement 0»* 

CV) 


in a body-centred cubic arrangement, as all the lines on the powder photograph 
indicated this type of packing, with the exception of two very faint lines corre- 
sponding to hh* — 33 and 41, which were at first neglected as being due to 
impurity In this arrangement the orientation of all anions is identical, the 
anions being arranged base to apex right through the structure This arrange- 
ment is shown in fig 10 The space group for this arrangement is T 4 S , and 
no reflections for which lh* is odd are possible 
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On farther consideration, it was realised, however, that an arrangement 
where the amons were base to base and nose to nose in the structure would 
differ only slightly from the true body-centred arrangement This arrange- 
ment is shown in fig 11 The space group here is O* 4 , and the only difference 
between this packing and the previous body-centred packing is that the anion 
in the centre of the cube is inverted Thus, if the tungsten co-ordinates are 
actually h = 0, k = 2 496 A , there will be no change at all m the arrangement 
of the tungsten atoms, and as the oxygen arrangement is also fairly symmetrical, 
the change in the oxygen lattice will not be great Thus it is to be expected 
that the photographs for these two types of arrangement would be very 
gumlar 

For the O* 4 arrangement, lines where XA S is odd are possible, but only 
oxygen atoms contribute to these reflections if h = 0 for the tungsten atoms 
Hence these lines will be very weak 

The intensities of reflection for both arrangements were calculated, and 
compared with the observed intensities, m order to decide which arrangement is 
oorrect An attempt was also made to find positions for the molecules of 
water of crystallization 

The True Body-centred Arrangement (T d s ) —In this arrangement the distance 
between the centres of neighbouring oxygen atoms of adjacent anions is 2 7 A , 
which is reasonable Here the O a oxygen atoms of one anion touch the 0 ( 
oxygen atoms of the adjacent amon 

It is impossible to pack six molecules of water* m this structure to agree 
with symmetry, 

A possible arrangement giving seven molecules of water per molecule of 
aoid may, however, be suggested A molecule of water may be placed at 
the centre of each face of the unit cube — at boo, o bo, o o b, b o o, o b o, o o b, 
where 6 = 6 07 A This gives three molecules of water per molecule of acid 
The centres of water molecules in such positions are 3 2 A from the centres of 
neighbouring oxygen atoms in the cube face, and 3 3 A from the centres of 
neighbouring oxygen atoms in a direction perpendicular to the cube face These 
water molecules have thus considerable freedom of motion The other four 
molecules of water might be arranged between tho acidic amons, on the trigonal 
axes of the cube, in tetrahedral symmetry, in positions aaa, dad, add, ado, 
where a = 3 28 A Here, however, the centre of each water molecule is only 

* The term “ water molecule 11 is used here m a general sense to indioate those oyxgeo 
atoms which oould be removed as water without affleoting the chemical properties of tbs 
acid. No attempt is made to define the positions of the hy dr oge n stoma 
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2 57 A distant from the centres of six neighbouring oxygen atoms The 
distance is somewhat small 

The Arrangement O* 4 -In this arrangement, where the two adjacent anions 
aro base to base the oxygen atoms of the anion do not touch, being about 

3 BA apart There is, however, just room for a molecule of water in the 
hollow left here between the anions, which would hold them apart The 
water — 0, oxygen distance is 2 9 A The positions of these four water 
molecules are 555, dan ana, add, where a = 3 03 A This arrangement con- 
tributes two molecules of water per molecule of acid Where the two adjacent 
anions are apex to apex, the O a oxygen atoms of one amon touch the 0 4 
oxygen atoms of the neighbouring anion, the distance between their centres 
being 2 86 A There is no room for a molecule of water between the anions 
here 

Three more water molecules may bo placed, as before, at the centros of the 
faces of the unit, cube This gives, in all, five molecules of water per molecule 
of acid for this arrangement 

11 I'ompanson of the Intensities of Reflection Calculated, for these two arrange- 
ments with those observed on the Photograph 

The intensities of reflation for these two arrangements were now calculated 
and compared with the observed intensities The results aro given in Table 

II 

For the O* 4 arrangement, the tungsten atoms were first considered to have 
co-ordinates h = 0, k — 2 495 A With such co-ordinates the tungsten 
atoms do not contribute to reflections where HA* is odd It was found that, 
though lines 33 and 41 were the strongest of the odd linos, they were not quite 
strong enough to account for the observed intensities It was found, however, 
that if the tungsten atoms wore shifted a very small distance (0 07 A ) to have 
co-ordinates h = 0 07 A , A ~ 2 495 A , so that these atoms began to con- 
tribute to the odd lines, the effect was greatest on lines 33 and 41, and gave 
calculated values which agreed with the observed intensities 

The third column m Table II gives the calculated intensities of reflection 
when the tungsten atoms only are considered The values for lines where 
LA* is odd refer only to the 0, 4 arrangement, as for the T/ arrangement the 
values for these reflections are zero As the calculated intensities for tungsten 
atoms only, for reflections where LA* is even, are practically identical for the 
two arrangements, the values given in this column for these reflections refer to 
both arrangements 
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Calculated 
intensities 
for O^ 1 

For 

PW u 0 4 , 8H t O 

Observed 

intensities 

43 

43 7 

0 6 

Absent 

12 5 

12 

13 

1.' 

J2 5 

34 5 

0 2 

Absent 

Jfl 

28 1 

0 7 

Absent 

11)1 

112 


4 1 

42 6 

48 4 

0 2 

Alisent 

18 5 

21 fi 

’ 0 7 

Absent 

! 10 

13 

0 07 

Absent 

1 109 

J 

101 

? 

83 

68 8 

Ml 


1 1 

18 6 

18 

18 5 

14 

1 8 

Just visible 

8 

6 9 

0 38 

Absent 

18 

18 6 

48 

45 

11 S 

14 



h tiff fit 
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All intensities are reduced to tlie same scale to make comparison simpler 
A temperature factor e ~ H ’ ,tu ' " was applied to the calculated values, whore 
B - 2 0 In calculating these intensities the usual corrn tions were made for 
0 and absorption 

No correction was made for the possible effect of motion of the throe water 
molecules m the faces of the cube Motion would tend to decrease the effect 
of these molecules on the intensity 


12 Discussion of Results 

Considering the intensities calculated for the tungsten atoms only, for the 
lines where il/i 2 is even the agreement with the observed intensities is quite 
good This applies to lwth arrangements For the odd lines given by the 
() fc 4 arrangement, the agreement for tungsten atoms only is also reasonable 
When the oxygen atoms are included, liowevn the agreement is much better, 
for both arrangements From a consideration of the agreement for the even 
lines only, it is difficult to decide u hich arrangement is better, as the differences 
are very small, though the O* 4 arrangement would appear to bo slightly 
better 

For the odd lines, however, which are grven only by the O h * arrangement, the 
agreement is also good lit the numerical scale used he re to represent intensity 
\alues, where strong lines have values in the region of 100, the Iowpt limit of 
Msibihty is in the region 1 to ‘2 Tlius line 33 is just visible, and line 41 is 
distinctly visible From the calculations it appears that lines 27, 29 and 65 
of the odd lines might also be visible, and when looked for could juBt be 
detes ted, though normally they would not be notices! All the other odd lines 
were invisible 

Tins agreement of the odd lines, m addition to a slightly better agreement 
for the even lines for the arrangement O* 4 , appears to prove decisively that 
the anions are arranged m this manner, and not in the body-centred cubic 
arrangement T d 3 

This agreement for the odd lines provides a very sensitive check on the 
correctness of the proposed structure For, with 45 oxygen atoms present, 
it is highly probable that any error in their location would give calculated 
values for the intensity of some odd reflections which would be well above 2 on 
this scale, as the effect of the oxygen atoms can be quite large This is well 
shown in the various intensity values calculated for lines 2, 26 and 30 in the 
table 
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Thus there are only five molecules of water per molecule of acid in this 
partially dehydrated and This is of particular interest, as later work on the 
structure of the so-called 30 hydrate of tins acid indicates that the octahedral 
crystals contain only 29 molecules of water per molecule of acid Most workers 
have described a loss of 24 molecules of water per molecule of acid when the 
octahedral crystals are dehydrated to the stable hydrate investigated hero 
In the present work sharp lines were not obtained for losses of water of more 
than 23 5 molecules per molecule of acid, but it is highly probable that a 
certain amount of moisture is adsorbed on the surface of the fine powder 
This water, though not actually in the structure, would tend to decrease the 
loss m weight Thus a water content of 5II a O for this hydrate may be said 
to agree with experimental results 

The author wishes to tliank Professor W L Bragg, F R S , for his stimulating 
interest in the work, which was carried out in the Phvsical Laboratories of the 
University of Manchester , also Dr A J Bradley for his helpful discussion 


1.1 Summary 

The structure of the molecule of 12-phoaphotungstie acid has been found by 
X-ray analysis, usmg the powder method The formula of the acid is 
H a [P (W,O 10 ) 4 ] nHjO The anion consists of a central P0 4 tetrahedral 
group surrounded by 12 W0 8 octahedral groups as a shell, linked together by 
shared oxygon atoms The symmetry is T d The positions of the atoms are 
given This structure has some unusual features In the partially dehydrated 
acid investigated, which contains five molecules of water per molecule of acid, 
these acidic anions pack together with cubic symmetry, the edge of the unit 
cube being 12 14 r ± 0 005 A symmetry 0/ There are two molecules of 
acid in the unit cube ThiB formula agrees with the bulk of chemical 
evidence 

The structure was worked out rigorously from experimental results The 
method used is described From the observed intensities of reflection the 
positions of the heavy tungsten atoms were found, in this first stage the 
effect of all other types of atoms being neglected A graphical method was 
used This preliminary location of the tungsten atoms was surprisingly 
definite 

A structure of co-ordinated oxygen polyhedra was then found which would 
give these tungsten positions and also fulfil all other conditions The com- 
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pansou of observed intensities and those calculated for the complete acid 
anion is given The agreement is good and proves the correctness of the 
structure 

A brief summary of the properties of the 12-heteropoly acids, and the more 
important papers in the literature relating to their constitution, is given and 
discussed 

The structure found in the present work is described 
This structure is discussed and its bearing on the properties of the acid is 
considered 

The preparation ot pure 12-phosphotungstiL acid is given and its dehydration 
described 

The experimental X ray technique is described briefly 
The method of locating the tungsten atoms is described and the conditions 
to be fulfilled by the structure are given Two types of arrangement of these 
anions m the unit cube were found to be possible These are discussed 
The problem of the positions of the molecules of water of crystallization for 
both types of arrangement is discussed 
The comparison of observed and calculated intensities is given, and dis- 
cussed 
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A General Proof of Certain Fundamental Equations in the Theory of 
Metallic Conduction 

By If Jonhs and C ZtNtn, Wills Physical Laboratory, University of Bristol 

(Communicated bj f E Lcnnard-Joncs, FR8 — Received August 3, 1933 — 
Revised December ) 9, 1933 ) 

§ 1 Introduction 

In the modem theoryf of electronic conduction the electrons are considered, 
when the thermal motion of the lattice is neglected, as moving m a periodic 
potential with the property 

Y (x + la, y -J~ wuz, z f no) — V (x, y, z) 

The wa\e equation for an elettron m this field is 

{&**+*■■-*! ' i *- 0 » 

Bloch has shown that this equation has solutions of the form 
R Uk(R). 

where Uk has the periodic it) ot the lattiu 

The quantity (h/2n) K lias properties analogous to the momentum of froe 
electrons In partuular, the statistical weight ot an element of volume m 
K. space is nidi pendent of K, so that the number of electrons per unit 
volume of K space is constant for all values of K having energy below the surface 
of the Femn distribution This surface, whn h is, of course, identical with a 
surface of constant energy, is spherical only m the special case of free ( h*ctrons 

(fag 1) 

The average velocity of an c lutron in stub t]/ K is 

v k — {+*k grad t> K — '{'k grad <|>*k}/[yk 'I'**]. ( 2 ) 

where [iJ'it'J'**] douotes the average value of <2» K <l»* K for all pomts of space 
In the special case of free electrons (Uk — const ) Vk is related to K by the 
equation 

v K = (h/2mn) K 

t Initiated by E Biooh, ‘ Z Physik,’ vol r>2, p 55fl (1928) 
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For the more general case the relation 

v K -^grad K E K (I) 

has been suggested, and proved m certain particular cases f One purpose of 
this paper is to give a general proof (§ 3) 

Secondly, we investigate the effect of uniform electric and magnetic fields 
upon the Fermi distribution Kikuchi and NordheimJ have shown that if 
/ (K, l) is the Fermi distribution function, then if we take an electron with a 
wave function 

(x, y, t) — J ( ( 'I ( K > l ) 'j'K (•*. y, s) dK* dK, dK, (2a) 

which satisfies the initial condition 

I*/ (K 0)|*- / (K, 0) 

then for all later tunes 

ft ’ dt 

In the presence of an <*!<•< trie field F, \q (K, t) |* will Ik* determined by the 
wa\e equation 

lit 5^, V ‘ + - V + 1 eF R * “> 

In the case of free eh*ctrons it is easy to show that F produces a translation of 
constant velo< ity (2n/h) eF, that is 

|l'/| a - -~eF gradK^p (II) 

and various attempts!) have been made to give a general proof In § 4 wo 
show that (II) is a dim t consequence of (3), provided the excited bands (§ 2) 

t Blfx h, loc ext , gave a proof of I in the limiting ease of tightly bound electrons 
Poicr Is, ‘Z Phynk,' vol 63, p 256 (1029), gave a genera) proof with the assumption 
that Ur vanes very slowly with K 
t * Z. Physik,’ voL «0, p 062 (1030) 

5 Blooh, loc ext , gave a proof whore |g(K)| has the form of a Gauss error function, and 
in which the excited bonds were neglected 

Peierls, loc at , attempted a general proof The unsatisfactory points in his proof are 
specifically noted in $ 4 

Peierls, ‘ Krgobn Exak. Naturwiss,’ vol 11, p 270 (1032), has pointed out that the 
principle of conservation of euergj , combined with I, requires that the average of a wave 
packet in K space have the velocity (2ir jk) eF 
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are ignored Further, we shall show that when F is so small that the prob- 
ability that the electron makes transitions from one band to another is 
negligible, f then (II) is true, provided perturbed are taken m (2 a) which 
bear the same relation to the unperturbed wave functions as the Stark effect 
functions do to the unperturbed functions of an atom 
The energy anil velocity of these perturbed wave functions are still related 
by (I) 

In the presence of a magnetic field no velocity can be associated with a 
stationary state ^ K > in analogy with there being no unique relation between 
velocity and momentum in classical mechanics Nevertheless, if a wave 
packet be represented by 

4i (x, y, 2 , 0 = <R » jjj g (K, t) «|* dK x dK y dK, (4) 


the gauge mvarianccj of the wave equation may be so used that the average 
velocity (y| of the wav e packet is 

j jjj (grad K Ek) |f|* dK, dK , dK, (fi) 

We then find (§ 5) that j *7 (K, /) | a satisfies the equation 

|kl--f H (VK + fvl) X grad K \g\- (HI) 


for an interval of time short m comparison to the period of the Larmor pre- 
cession Thus when |</| 2 is such a sharp function of K that [v] becomes 
identical with the veloc ity v K (<) at the centre of the wave packet, the wave 
packet |<jr I* moves along a surface of constant energy with the velocity 
(2rce/Ac) v K (() ✓ H 

§ 2 Properties of the Eigenfunctions 

The properties of i|i t essential for the analysis of the following paragraphs 
may be derived from a general consideration of the differential equation (1) 
It will be sufficient to analyse the one dimensional wave equation 


with 


f h* (P 

{BiAiida? 


-V + E fc ) = 0 


V (ar -f wa) = V {x) 


(#) 

( 7 ) 


t Zener, oomraumoated to the Royal Society 
t Pauli, ‘ Handbuoh d. Phyeik,’ 2nd ed., vol 24/1, p 110 (1»3S) 
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It may be shown by a variety of metliodst that the solutions which remain 
everywhere finite have tho form 


+*=6 a "U 1 (») ) (8 a) 



Fio 1 —The curves represent the contours of the energy in tho plane k a , lt v for the special 
ease when the potential is V, (cos 2 nz/a + cos 2rey/a) with V, — i electron volte and 
o = 2 6 A The numbers by tho contour lines give the energy m electron volte. 


where U k has the same periodic properties as V, t e , 

U* (x + na) - U* (z) (8 b) 

t (1) Floquet’s theory, Whittaker and Watson, “ Modem Analysis,” p 412 (2) Group 

theory, Bloch, foe. ett (3) An expansion of in a senes of exponential functions shows 
that only those terms oombine which differ by the factor exp (Hmnxja) Any sum of 
such torms will thus have tho form (8) 



Theory of Metallic Conduction 


105 


Sinoe i^t» ’I'** have the name eigenvalues E t , a linear relation must 

exist between these three functions Inspection shows that this relation 
can only be 

*% = + * (9) 

The case in which 

V — V 0 cos {2nrja) (10) 

V 0 being a constant, has received special investigation One resultf oi particu- 
lar importance to us is that two distinct solutions having the periodicity 2 a 
cannot have the same eigenvalue Thus if »| i nn / a and <]; nwja have the Bame 
eigenvalues, this theorem implies that 

* Wa- *»./. (11) 

Moreover, the < m i gy as a function of k lias discontinuities at k = nnja, the 
two solutions on < ach edge of the energy discontinuity having an equal claim 
to the notation 

By employing the double sufb\ (N, K) we shall avoid this ambiguity m 
notation The label N may assume the values 

N — 0, 1 2 , 

and K has the range 

jc/fl K < w/tf (12) 

The relation between the old suffix k and the now suffixes N Kis given by 

X. -K±-N, 1^0 (IS) 

a 

These relations do not specif) N and K uniquely when k — nr/a We need 
the additional condition that k is to be a continuous function of K m the 
closed interval (12) 

Since exp (2inN x/a) has the periodicity of the lattice it will be convenient 
to include this factor in U, We shall thus write 

ipi, K = e"“U N K 

when* 

U> K = «*•*** U* K50 
Equation (11) now becomes, 

4*-„. = +w/. ( 14 > 

We may thus regard K as a cyclic variable, the end points of the interval (12) 
being equivalent 


t Inoe, “ Ordinary Differential Equations,” p 177, Longm ans, Green & Co (1927) 
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The convenience of this notation is illustrated by the perspective energy 
diagram m fig 2 

It is of interest to note that equation (9), together with (II), show that 
'K ii (&), and vpx ,'a (ar) — 'f'n {%) are real functions and hence are associated 
with a zero average velocity 

In the above analysis of the t igenfunctions of (6) mo have assumed the 
special potential (10) The authors are aware of no rigorous prooff for a 
more geinral potential The following argument, however, indicates that 



N l N 2 hneiffl— N* 


Fm 2 — This figure shows diagrammatical!} the dependence of energy upon N and K 
Q - aK 

the conclusions embodied m equations (12), (II), anil (14), are of general 
validity 

Any periodic potential having a physical significance may be represent* (J 
by tin sum 

V(r)- L C,ios 27 wr/u, 

where M is a finite number Let * la* flu « igenfunctious when all 
the C’s an* zero except C, Keep C t fixed and let all the other (’ s 
have finite but arbitrarily small values Let the new eigenfunctions la* 
i)/ 11 ,, i These new functions may be expressed by means of the perturbation 
theory in terms of the *’s Since the expansion will be uniformly con- 
vergent, the i’b mil bo continuous functions of Jc m tho interval (12), and 

t A goneral proof has been given by M, J 0 Strutt, " Lamo’sche-Mathieusche- und 
Verwandte Funktionen in Physik und Technik,” pp 22-23, Springer (1932) Hi* proof 

however, implicitly assume* that the indefinite integral j (i|i H „,«) X dx has not the period 
of 2 a This assumption needs to be justified, particular]} sinoe Strutt’s method shows 
that the indefinite integral j" (tji* „ „„) x dx, with 1, must have the period 2 ho in 
order that i^n, ,/m and its complex conjugate be two distinct solutions, each with period 2*w 
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will, of course, satisfy (14) They will thus have the same properties as the 
ip’ 0 ’* *’s As we now continuously increase the coefficients, it appears im- 
probable that the I' 1 ’* will not remain continuous functions of l The con- 
clusions obtained for the special potential (10) ire thus valid for a general 
periodic potential, with C x ^ 0 

This analysis may at once be applied to the three dimensional wave equation 
(3), provided V is separable in the form V - V (x) + V (y) -f V (z) The 
solutions will bo labelled by N and K, when X stands foi (l, m, n ) , l, m, it 
assume all positive integral values, and where K stands for the vector (K, 
K„ K,), with — 7t/a •< K x , Jh,, K, nja Moreover ^ k » continuoin- 
function of K such that 

|n k = e 1 * R U N K (•*, y, z), (l r i) 

where TT N K (x, y, z) has tlie same periodicity as V (x, y, z) and 

-IT (I k„ k, — In <r a k, K,."] 

In K, — * a K, — |v k x w a k t > (lh) 

In k„ k„ wa = In K e k, na J 

Bnlloninf has shown that a similar grouping occurs win n V inav not In* so 
separated The construction of the closed intervals from the initial K space 
becomos, however, more complicated 


§3 Proof of (l) 

The second subscript N need not be introduced in this paragraph 
In what follows we shall use the vex tor operators Vk Vr defined as follows 

V K - ?/? K x 3/3K,, 0/3K, 

Vr — 2/tx, d/dy, djdz 
We shall also use the operator L K defined by 


Lk- 


JuL 

8rc*»» 


V* + E K - 


Further, the volume integral ovei a unit cell will be denoted by j ef- 
In this notation the wave equation (1) for the c lgen functions becomes 


E* |k =0 


(17) 


t ‘ Qaantenstatistik,” p 287, Springer (1931) 
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Since this equation is truo for all K, we can operate on it with Vk Remember 
ing that <];k = e* R U K , we obtain 

(V k E k ) <|* ] «L k R+k + L K [e ,K K VkU k ] = 0 (18) 

It is clear that 

L k R'K = {W/it&H) Vr^k 

Hence (18) becomes 

(VkE k ) +k f iVr^k I Lk [r‘ K R V K U K ] - 0 (19) 

If we multiply (19) by and integrate over a unit cell, we obtain 
(V k E k ) f +* K + <Ji* k Vk^k dr H f ** K L K [e’ K R V K U K ] dr = 0 

The last term may be shown to vanish identically , for smee the integrand 
has the same periodicity ns the lattice, w* obtain, on integrating twice by 
parts with respect to x, y, z, 

j [e‘ K r VkU k ] dr - j [_e‘ K R V K U K ] L k +*k dr 

But since Lk is a real operitor Lk <1>*k vanishes identically by (17) 

We now have 

| +*KV R * K dT /j ^\Wdr ~~ jVkEk 

But the lett member of tins equation is equivalent to th< defimtion (2) of v K 
For integration by parts giv es 

j ^*kV K 'K d~-= - [ *kV h <Ji*k dr 

IICHC0 f ^kVr^ki/- $ ( {**kVrV ^*kVrvk} dr 

Wo^kYr^k - 1<kVrV*k} 
where V 0 is the volunu ot the unit cell 
We have thus established relation (I) 

H Proof of (U\ 

In this section wo prove relation (II) directly trom the wave equation (3) 
Using the notation introduced in § 2, we raaj expand the solution of this 
equation as+ 

* (x, y, z, t) -if |j^ y s (K, t) ^ K (x, y, z) dK a dK, dK. (20) 

t Peierls, loc. etf , represented the wave packet by a summation over the discrete set of 
quantum numbers obtained by specifying penodio boundary conditions. This summation 
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The iJ; Ni K are the eigenfunctions of the unperturbed equation (1) They will 
be taken to be normalized to a unit cell, so that 



In order to obtain the wave iquation for the r/ N (K, /), wt substitute the 
expansion (20) into equation (3), multiply by K » and integrate over all 
co-ordinate space Tho integrals arc evaluated in the appendix Denoting 
by H" the operator 

H" — 1T 0 — <F (R + »V K ), (22) 

where H 0 is the Hamiltonian for the unperturbed lattice, and writing 

(N|H"|N%- f <1^ kHIv 

we obtain 

VkHMK 0 -- — t ii (N |H" |N')k <7n (K.O (2») 

For further reduction w» must use the Hcrmitian property of tho operator 
H" The Hemntian property of all the components of H" except eF »Vk is 
obvious The property for »Vr is established by operatmg upon equation 
(21) with tV K We obtain at once the desired relation 

(N|tV K |N')a = (N'|»V k |N)*k 

We now multiply (23) by g* s (K, 0> an ^ add the resulting equation to its 
conjugate complex We obtain 

(th + eF V *)|^| , = *2{(N|H''|N')k<7^n — (N' |H” |N)r g\ g^} 


Is intrinsically more difficult to handle than an integral Peicrls completed his analysis 
by using the following approximations. In the sum 

U/2-1 

£ <x exp 2 tci (k - V) «/G =» G ooe n (fc - V) («**<*-* )/o _ i)-i 

he replaced the oscillating numerator, cos r (k — V), by unity In calculating the sum 
£C (*)(«-“<*-* J/ 1 - I)" 1 

he “rr”™** that C (k) is very small except when \L — fc'| G, which is certainly not 
true of the Fermi function in aotoal metals 
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Since the bracketed expression in the nght member is antisymmetric with 
respect to an interchange of N and N', tho right member vanishes when we 
sum over N We are left with 

The solution of this equation ih, of course, 

S |^(K, 0|* = G^-cF/) 

where G is an arbitrary function of its argument The function £ |</ N (K, t)|* 
thus moves with the uniform velocity 2nrF jh 
Suppose now that initially the electron is definitely m one band so that all 
the < 7 n (K) vanish except, say, q x (K) Then if we assume that also after tune t 
the other bands may be left out of icc ount.f only g x will remain in the summation 
of (24), and wc have immediately relation (11) 

Tho upper bunds affect the problem m two different ways The wave 
fun< tiou (ps k wdl become perturbed an soon as the field is put on, in the same 
way that an atomic function is perturbed by an electric field We may reason- 
ably expect that the effect will Ik* given bv a first order perturbation ealeu 
lation, as for u free atom The wave function may bo expanded in terms of all 
the K , but this does not mean that the electron actually gets into the 
excited band On the other hand, there is a probability, which increases with 
time, that the electron will make a transition from one band to the next This 
transition has been dim ussed by Zener (loc cit ) and is always negligible m 
metals 

Consider the equation 

H" <{/"\ k = E"\ k <K'n *> 

where, as m (22), 

H" — II 0 — eF (R *V») 


Let K be the solution of this equation which is obtained when eF (R -f- *V K ) 

is treated os a small perturbation The first order perturbation caloulation| 
gives 

S k-Kn K 


t This was tacitly assumed in the restnoted proof of Bloch, loo erf , and m the 
attempted general proof of Peierls, loo e»t 

t The higher order approximations will not be given by the customary formul*, sinoe 
the operator Vx in H" does not oommute with the expansion coefficients. 
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or, omitting the common factor e iK 
U' 


N t\ k - i/N k 


These approximate functions will not form exactly a complete orthogonal 
set Nevertheless, if the electron is initially in the Nth band, we may expect 
that <J/ as represented by the expansion 

(X, y. 2, t) — jj r 9"s ( K - 1) k (•»■ y, 2) dK, dK y dK, 

will differ inappreciably from the exact y until transitions to the adjacent 
bands become important 

We now substitute this expansion into the wave equation (3), multiply by 
k. and integrate over all co-ordinate spare Using the orthogonality 
relation 

f k 

and the integrals in the appendix, we obtain 

(£! + * V K ) g\ (K, 0 = K y" N (K, t) 

We thus obtain 

(^I+- F V.)|»"»(K, 01*- 0 

and so 

|y" N (IM)|*= tr(i-K-rFt) 


Neglectmg transitions betwism bands, the action of the electnr field has 
thus two distinct effects Firstly, it polarizes the individual “ atomic ’ 
functions U N , K Secondly, it produces a uniform translation of |y"\|* in 
K space 

It is of interest to note that the expression for the polarized “ atomic ’ 
functions becomes, when the lattice constant is increased indefinitely, identical 
to the usual expression for the polarized wave functions of isolated atoms 
For large values of the lattice constant a becomes independent of K 
apart from a constant factor, in the region where ^ K is non-vanishing The 
second term m the perturbation thus becomes negligible 
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It is also of interest to note that the velocity v% K associated with a 
polarized wave function K is rol tted to the enorgj E'V, k by a relation 
analogous to (I), that is 

v'\ r =- ^ grad K E"\ K 

When we utilize the Hennitian property of the operatoi H" the proof follows 
that given in § 3 for equation (I) 

§ 3 Investigation of (111) 

In this section we investigate the motion of a wave packet in a lattice under 
the influence of a magnetic field H Sum « the equations which we obtain are 
valid only for short intervals of turn, it would not be profitable to introduce 
the pxiitcd states Heme in place of r« presorting the wave packet by the 
sum 

+ (r, V z, t) S j j j” “ <js (K) K dK m rfK„ dK„ 

which we would do, of course, if we wore to In exact, we shall take only one 
term of this sum, and so sliall omit the suffix N Hence the wave packet will 
be represented by 

+ (*, y. s t) = f f f’ /# g (K) iJik dK x rfK, dK, (26) 

We shall take ^ to be normalized, * e , 

j di — 1 


The function c{/ must satisfy the wave equation 

(a(s v -! A ) ,+v+ ^I} M, =° 

The only condition which the vector potential A must satisfy is 


The general solution of this equation may be written as 
A = $H X R + V/, 

where / is an arbitrary function of R and of ( The scalar potential V is then 


where V 0 is the periodic potential due to the lattice 
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The arbitrariness of / will be used to simplify the expression for the average 
velocity [v] of the wave packet This average velocity is given by 


M — ~ +V +*} dr ~~ r \ l A-4'4'* 


Now if we choos< 
where 


then dearly 


A — JH X (R — \R% 
[R| (-W*, 

j AM* dr = 0, 


dr 


(27) 


and the average velocity becomes 

M - jj P v K | g (K) |* dK. dK, dK„ 
where v K is defined by (2) In order to write A in this form, wo must take 
f =-\ R HxrR]-iH RX[R] 

Then since 

|[ R ] = (vl, 

the scalar potential becomes 

v -\ 0 - R x [vl (28) 

Taking the vector and scalar potentials to be given by (27) and (28), wc 
substitute the expansion (25) into (26), multiply by ^* K , and integrate over 
all co-ordinate space We obtain, using (A6), (A7), 

5* <K) “ (K) + T (£>’ J (j lO (K,) 

(«~W)xV + iH RXW 

- t H X (R - [RJ)]*} i|* dK'. dK', dK'. ) dr. (2‘») 

We have, of course, utilised the fact that the i^k are eigenfunctions of 
{(A a /8n*» j) V a + Ek - VJ W = 0 


VOL. OXUV.— A. 
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We multiply equation (29) by g* (K), and add the resulting equation to its 
conjugate complex The integrals are evaluated by the method outlined in 
the appendix Neglecting terms in H 2 , we obtain 

|l y l , = TS H ( Vk ^ t v D X Vk 1 7 1 2 (30) 

We now consider the terms wluch have been neglected in (30) In their 
evaluation, we need to know the phase of g If wo neglect powors of H greater 
than the second, wc may take 

g^\g \ «*-«*</* 

We separate the terms m H* into those that are also present for free electrons, 
and those that vanish for free electrons The former may be written as 

“(«XV k) {H x (v K < — [R])|p|*} 

If | (K) j a is a sufficiently sharp function of K, the variation of v K may be 
neglceted in comparison with the variation of J«/|* This term then becomes 

1 4^ {HX (Vk * " {H X Vk < 31 > 

The origin of co-ordinates may be so chosen that [R] — 0 at t — 0 We then 
observe that the ratio of (31) to the right member of (30) is approximately 
(eH/2mc) t, t e , o U, where to is the Larmor precession frequency Hence 
(31) may be neglected only for an interval of time t such that cot <* 1 
Those terms m H* which vanish for free electrons reduce to 

T (%)’£-> (H x |u , « tV * u “ iT ) 

This may, of course, always be ncglet ted in comparison to the right member 
of (30) when H is sufficiently small 

One of us (H J ) is indebted to the Department of Scientific and Industrial 
Research for a grant enabling him to work in the Wills Physical Laboratory, 
University of Bristol 

nummary 

In the modem literature of the theory of metallic conduction certain equations 
which are true for free electrons are assumed to remain valid when the potential 
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is periodic At best proofs have been given only for particular oases In 
this paper general proofs are given for these equations These equations give 

(I) the relationship between the velocity and energy of a stationary state, 

(II) the effect of a constant electric field upon a wave packet, (III) the effect 
of a constant magnetic field upon a wave packet 


Apfenhix 

Let tf> ( k , x) be a continuous function of its arguments having the periodic 
property 

<f> (k, x -f o) = {k, x) 

Then 



= ~ <f> (fc', *) dx, Jfe x <V < k v (Al) 

When <f> (k, x) is independent of x, this integral reduces to the Fourier Integral 
The proof of (Al) which we give below in fact follows closely the ordinary 
prooff of the Fourier Integral 
The integral 

J V ( * _A,x ^(l!, at)<W: 


represents a wave packet in x space, and so vanishes at x — ± <» 
may wnto 


J Lim j"" | * )x <f> ( k , x)dkdx 
The order of these finite integrations may now be interchanged 


Hence wc 


Now 


j"* j* ^ (*, a) dx = q (k) 


w here 


We thus have 


___ 2i sm (k — If) na 


?(*)» 




tOoumnt and Hilbert, “Method* der Mathainatlanhen Pbyafle," vol. 1, pp. 54-55, 
Berifat (1994). 

i 2 
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If Id were outside the interval < Tt < fc a , integration by parts would 
show that J = 0 Hence J may be written as 

i T f 4 + * 2» sin (fc — Id) wo /M ,, 

J *- ir. L ? <*> * 

where e m arbitrarily small We now make s so small that q (k) may be 
replaced by q (Id), and exp t(k — Id) a by 1 {- 1 (L — L') a 
We thus have finally 

J = (2 /a) q (It') Lim j* d£ - ^ j“ </> (k' t x) dx 

The generalization of (Al) to three dimensions gives 


f jp < K - K > R 4> (K, R) dK j- dx - (?jj* j t (K', R) dx, (A2) 
| dK denotes |j|* dK, dK, dK,, 

| dx denotes j|j dxdydz, 


represents an integration over a unit cell, and K' is restricted to tho range 

— 7i/a < K'„ K'„ K' a < w/fl 

The second formula which we need is the orthogonality relation 

j , k k dz = 0, N' ^ N (A3) 

This is proved by the usual procedure of subtracting 
'1 '*n , k (H 0 — Ex, k) k = 0 

from 

+w, k (H 0 — E n , k) k ~ W 

and mtegrating over a unit cell Integration by parts then gives (A3) 

In the following applications of these two formula to the integrals occurring 
in the text, <J»n, k will be taken as normalized over a unit coll 
The simplest of these integrals follows directly 

|| k (K) <J»* K .« ij^dKdx = (!?)' h (K') (A4) 



Theory of MetaUxc Conduction 117 

In the next two integrals we must first replace R exp (t K R) by 

— »V K exp (» K R), and integrate by parts with respect to K x , K,, K, Use 
is made of the cyclic character of K (equation (16) ) 

{£f\[ K **' * * 1 iT = '**>* (*■> *' . : « 

+ (pS,«*V«a* «*»«(*’) (AO) 

f +*v K K ih x iV K(J S (K’) 

- |j +S k V,*" 1 * x iV E Uv K <t| j» (K‘) (AC) 

Fmally, in the following integral we first replace R*exp(tK R) by 

- V K J exp (tK R), and integrate by parts twice with respect to K t> K„ K, 

[rJ K i “ ,K ' iT = ~ 

-2{VkJv<K')}( U*. kVkUv K d~ 

— gs (K') | U*v k Vk 8 Uh k dx (A7) 
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A Photoelectric Spectrophotometer using Dual Electrostatic 
Compensation 

By Leonard A Woodward, B A , Ph D , Massey Scientific Research Fellow 
of University College, Nottingham 

(Communicated by N V Sulgwiok, FKS — tten ivcd August 4, l ( t.43 ) 

I Introduction 

The photometer here desenbed is suitable for the purpose of measuring 
extinction coefficients of substances in solution, more particularly in the ultra- 
violet region The method employed is a purely electrical one, and does not 
involve the use of any mechanical devices (sectors or wedges, etc ) for the 
quantitative variation of light intensity Errors due to fluctuations of the 
light source are eliminated by the use of two photoelectric cells, while the 
simultaneous electrostatic compensation of both cells does away with the 
necessity of measuring or controlling times of exposure The actual observa- 
tions are of ( 1 ) a resistance plugged into a resistance box, and (u) an electro- 
meter deflection The former gives the approximate result and the latter the 
correction to be applied 

II Description of Apparatus and Method 
The source of light is a vortical mercury vapour lamp, running at about 
amps and about 100 volte terminal voltage The light from this source is 
condensed upon the slit of a double quarts monochromator by a suitable 
cylindrical quartz lens with its axis vertical By means of the double quartz 
monochromator,* which has auxiliary dispersing pnsras rotated by means of 
wave-length drums, any desired wave-length emitted by the source can be 
selected and allowed to enter the photoelectric photometer 
In the figure, which is purely diagrammatic, the exit sht of the double mono- 
chromator is shown at S After having been collimated by a quartz lens L, 
the beam of monochromatic light (Bhown dotted) is incident upon an inclined 
quartz plate Q, which is partially platinized by sputtering A fraction of the 
light is reflected at the plate and enters one of the photoelectric cells P„ which 
we will call the comparison cell A fraction of the light is transmitted by the 
plate Q and passes on to the other photoelectric oell P*, which we will oall 
the measuring cell Between Q and the measuring cell can be introduced the 
* Mad* by Moan. BeJlrngharo ft Stanley, Ltd. 
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quartz-ended absorption vessel A containing the liquid whose absorption is 
under investigation 

The photoelectric cells are both of the vacuum type Their cathodes are 
connected together and maintained at a negative potential by means of a 
battery B 1( the positive end of which is earthed The voltage of Bj is more 



than sufficient to ensure saturation of the cells, so that the photoelectric current 
is in each case directly proportional to the incident light intensity The 
cathode metal is sodium, which gives a sufficient response down to a wave- 
length of 2600 A. The envelopes of the cells are made entirely of quartz 
and the distanoe between anode and cathode seals ensures high insulation * 
* Oslls ipsolaUy made by Otto Fnalir. of Leipu*. 
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The rest of the apparatus, to be described and discussed m detail below, 
provides a means of measuring the ratio of the photoelectric current given by 
the measuring oell to that given by the comparison oell. Since both cells 
have a linear response, this ratio is proportional to the ratio of the corre- 
sponding incident light intensities Errors due to fluctuations of the light 
source are eliminated , for such fluctuations alter the intensities of both 
beams m the same ratio The determination of the extinction coefficient of 
a substance m solution involves the measurement of the ratio of the intensity 
I 0 mcident upon the solution to the intensity I transmitted by it When the 
absorption vessel A is filled with the solution, the measured ratio of the current 
given by the measuring cell to that given by the comparison oell is kl/l t , 
where I, is the intensity of the beam falling upon the comparison oell and 
k is a constant involving the sensitivities of the two oolls. This ratio having 
been determined, the solution is replaced by pure solvent and tho corresponding 
ratio kl 0 fl, is measured Division of the second ratio by the first then gives 
the required quantity I 0 /I This procedure eliminates the effects due to the 
absorption vessel and the solvent It will be noted that the properties of the 
reflector Q and the sensitivities of the photoelectric cells do not enter into 
the final result, provided only that they remain constant over the duration of 
the determination 

Now as to the method of measuring the ratio of tho photoelectric currents 
The anodes of the two photoelectric cells are connected respectively to poles of 
a switch S x , by moans of which either the one or the other may be put into 
connection with the needle of the Lmdemann electrometer Ej, * The earth- 
ing switch S, permits of the earthing of both the anodos and the electrometer 
needle together In the actual apparatus S x and 8, are constructed as one 
unit, so designed as to operate without the generation of charges which would 
disturb the electrometer needle The contacts are all gold-plated and are 
gently pressed together without friction The arrangement for applying the 
necessary voltages to the plates of the Lmdemann electrometer has been 
omitted from the figure for the sake of clanty The anode of the comparison 
coll P„ is further connected to one plate of the screened induction condenser F„, 
while the anode of the measuring oell P„ is likewise oonnected to one plate of 
the similar screened induction condenser These are specially constructed 
cylindrical air condensers! (approximate capacity 16 cm.) An earthed motul 
casing (shown by a heavy line in the figure) encloses the whole of the apparatus 

•FA and A 7 Lmdemann and Keetey, * Phil. Mag.,’ vol 47, p, 678 (1924) 

t 8m Campbell and Ritchie, “ Photoelectric Celia” (1929), fig 80, p 126. 
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so far described and screens it from external influences The switches and 
Sj are mampulated by suitable controls projecting through the cusing The 
short lead to the electrometer needle is screened by an earthed metal tube The 
whole of the insolation of the anode systems (switches, induction condensers, 
etc.) to which the needle may be connected is of amber, with the exception 
of the photoelectric cells which are of quartz 

The plates of the induction condensers which are not wired to the photo- 
electric cells arc connected through a change-over switch S s to the double 
potentiometer arrangement shown in the lower part of the figure This 
consists of a sliding potentiometer D fed by a battery B s , the slider being con- 
nected to one end of a second potentiometer formed by two standard variable 
resistance boxes, marked X ohms and (6000 — X) ohms in the figure The 
sum of the resistances of the boxes is kept constant (actually equal to 6000 
ohms) 

The method is as follows By means of the switch S A the electrometer 
needle is put into connection with one or other of tho photoelectric cells, the 
switch S a being closed Switch 8 S is now opened so as to insulate both cell 
anodes, and the beam of monoclirornatic light is switched on by opening a 
shutter (not shown m the figure) The photoelectric currents given by the two 
cells begin to charge up their respective anode systems negatively, and the 
electrometer needle begins to move as a result of the rise of the negative potential 
of the system of which it forms a part This noedle movement is compensated, 
i r , the needle is kept at its origin il zero position, by moving the slider of the 
potentiometer D, which applies a positive potential to the induction condenser 
concerned and maintains the needle potential at its original zero value by 
electrostatic induction * When the slider of D has been moved along the 
whole extent of its traverse, tho light is cut ofi by closmg the shutter 

Now during the whole operation positive potentials have been applied to 
both induction i ondensers simultaneously, the ratio of these potentials being 
determined by the ratio of the resistances of the boxes For a certain value of 
this ratio, not only will the current from the one photoelectric cell have been 
exactly compensated, but also the current from the other cell Under these 
conditions, therefore, there will be no throw of the electrometer when, after 
the light has been cut off, the switch Sj is moved over into its other position 
If the resistance ratio has not this correct value, a throw of the electrometer 
needle will be observed on thus moving over the switch S x Hence we have the 
possibility of finding by tnal the correct value of the resistance ratio giving 
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simultaneous exact compensation of both photoelectric currents In practice 
this lengthy process of trial is rendered unnecessary by a method to be deeonbed 
later 

Let C t and C, be the capacities of the induction condensers connected to the 
photoelectric cells giving the greater current and the lesser current respectively 
If the total voltage applied from the potentiometer D is V, the magnitude of 
the charge on the first condenser will be CjV and that on the second condenser 
C,VX/6000, where X/5000 is the value of the ratio of the resistance of the one 
box to the total resistance of both boxes, as indicated in the figure These 
chargee are equal to the time integrals of the respective photoeleotno currents 
over the duration t of the operation Henoe when dual compensation is 
effected, 

_ (^V = tjt and - C.VX/6000 = 


where ij and t, are the respective average photoeleotno currents Hence 


h- 

h 


C, 




5000 

X 


The capacity ratio C 1 /C a is a constant, and hence the determination of X gives 
a measure of the ratio of the photoelectric currents, which is the quantity 
required in the measurement of extinction coefficients (see above) 

It should be noted that, since the two compensation operations are simul- 
taneous, the tune t is necessarily exactly the same for both and vanishes from 
the final result. Thus the determinations do not involve the control or 
measurement of times of exposure Also the method is essentially a complete 
null method The potential of both the anode systems and of the electro- 
meter needle is kept throughout practically at earth, so that leakage troubles 
are reduced to a minimum. Moreover, the voltage across both the photo- 
electric cells remains practically constant throughout and the greatest possible 
constancy of behaviour is thus ensured , although with vacuum cells at 
saturation the advantage of this is small 
In actual practice it is found impossible to cut off the light at the precise 
moment at which the sbder of the potentiometer D has been brought to the 
end of its travel Thus the electrometer needle usually shows a slight de- 
flection after the light is cut off To correct this small lack of compensation 
before moving over the switch Sj, use is made of the small trimming rheostat 
T, which ib provided with lead-screw motion to allow of rapid operation A 
small touch on this rheostat suffioes to correct the compensation before changing 
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over St to the other system to see how nearly the dual compensation has been 
effected 

According to what has been said so far, the determination of a photoelectric 
ourrent ratio would involve a lengthy senes of trials with different resistance 
ratios until the correct value was amved at by a process of “ bracketing ” 
Actually, however, a method is adopted whereby the correct resistance ratio 
is determined directly An approximately correct value is first found by 
trial— this can bo done quite rapidly— and then the electrometer deflection 
on changing over switch Sj is observed From these data the oorrect resistance 
ratio can at once bo calculated 

Let us denote by the subscript 1 the quantities associated with the photo- 
electnc cell Pj (either P a or P w ) which gives the greater current under the con- 
ditions considered Quantities associated with the other cell P, we designate 
by the subscript 2 At the correct resistance ratio for dual compensation, 
whioh we will take as 5000 /X, the quantities of charge Qj and Q, given respec- 
tively by the two cells Pj and P, during tho tune of compensation would be 
— = 0 a V and -Q, — C.VX/5000, where Vis the total potentiometer voltage 

applied Now consider an actual measurement m which a slightly incorrect 
value (X -|- AX) is used instead of X Lot the experimental procedure always 
be to compensate the system 2 by manipulation of the potentiometer slider and 
then, after cutting off the light, to switch over to system 1 (This is a necessary 
stipulation, as tho procedure affects the considerations — see below ) At the 
incorrect setting (X + AX) we have 




Since the time of illuminatiou of both photoelectric cells is necossanl) the 
same, it follows that 


— Q'i 


-*(*+¥) 


AX , 

" X ' 


Thus the compensation of system 1 is imperfect, and on switching over the 
electrometer needle to this system from the perfectly compensated system 2 
(after cutting off the light) an electrometer deflection will be observed Tests 
showed that the electrometer used gave a linear voltage response over the 
range of measurement, so that the observed deflection of » scale divisions 
corresponds to a needle potential of n/k, where It is the voltage sensitivity 
(We regard jfc as a positive constant, t e , we make the sign of « the same as 
that of the needle potential.) The magnitude of the charge resident m the 
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induction condenser is now Cj [V — (n/k)] , while that in the condenser formed 
by the needle system and the rest of the apparatus, is Z x ( njk ), where Z x is the 
corresponding capacity The net charge on the whole needle system is the 
photoelectric charge Q\, since the photoelectric cell is the only source Hence 
taking account of signs, we have 

-Q'x-cMv-p-z, J, 

which together w llh (1) gives 

AX __? (C J+.Z» )w (u) 


From this we see that the absolute error in AX for a given error in the 
reading of n is directly proportional to X, % e , the relative error is the same for 
all values of X This advantage is not obtained when the procedure is to 
compensate the cell P t giving the greater current and then to switch over 
to the cell P, , for then a similar calculation shows that a given error in the 
reading of n corresponds to the same absolute error in AX for all values X, 
» e , the relative error increases as X decreases 

The correct resistance X is calculated from the value R actually used by 
means of the equation 


i\\k 


(in) 


which is obtained from (11) by substituting AX - R — X The value of V 
is read off from the voltmeter M (see figure) with the slider D at the end of its 
travel Of course the slight readjustments of the trimming rheostat T cause 
corresponding changes m V However, on account of the smallness of the 
resistance of T relative to that of D, the variations of V are only of tho order of 
1 % , and since they produce errors in X of the second order of smallness, they 
are quite negligible Thus V may be taken as constant throughout a run The 
constant l of the electrometer is determined directly Finally, considerations 
similar to those given above show that the remaining quantity (C t + Z 1 )/C 1 , 
which ib a constant of the apparatus, can be determined once and for all as 
the ratio of the electrometer deflections in the following independent cases 
(i) a certain voltage is applied to the needle direct , (u) the needle being 
insulated, at zero potential and connected to system 1 , the same voltage is 
applied to the induction condenser of capacity Thus the value of the 
constant K — (C x +Z 1 )/(C l VJfc) oan be determined and the correct values of X 
required in the extinction coefficient determinations can be calculated from 
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equation (m) in the form X — R/(l — Kn) In actual observations the 
deflection n is always small and the quantity Kn is alwayB small relative to 
unity Thus the method is a true null method for the cell P x and approximately 
a null method for the cell P, 

III Test of Apparatus and Method 

In order to obtain an idea of the performance of the apparatus, three test 
juns were earned out with an N/15 aqueous solution of potassium nitrate 
In each run determinations were made at seven different wave-lengths in the 
ultra-violet The runs were performed on different dayB and with different 
samples of solution, so that the accuracy obtained is the over-all accuracy of 
the whole procedure, including beside the actual measurement the cleaning 
and Ailing of the absorption vessels, etc It is known* that Beer’s law is 
obeyed up to concentrations greater than that used The molecular extinction 
coefficients c given in Table I are calculated from the formulu 

whore c is the concentration m mols per litre, d the thickness of the solution 
in centimetres, and I 0 and I the incident and transmitted intensities respectively 
Here c -= 1/15 000 and d = 2 000 


Table I — Determinations of Molecular Extinction Coefficients ot KNO, 


Amm/i 

313 

302 

297 

289 

280 



c (run I) 

S 38 

7 19 

0 85 

5 72 

3 75 

1 00 

1 03 

« (run 11) 

S 38 

7 21 

0 88 

5 07 

3 77 

1 50 

3 50 

t (run HI) 

5 39 

7 17 

8 02 

0 00 

3 82 

] 02 

3 57 

< (mean) 

S 38 

7 19 

6 88 

0 08 

3 78 

l 59 

| 3 59 

% error (run 1) 

0 

0 

-0 4 

+0 7 

-0 8 

1-0 0 

1+1 1 

% error (run II) 

0 

f-0 3 

0 

-0 2 

-0 3 

-1 9 ! 

-0 8 

% ®r«>r (run III) 

HO 2 

— 0 3 

+0 4 

-0 35 

+ 1 1 

| 1 9 | 

-0 0 

« (von H and K ) 

3 20 

0 93 

0 84 

0 01 

3 68 

1 50 I 

3 59 


The first row of Table I gives the wave-length m mp of tho light used. The 
next three rows contain the results of the three independent runs, while m 
the fifth row is given the means of tho values obtained The next three rows 


von Hal ban and ISieen brand, ‘ Z phya,, Chow vol 132, p 401 (1028) 



126 


L. A. Woodward 


oontain the percentage differences from the mean value Since the errors of 
the method are due to small random changes in the apparatus, these figures 
give an idea not only of the reproducibility but also of the accuracy of the 
determinations Thus in the table they are called errors. 

The bottom row of the table contains the values of e taken from the data of 
von Hal ban and Eisenbrand* upon the nitrate ion m dilute solution, which 
are reproduced here for the sake of comparison The agreement with the 
mean values given m the fifth row of Table I is fair , but these mean values 
are definitely somewhat higher than the corresponding values given by von 
Halban and Eisenbrand 

It is seen from Table I that the maximum percentage deviation from the 
mean in the present determinations is almost always under \% for the higher 
values of c At the lower values of c the maximum error becomes greater, 
but is nowhere more than 2% Since c is proportional to log (I„/I), the 
percentage error m c corresponding to a given percentage error m the experi- 
mental determination of I 0 /I is greater at small values of I 0 /I than at larger 
values This accounts for the greater percentage errors at the last three 
wave-lengths in Table I, and particularly at X = 265 mp The corresponding 
errors in the measurements of I 0 /I are actually about the same throughout 
(nowhere greater than 1 3%) In the determination of extinction coefficients 
it is clearly of advantage for the sake of accuracy to choose (when possible) 
the concentration and thickness of liquid so as to avoid values of I u /I near to 
unity With the apparatus here described, the limits of error m the deter- 
minations arc then about ± 

This performance could probably be improved by the introduction of suitable 
modifications Thus, referring to equation (in), we see that the sensitivity 
can be increased (o) by increasing the compensating potential V, and ( b ) by 
using an induction condenser of greater capacity C t , thereby decreasing the 
value of the quantity (C x -f- Z^/Cj In (a) the possible increase of sensitivity 
is in principle unlimited , m ( b ) (Cj + ZJ/C^ approaches the limiting value 
unity as C x approaches infinity It should be noted, however, that in both 
(a) and (6) the increase of Bensitmty is only obtained at the cost of lengthening 
the tame required in compensation. Moreover, at higher sensitivities the value 
of R used must approximate more closely to the correct value X , otherwise 
tiie method is no longer approximately a null method In the actual determina- 
tions quoted above the tame of compensation was usually about £ minute, 


* Loc.oU., Table I, p. 40«. 
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and the accuracy obtained was considered satisfactory for the particular 
purpose for which the arrangement was set up 

The apparatus and method described above are to be used for investigating 
the ultra-violet absorption of certain extracts from blood sera The writer 
wishes to express his thankB to the Nottingham Branch of the Imperial Cancer 
Campaign for a grant covering the cost of the apparatus 

Hummary 

A new type of photoelectric photometer is described, suitable for the 
measurement of extinction coefficients of substances m solution, more par- 
ticularly in the ultra-violet region Errors due to fluctuations of the light 
source are eliminated by the use of two photoelectric cells, while the simul- 
taneous electrostatic compensation of both cells by means of one and the same 
potentiometer system does away with the necessity of measuring or controlling 
times of exposure No devices for the quantitative variation of light intensity 
are required The quantity measured is the ratio of the compensating 
potentials, and the actual observations are of a resistance and an electrometer 
throw The method is tested by a senes of determinations of the molecular 
extinction coefficient of potassium nitrate in dilute solution The results show 
that the error in the measurement of I 0 /I does not exceed 1 3%, which corre- 
sponds, under the conditions of experiment, to a maximum error of about J% 
in the determination of extinction coefficients 


[Note added mi proof, January 2, 1934] —Subsequent work with the instru- 
ment has shown that the approximation (m) above, though otherwise sufficiently 
accurate, becomes inadequate when R is small relative to 5000 It is then no 
longer permissible to neglect the small induction effect of system 1 upon system 
2 The equations — Q x — C^V and — Q, = C,VX/5000 remain unaltered , 
but if c is the small capacity between the two systems during compensation , 
wo have 


-Q'. 


- c » YR a.™-_o t l ± 
~W0 + Q, \X 


5000cv j 

c.vx ' 1 


(iv) 


where v is the small potential of system 1 at the end of the compensation 
operation and before switching over Hence instead of (l) we obtain 


— Q'i ! 


+ 33 ® 


(V) 
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At this stage 

- Q'i - Cj (V - v) - or - y x v, (vi) 

where y 1 js the capacity between system 1 and its earthed surroundings In 
( hanging over switch Sj a charge —c,v is transferred from system 2 to Bystem 1, 
c, being the small capacity between system 1 and the switch arm. As a result 
of the switch-over system 1 assumes a potential njk (the corresponding electro- 
meter throw n being observed), wlule sjstcm 1 assumes a potential p by 
induction We now have 

- (Q \ - c,v) — C»(V — J) -|- o(p - J) M 

where z i is the new value corresponding to y x Also for system 2, 

(C,-f o + sJp~c(j--v], (vm) 

< bang the sunn m both positions of the switch 
Elimination of Q t , Q a , Q'j, Q' 2 , v and p from these equations gives an oxpres 
siou for tho required quantity X m terms of constants of the apparatus and 
the observed quantities R and « The result becomes identical with (m) if 
wc put c = c, — 0 , while for n = 0 it reduces to X = R Without repro- 
ducing tho expression wc may note that for any particular value of X it gives 
(as did th< simpler treatment) a linear relationship between n and K This is 
confirmed by experiment, and X may be conveniently determined by observing 
the electrometer throws for two different values of It and interpolating linearly 
to zero throw 
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Changes in the Raman Spectrum of Sulphuric Acid on Dilution 

By L A- Woodward, Bi, PhD,* and R, Q Hobnbr, BA, Physics 
Department, University College, Nottingham. 

(Communicated by N V Sidgwiok, PBS — Received October 12, 1933 ) 
Introduction 

The results of previous workers upon the Raman effect of sulphuric acid 
show a considerable lack of agreement, due no doubt m part to the intensity 
of the accompanying continuous background and the apparent diffuseness 
of certain of the lmes Thus both Nimf and Wood ward t found that change of 
the concentration of the acid greatly modified the appearance of the spectrum, 
influencing both the positions and the relative intensities of the lines Wood- 
ward gave photometer curves of the spectra for concentrations ranging from 
100% to 26% by volume, and attributed the observed intensity changes to 
the successive stages of ionization of the acid The lines Av — 910 and 1140 
cm 1 (approximate values), which were strong m the 100% acid, became weaker 
and shifted somewhat as the concentration decreased , while a new lme 
Av = 104G cm made its appearance and increased correspondingly in 
intensity At low concentrations this last line became double, a companion 
appearing at 982 cm -1 The frequencies 910 and 1140 were regarded as 
characteristic of the H,S0 4 molecule, 1046 of the HSO' 4 ion, and 982 of the 
SO" 4 ion Other diffuse lmes also showed frequency shifts Bell and 
Fredrickson, § however, whose measurements were made not only with a pnsrn 
spectrograph but also with a grating, failed to find any appreciable shifts of 
the lines with dilution Moreover, they stated that on their plates the 1046 
lme gave no indication of becoming double at low concentrations, but merely 
grew more diffuse The findings of other workers are referred to in the dis- 
cussion of our results (see below) 

In view of the conflicting nature of the above evidence regarding the two 
stages of ionization of the acid, it was thought desirable to repeat the investiga- 
tions using a higher dispersion than that employed by Woodward (loo cit.), 

* Massey Scientific Research Fellow 

t ‘Jap. J of Phys.,’ voL 5, p. 119 (1929), as quoted by Kohlratuoh on p 189 of “ Der 
Smakal-Baman Efiekt,” published by Springer, Berlin, 1931 
t ‘ Phys. Z.,' voL 82, p. 212 (1931) 
f ‘ Phys. Rrr vol 87, p. 1062 (1981) 


VOL. OXLZV — A 



ISO L. A Woodward and R G Horner 

the objeof of the work 1>eing to obtain more conducive photometer curves of 
the spectra The curves we have actually obtained not only give a dear 
picture of the intensity changes involved, but have also been used in a rational 
method of wave-length determination, the adoption of whioh has made it 
possible for us to propose a somewhat more detailed interpretation of the 
spectra than has hitherto been attempted 


Apparatus 

A modified form of Wood's well-known arrangement was used. In order to 
obtain comparable spectra it was essential that the alignment of the Raman 
tube and spectrograph should remain undisturbed throughout the senes of 
exposures The apparatus was therefore designed so as to permit of changing 
the liquid without in any way altering the position of the tube 
The mam cyhndncal part, of the tube was surrounded with a thin water- 
jacket for cooling, and sloped at a small angle to the horizontal At the upper 
end and immediately in front of the spectrograph aht was a plane window, and 
at the highest point of the tube a small air vent which could be tightly closed 
The lower end of the tube was of the usual tapering liorn-shape The horn 
pointed downwards so that its end was the lowest point The tube was filled 
and emptied from this end, which was attached to the middle of a relatively 
narrow vertical tube fitted with externally ground stoppers top and bottom 
Hub observation vessel was made entirely of glass, the window being fused on 
No grease was used on the ground stoppers 
The source of illumination was a 15-inoh Cooper-Hewitt glass mercury lamp 
equipped with an automatic starting device whereby it could be switohed on 
without being touched This lamp was mounted close and parallel to the 
Raman tube, so that lamp and tube lay along the focal axes of a cyhndncal 
chromium-plated mirror of elliptical cross-section closely surrounding them 
both The water cooling maintained the liquid under investigation at a 
temperature between 20° and 25° C during the exposures 
The spectrograph was a Hilger constant-deviation instrument with a dis- 
persion of about 40 A per millimetre m the region investigated (Compare 
150 A per millimetre in the same region given by the spectrograph used by 
Woodward (loo cU) m obtaining his photometer curves ) Every precaution 
was taken to avoid stray light, screens and diaphragms being interposed at 
suitable points In addition the whole instrument was enclosed in a blackened 
box from which only the collimator projected. The end of the collimator 
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carrying the slit was further surrounded by another blackened compartment 
totally enclosing the slit and the window of the Raman tube. 

Both spectrograph and Raman tube were firmly mounted upon & single 
heavy base, the whole assembly being set up so as to slope at the small angle 
to the horizontal necessary for the proper functioning of the mercury lamp 
Screw adjustments were provided for the important process of aligning the 
tube coaxially with the collimator This was accomplished conveniently by 
sighting the inside of the tube from the focal plane of the spectrograph camera 
(Sehlus8eUoohperspeJdwe) After careful alignment everything was firmly 
clamped m position and not disturbed m any way throughout the whole Benea 
of experiments 

Materials 

The solutions were made up from the pure acid (BDH “ Pure 100% ”) 
and dust-free distilled water from a special still Precautions were taken to 
exclude dust and, for the 100% acid, moisture Following previous example, 
the concentrations used were 100%, 90%, 75%, 50%, 25%, and 10% by 
volume 

The photographic plates used (backed “ Double-X-Press ”) were prepared 
by Messrs Ilford, Ltd , from an experimental emulsion They combined a 
high gamma with a low inertia for the spectral region under consideration 
(4400-4600 A.), and proved markedly superior to any other type of plate 
tested They were developed in complete darkness for a uniform tame of 4$ 
minutes, using a pyro-soda developer 

Experimental Method 

Preliminary exposures were taken with the 75% acid (which previous experi- 
ments had shown suffered most from background) in order to find the most 
suitable slit width and exposure tame Photometric measurements of the 
plates obtained showed that the ratio of the intensity of the Raman lines to 
that of the continuous background was practically constant for different slit 
widths over the range investigated (5 to 33 p) This result provides proof that 
the “ lines ” cannot be stnotly monochromatic (see also below) As wide a 
slit as was compatible with the desired detail was therefore chosen (actual 
width 25 p.) As is to be expected, it was found that for a given sht width the 
height of the lines above the background on the photometer curve increased 
with decrease of exposure time, provided that the background was not under- 
exposed 

x 2 
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In spite of the comparatively small numerical aperture of the spectrograph 
camera (1 9), the exposure tunes required were quite short In order to 
obtain spectra of approximately comparable density, the exposure times for 
the different solutions were made inversely proportional to the volume con- 
centrations. The most suitable exposure tune for the 75% acid was first 
found by tnal to be 10 minutes, and the others were then adjusted accordingly 
(vis , 7 J, 8}, 10, 15, 30 and 75 minutes for the 100%, 90%, 75%, 50%, 25% 
and 10% solutions respectively) A shutter between the pnBm and camera 
objective was used for making the exposures, before each of which the mercury 
lamp was allowed to run for at least half an hour so as to attain a steady state 
The plates obtained were passed through a projection-type photoelectric 
microphotometer, electrometer readings being taken every 0 01 mm of plate 
The resulting photometer curves, which were plotted on a very large scale, are 
shown (much reduced) in fig 1 Each plate was traversed from the 4339 to 
the 4916 A mercury lmes, but for the sake of clarity the full traverse including 
the mercury lmes is reproduced only in the case of the 100% and 10% acids 
In no case was the broadening of the exciting line 4358 A sufficient to affect 
seriously the neighbouring 4339 A line, which was always well separated 
It was concluded that the position of a lino, as defined by its point of maximum 
intensity, could be determined with considerably greater accuracy from its 
shape in the photometer curve than by the adjustment of the cross-wires of a 
travelling microscope. Moreover, in using tho photometer curves, duo allow- 
ance could be made for the effect of the slope of the continuous background and 
the proximity of other diffuse lmes upon the position of tho line under con- 
sideration Each spectrum was already provided with two satisfactory 
fiducial marks — the blue mercury line 4339 A and the dark green mercury 
line 4916 A These were not over-exposed on any plate They always 
appeared on the photometer curves as narrow lmes with almost vertical sides , 
and their width corresponded exactly to the theoretical value for a monochro- 
matic line, as calculated from the known widths of spectrograph and photo- 
meter shtB (see below) No actual measurements upon tho plates were neces- 
sary The photometer curves were carefully plotted on millimetre graph paper 
using a very large scale and, when the true point of maximum intensity of a 
line had been decided upon, its position was read off directly A dispersion 
curve on the same scale was constructed from the photometer curve of a mixed 
copper aro and mercury spectrum, photographed by means of a very small 
reflecting prism introduced between the spectrograph slit and the window of the 
Raman tube The smooth dispersion curve passed exactly through every 
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reliable known point, and the accuracy obtained with it was greater than that 
with which the positions of the lines could be determined All the plates, 
including the comparison spectrum, were taken without disturbing the setting 
of the apparatus. In actual fact, although the plate-holder of the camera was 
necessarily moved each time, the distance on the plates between the two 
fiducial mercury lines was constant to within 1 part m 2000 (actual measure- 
ments 11 160, 11 166, 11 167 b , 11 160, 11 156, 11 160, and 11 <160 mm 
on the 100%, 90%, , 10% acid and comparison plates respectively) Henoe 

the readings taken from the different photometer curves oould be immediately 
transferred to the single dispersion curve and the wave-lengths obtained 
directly For conversion to wave-numbers use was made of Kayser’s “ Tabelle 
der Schwingungszahlen ” The estimated error in the determination of the 
wave-length of a sharp line is less than ±0 2 A (corresponding to ± 1 cm. -1 ) 
Owing to the diffuseness of the Homan lines and the presence of the background, 
the Av-values given below vary in accuracy between this and ±6 cm 1 or 
more, and the probable error is given for each bne individually 

Experimental Results and Discussion 

For convenience of comparison, the photometer curves of figs 1 and 2 
have been arranged above one another so that their wave-length scales coincide 
to within 0 2 A Fig 1 is a small-scale reproduction showing the general 
shape of the curves. It will be seen that the continuous background is in the 
form of a band extending from about 4400 to about 4900 A. In studying the 
carves this background must not be confused with the well-known Raman band 
of water, which is much narrower and stands out most markedly m the most 
dilute acids (see below) The behaviour of the background is interesting 
Its intensity at first increases as the concentration of the acid is reduced from 
100%,* but then drops off again in a striking manner At 10% acid the 
background has become negligible, although the exposure time is ten tames 
longer than for the 100% acid This indicates clearly that the background 
cannot be wholly due to Rayleigh scattering of the continuous spectrum of the 
mercury lamp in this region , for the intensity of the classically scattered 
mercury hues is observed to increase regularly with the exposure tame Our 
curves would thus seem to lend support to the view of Placrek and van Wijkf 
that the background consists mainly of a tame continuous Raman effect due to 
vibrations of molecular complexes. 

* It must be remembered that the exposure time increases in proportion to the dilation 

t ' Z. Phyrik,’ vol. 70, p. 287 (1W1) 
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The characteristically unsymmetncal Raman band of water, excited by 
4047 A , begins to show at 76% acid and increases rapidly m intensity as we 
pass to greater dilutions At no stage is there any indication of its splitting 
into two separate components m the manner observed m the case of mtno acid 
(see Woodwood, loc ctt ) 

Fig. 2, on a rather larger scale, shows the Raman lines (all excited by 4368 A ) 
in more detail The vertical lines drawn right down the figure pass through 
points of the same wave-length on the different curves For convenience of 
discussion the Raman lines have been lettered A to G It will be seen at once 
that the curves provide clear evidence m support of the general conclusions of 
Woodward (loo ctt ) The line F, supposed characteristic of the HS0' 4 ion, 
is completely absent m the 100% acid, but appears strongly m the 90% and 
increases in intensity with dilution Already at 60% its companion E, 
ascribed to the S0" 4 ion, has made its appearance, while m the lower concen- 
trations it is stronger and quite oloarly separated from the HSO' 4 line The 
strong line G and the weak line D of the pure acid (the latter not very marked 
on the photometer curve, but visible on the plate) vanish rapidly on dilution , 
they are ascribed to the HjS 0 4 molecule The line D has not been found by 
previous workers 

In addition to the intensity changes outlined above, an apparent general 
wave-length shift of the lmes with dilution is to be observed The lines A, 
B, and F appear to move to longer wave-lengths as the acid concentration is 
reduced, while C shows the reverse behaviour (compare Nisi and Woodward, 
loc rtf ) Such shifts have also been noted by Specchia,* who states, however, 
that all the lines are displaced to longer wave-lengths On the contrary, Bell 
and Fredrickson (loc ctl ), using a grating, failed to find any appreciable changes 
of wave-length with dilution, except for a possible extremely small shaft in 
the single case of X 4470 (B) 

Our results would seem to leave no doubt as to the reality of the displace- 
ments under consideration It appears dlfhcult, however, to explain shifts of 
the observed magnitudes as due to alterations of the vibrational frequencies 
by mtermolecular forces dependent upon the concentration In this connection 
we may refer to some measurements of Embinkosf upon the frequency of the 
strongest line of the sulphate ion m salt solutions For lithium and magnesium 
sulphates he found that this frequency increased with increase of concentration 
For the latter salt he gave the values 986 7 cm -1 for 1 N solution and 996 7 

* * Atti Aeosd. Lmoei,’ vol 13, p 754(1931) 
t ‘ Z Phyttk,’ vol 65, p 266 (1930) 
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cm -1 for 2 N solution We have carefully repeated the measurements upon 
this Ralt over an extended concentration range, but find no evidence whatever 
for a frequency shift of the magnitude reported by Embirikos Our results 
are given in Table I, from which it is seen that the frequency of the lme is 
independent of the concentration within the limits of error of our measurements 

Table I -Frequency of Strongest S0" 4 Lme m Solutions of Magnesium 
Sulphate 


Concentration of MgSO t j 

Av (obe ) in cm.- 1 

1 20 N ! 

982 ± 2 

2 50 N | 

082 ±2 

6 1 N 

081 ±2 


Returning now to the photometer curves for sulphuric acid given m fig 2, 
it is seen on closer inspection that the wave-length shifts of the lines B and C are 
not gradual and uniform, but occur entirely m the region of 75% acid The 
Av-values, as determined fiom the points of maximum intensity of the lines, are 
given in Table II Both lines are relatively sliarp and of practically constant 
frequency both at the high and the low concentrations, but broaden and 
hecome loss intense m the intermediate stages The broadening occurs on the 


Table II - -Frequencies of Points of Maximum Intensity of B and C 


Acid concentration j 

Line B (in cm “*) j 

Lino C (m om _1 ) 

% 

10 

f 596 5 

f89fl 

25 

^ 594 0 

■l 894 0 

00 

1.094 5 

1 896 

70 

080 

903 

00 

563 

f 909 5 

100 

550 5 

\910 


side towards which the frequency is apparently changing, thus giving rise to 
the intermediate values given in Table II These facts would suggest that in each 
of B and C we are dealing with two independent frequencies of practically constant 
value In each the one which is predominant at 100% rapidly diminish es in 
intensity with dilution, while the other becomes correspondingly more intense , 
the former would naturally be regarded as characteristic of the HjS 0 4 molecule, 
the latter of the HSO' 4 ion Actually it was found that for all the apparent 
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intermediate frequencies recorded in Table II the shape of the broadened line 
in the photometer curves is indeed consistent with an analysis into two relatively 
narrow, symmetrically shaped components having the practically constant 
frequencies found in the most concentrated and most dilute acids respectively 
The idea here proposed is illustrated diagrammatically in fig 3, which is a 
tentative line scheme of the spectra The vortical Imes m the diagram 
represent relatively narrow components or linos of practically constant frequency 
(except for the lino F —see below), and the course of the intensity ohanges is 
indicated for each by corresponding variations in height 

The “ line ” A is slightly more complicated Comparison with the widths 
of B and C shows at once that A is relatively broad throughout the whole range 
of concentrations It must either bo a diffuse band or it must consist of more 
than one component frequency In the light of what has been said above about 
the lines B and C, the nature of the changes of shape of A with dilution isee 
fig 3) suggests an unalysis into three symmetrically shaped and relatively narrow 
components of practically oonstant frequency Those are represented diagram- 
matically in fig 3, which also shows qualitatively the intensity trend of each 
Thus the behaviour of A is explicable on the view that it is made up of a oentral 
component of approximately constant intensity at all concentrations, a seoond 
component of lower frequency, which dies away from 100% to 75% acid, and 
a third of higher frequency which first appears at the intermediate concentra- 
tions and becomes stronger with dilution This explanation finds support in 
the fact that on the photographic plate for the 100% acid the lme A appears to 
the eye to be double (contrast effect) * 

As to the lme E it was found that, after correction for the influence of the 
neighbouring lme F, a constant value of Av was obtained within the estimated 
limits of error 

The lme F, however, seems to be an exception to the rule of practically 
constant frequency It shows a frequency shift greater than the estimated 
maximum orror of determination, (see Table III below, which gives the 
measured values for all the lmes or proposed components) A real displacement 
of F towards higher frequency m the lowest concentrations seems established 
It may be noted that this line has a peculiar unsymmetnoal shape and an 
excessive breadth at intermediate concentrations This may perhaps mean 

* Thu double appearanoe u also noted by Medard in a paper C R Acad. SoL Faria,' 
rol. 197, p 582 (1933)) on the Raman effect of 100% sulphuric acid, published sinoe the 
oonolosiou of our experiments and the writing of this acoount. His experimental findings 
are everywhere in harmony with our own 
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that we are dealing with more than one component, but the evidence is too 
alight to justify further discussion 

The strong line G (1121 cm -1 ) m the spectrum of the 100% acid rapidly 
disappears on dilution In the photometer curve it is seen to be definitely 
broadened on the long-wave side, and we find that this broademng can be 
interpreted as due to the overlap of a weak diffuse line with its centre at about 
1195 cm. -1 Although this line does not show up on the photometer curves 
(except perhaps feebly in the 25% curve), it is actually visible by eye on all the 
plates except those for 90% and 75% acid which suffer most from background 

Tho Av-valuos given in Table III arc those of the lines or components 
referred to in the above discussion Those components not unambiguously 
defined by some part of the smoothed photometer curves are placed m br.it kets , 
because of their uncertainty they have not been used in retkonuig flic mean 
values 

Usually tho tourse of the intensity clianges with dilution, fig 3, indicates 
the molecular species (IIjS0 4 , IISO' 4 , or S0' 4 ) of which any given line is 
characteristic Thus the frequencies 381, 655, 910 (strong), 978 (weak) and 
1121 cm -1 are present m the pure acid, but die out by 75% They are there- 
fore presumably characteristic of the lIjSO* molecule (The frequency 978 
here referred to must not be confused with the fortuitously almost equal 
frequency 982, which appears only in the most dilute solutions and is character 
istic of tho S0' 4 ion ) The linos 595, 895, and 1035-1053 cm _1 are not present 
at all in the pure acid, but appear and rapidly become stronger on dilution, 
reaching maximum intensity in tho neighbourhood of 25% acid This is the 
behaviour to bo expected of lines characteristic of the HSO' 4 ion Nisi (loo 
oil ) described the last of those frequencies (tho strongest) as present in the pure 
acid (compare also Fadda*) Since even a small addition of water suffices 
to bring out this line (by 90% acid it is already strong), probably this dis- 
crepancy is to be explained as due to traces of water in the supposedly 100% 
acid of Nisi Returning to our own results, the lines 452 and 982 cm “ 1 , 
although present in the 50% acid, and possibly even in the 75%, do not become 
markedly appreciable until the acid content has been reduced to 25%, and are 
strongest in the lowest concentrations This behaviour naturally supports 
tho view that these lines are characteristic of the SO* 4 ion These allocations 
of the different frequencies are indicated beneath the lme scheme of fig 3. 

The above views as to the origins of tho different lines find confirmation m 
the Raman spectra of solutions of normal and acid sulphatos A large number 
* * Nuoto Cimento,’ voL 0, p 1 (1932) 
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of workers* agree in giving the following frequencies as characteristic of the 
SO'« ion 452, 617, 982 (strong), and 1106 Of these 982 appears as a strong 
separate line (E) and 452 as a component of A in the most dilute acids Inspec- 
tion of the 10% photometer curve at the point corresponding to 617 (namely, 
just on the long-wave side of B) gives faint indications of the presence of this 
frequency also Then of the frequencies 595, 895, and 1036-1053 (strong), 
which we regard as characteristic of the HSO' 4 ion, the first and the last have 
been observed by Woodward ( ho eU) m a solution of KHS0 4 , where they were 
accompanied by the S0' 4 ion frequency 982 owing to the partial ionisation 
of the HSO' 4 ions. 

There stall remain two lines of our spectra as yet unassigned— a moderately 
strong one at 417 cm. -1 and a doubtful diffuse one of very low intensity at 
about 1195 Since the intensities of both these lines appear to remain approxi- 
mately constant at all dilutions, they cannot bo regarded as characteristic of 
any one of the species Hj 80 4 , HS0' 4 , or S0' 4 m particular Their behaviour 
is, however, consistent with their being common to all three In this con- 
nection it is suggestive that approximately the same two frequencies occur 
in the Raman spectraf of other compounds whose formulra may be written 
with two oxygen atoms linked to hexavalent sulphur, viz , sulphuryl chloride 
(408, 1182), chlorsulphomc acid (410, 1183), dimethyl sulphite (410, 1200) and 
diethyl sulphite (410, 1204) Moreover, these two frequencies seem to be the 
only ones common to all these moleculos 

In conclusion, we should like to make it clear that our analysis of the more 
diffuse Raman lines of sulphuric acid into relatively narrow components of 
practically constant frequency is put forward with some reserve While its 
correctness as an interpretation cannot be regarded as conclusively proved, 
it u nowhere m conflict with observed fact and the weight of supporting evidence 
makes it highly plausible It should be noted that our view does not exclude 
the possibility of relatively small frequency shifts (of the order of ± 5 cm -1 ) 
with dilution Another point to be observed is that even the proposed com- 
ponents (like the simple Raman “ lines ”) are only approximately mono- 
chromatic Each of them is broader than the theoretical value to be expected 
from the known widths of the spectrograph and photometer elite. This would 
be 0 18 mm of plate , and the mercury line 4916 A , although more intense 
than any of the Raman lines, does indeed possess this breadth The Raman 
components, on the contrary, have an average breadth of about 0 30 mm. of 
* See, for example, the oollected data in Kohlrauaoh, “ Der Smekal Raman -Effekt ” 
t Mate**! and Aderhold, ‘ Z. Phytrik,’ vol 88, p 683 (1831) 
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plate The excess corresponds to an actual linn breadth of ilmut 5 A or 
26 cm 1 This result is in harmony with the conclusions from the pre liminar y 
experiments with various slit widths (seo above), which give 8 cm 1 (corre- 
sponding to the widest slit used) as a lower limit for the breadth of the Raman 
lines 

Summary 

Microphotometer turves of the Raman spectra of sulphuric acid an repro- 
duced for concentrations ranging from 100% to 10% The intensity changes 
of certain of the lmes give a clear picture of the two stages of ionization of the 
atad Thus on dilution the frequencies 910, 978, and 1121 cm ' 1 (characteristic 
of the HjSO* molecule and present in the pure acid) rapidly vanish, while the 
frequency 1036 (characteristic of the HS0' 4 ion and absent m the pure acid) 
makes its appearance and increases m intensity At 50% acid another 
frequency 982 (characteristic of the SO", ion) appears and subsequently 
becomes stronger Other diffuse lines arc found to change somewhat in 
frequency with dilution , but it is shown that their behaviour is consistent with 
an analysis into relatively narrow components of practically c onstant frequency, 
asenbable to the different molecular species present On this view the cliaracter- 
istic frequent iee come out as lijS0 4 , 381, 555 5, 910, 078 and 1121 , HS0' 4 , 
595,895 5andl036, S0" 4 , 152 and 982, while 417 and 1195 cm 'are common 
The inherent breadth of the linos is found to bo about 25 i m 1 Reference is 
also made to the behaviour of the continuous bat kground. Measurements on 
solutions of magnesium sulphate give no evidence for a variation of the sulphate 
ion frequency 982 with com enl ration 
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A Comparison of Experiment and Calculated Wave-Profiles and 
Wave- Resistances for a form having Parabolic Waterhnes 

By W C S Wiglky 

(Communicated by T H Havelock, F R 8 — Received October 4 1933 ) 
Introduction 

It has been found possible to calculate the wave-resistance of simple three 
dimensional forms, and a number of such results have been obtained* which 
on the whole have shown good agreement with actual measurements when the 
forms are such as not to violate the assumptions on which the calculations are 
founded But the calculation of wave-profiles is at present limited to two 
dimensional forms having infinite draft Hence for the purpose of this research 
two models were made, at the William Froude Laboratory one of the maximum 
draft possible under mechanical limitations, with vertical Bides and a flat bottom, 
the other having the greatest draft and displacement which would allow of the 
measurement of its resistance over the desired range of speeds, but with vertical 
sides for only half its draft and being then rounded off m vertical section to an 
edge at the keel The first model (No 1254) was UHod to measure wave-profiles 
which were compared with those calculated for a model of infinite draft , the 
second model (No 1302) was used for the comparison of measured and 
calculated resistances 

It waB impossible to use the first model tor this purpose as the added resistant e 
due to eddying round the sharp comers at the bilges would rendei quite 
meaningless any calculation of the frictional resistance which must be sub- 
tracted from the measured force to find the wave-resistance Its wave- 
resistance was, however, calculated in order to show the similarity m shape 
between the calculated resistance curves of the two models. Fig 1 shows 
perspective sketches of these models and the equations of their surfaces appear 
below (equations (1) and (7) respectively) 

List of Symbols used throughout the Paper 
L == total length of model, 
l = length of curved entrance or run, 

2a = length of parallel body, 

* See ‘ Proc. 3rd Int. Cong Appl Math ,’ Stockholm, 1930, vol 1, p 58, for a nummary 
of these remits up to 1930 
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d = 

c — 


K 
H 0 
Y 0 = 


maximum beam, 
draft, 

speed of advance, 

density of water, taken as 1 94 foot lb see units in calculations, 
acceleration due to gravity, taken as 32 2 in calculations, 

surface elevation due to wave-systom, 

surface elevation due to “non-wavo” portion of the disturbance 
caused by the motion of the form, 
resistance due to wave-making, 

Struve’s function of order zero, 1 (Q N Watson’s 

Bessel’s function of the second kind and of order > , . ^ 

definitions) 

zero J 

Q„ represent certam functions defined as they occur in the paper 
Model 12J>4 


S3 



Model 1K12 

Fra 1 — Sketch of under water forms of models 1254 and 1302 


Foot-pound-second units and Cartesian axes were used throughout the 
calculations , Ox being in the direction of motion, 0 y vertically downwards, 
and Oy at right angles to the other two axes The origin of co-ordinates is 
amidships, in the centre line and in tho plane of the undisturbed water surface, 
except that in equation (2) (to avoid negative values of the arguments of 
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certain functions) the ongrn has been taken at the bow and Ox reversed in 
direction 

The calculations of resistances and wave-profiles are made on the following 
assumptions, by the methods cither of Miohell or of Havelock — 

(1) The usual assumption in dealing with wave motion that tho wave 
height is small compared with the other lengths occurring m the problem 
and that the velocities due to the wave motion are small compared with the 
other velocities involved For ship waves tins means that the wave height 
is small compared with the length and draft of the ship, and the velocities due 
to the wave motion arc small compared with the ship’s speed It is also 
assumed that the angle made by the tangont piano to tho side of tho form with 
the vertical median plane of tho ship is small 

(2) It is assumed that the effects of turbulence and viscosity can be neglected 

(3) In comparing calculated resistances with those of models in the tank, 
it is necessary also to assume that tho alteration ju the trim and srnkage of 
tho hull during motion does not alter the effective wave-making form sufficiently 
to affect the wave motion appreciably When wave-profiles alone have been 
compared this question docs not arise, since the models were rigidly attached 
to the tank carnage and not allowed to trim or sink. 


Measurement of Wave-Profiles 

The model (No 1254) used for the wave-profile measurements had water 
lines with the equation 


y = 6 {1 — [x — all] 1 }, 
- V = b, 

y = b{l-[7T^m, 

where 


from x ~ a to x — l + a 
from x — — ato x = -}- a 
from x = — a — l to x = — a 

1 = 7 5, 

6 = 0 484 , 

« = 0 5 


(1) 


The draft of the actual model was 3 5 feet, with 0 5 feet of necessary free- 
board. Thu gave a total depth of 4 0 feet, which was the maximum vertical 
dimension of a model whioh could be lifted into the Yarrow tank * 


* The (tinvMi»inn« of the croee- section of the Yarrow tank are 30 feet wide by 12J feet 
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For the purpose of the measurement of the wave profiles this model was 
rigidly attached to the travelling carnage of the Yarrow tank, and was towed 
through the water at a series of speeds from 3 5 to 10 8 feet per second 

A network of vertical and horizontal lines had lieen previously marked on 
one side of the model, the horizontal lines being ^ inch apart, and the verticals 
normally 1 foot apart, but placed more nearly togi tlier near the ends of the 
model During experiments at each speed the height of the water surface 
at each vertical was observed, the closer spacing mar tlic ends ol tin modi 1 
enabling more accurate observation where the slope of the water surftue was 
greatest 

Two wooden beams were clamped to the carriage, forming extensions ol 
20 feet aft and G feet forward respectively of the <entn line of the model 
Each of these beams earned, at intervals of 1 foot, pomters sliding vertically 
which were adjusted during each experiment so that their pointed ends just 
touched the water surface By this moans the wave-profile could be plotted 
for a distance corresponding to the length of the beams Additional pointers 
were again fitted where the slope of the wave-profile was steepest, i e , near 
the bow and stem of the model Owing to a very slow, long and persistent 
wave which is always set up ill the tank during experiments, errors of measure- 
ment of i 0 05 inch are unavoidable On< e an expemm nt lias been made 
at one of the higher speeds, i lianges of tlus order in thp water level are known 
to last for some 24 hours, and it is therefore impractn able to wait for their 
cessation 

Cakululu/n of W aw- Profiles 

Calculations were made for a form as given by equations (1) but having 
infinite depth using a formula given by Havelockj for the wave-profile of any 
two-dimensional form of uifimte draft The profile actually given by the 
formula is that along the centre line of the form (the axis of x) , but the error 
involved in using this formula to find the profile on tho curved surface of the 
model (which is of the sunu order as thow introduced by tho assumption that 
the angle is smal l between the tangent plane to the side of the form and tho 
median plane) can be neglected For this particular form the expressions for 
the “ wave ” and “ non-wave ” portions of the profile become respectively 

C, = (86/tocI) [P 0 {«*} + P 0 {k(x-21- 2a)} - (l/*rf) (P 0 J {«} ) 

- P 0 -» {k (x - 1 )} + P,-i {*(*-/- 2a)} -P. *{«(*- 21- 2a)}], (2 a) 

* ‘ftoo Roy Soo A, vol 135, p. 11 (1932) 

L 2 
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C. - (- 26M) [Q q M + Q 0 {* (* - 21 - 2a)} - (1 JkI) (Q l {«*} ) 

- Q, {* (x - 1 )} + Q, {k (x - l - 2a)} — Q, {* {x — 21 — 2a)}] (2 b) 


In these expressions the origin has been moved to the bow, and the positive 
direction of x is npw astern The functions P„ and Pj aro supposed to be 
n to for negative \ alu« s of their arguments, and for other values to be defined 
b> the equations 

l’o («) - | 2 wn ('< sec <f>) <l<f> 

Jn (3 a)* 

r*/a ' 

P # 1 (i/) _ 1 | ?j («) = 1 cos <f> los (a sec <f>) d<j> 

Jo - 


Tlie functions Q 0 are defined, tor positive values of the arguments by tho 
equations 


Q°(«) = gJ“{Ho(0- Y oW}^ 


(3b) 


Qi(«) = j o Qo(0 •» 


wlieie Il u is (Struve s function and V 0 tin Uessel function of the second hind, 
both of order Aero, and by the convention that Q„ ( - w) — Q 0 («) and 
Q, ( - «) - Qj (u) for negative values of the argument 

Detailed calculatious of the wave heights have been made for this form from 
equations (2) for seven speeds covering a range which corresponds with possible 
ship speeds These speeds are given m Table I, with the value of the non- 
dimensional speed unit used m this paper, the (P) speed unit commonly used 
m shipbuilding work in this country and the so-called Froude number ( cjy/gl ) 
which is m common use abroad 

Table 1 


r/V yl 


CO 


r/y/yi. 

-» (Froude number) 


9 18 
10 42 
10 79 


0 272 0 502 
0 351 | 0 726 
0 433 0 897 
0 012 1 009 
0 092 , 1 220 
0 675 I 1 399 
0 694 1 434 


0 193 


0 364 
0 421 
0 480 
0 494 


* For further particulars, tunes, and usj mptotie expansion of these functions, see 
Havelock, 4 ftoo Roy Soo A, voL 108, pp 81, 82 (1920) , vol 103, pp 677-679 (1923) 
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The actual and the calculated wave-profiles for each speed are shown in 
fig 2. It will be seen that along the side ot the form the chief peculiarities 
of the observed profiles are well reproduced by calculation The observed 
bow wave is generally a httlo higher than the calculated, except at the highest 
speeds , whereas the stem wave is generally lower Ahead of tho form the 
disturbance is never so high as calculated, whilo aft of the form the disturbance 
(as would be expected) dies away much more quickly partu ularly at the slow 
speeds than it would in a perfect fluid 

Examination of the first equation (2) shows tluit the wave profile limy be 
divided into six components, two originating at the bow, two at the stem, 
and one at each end of the parallel body , that is, at the forward and after 
shoulders The two terms involving the function P 4 are the same as would 
occur to produce bow and stem wave-systems in a form composed of straight 
lines having the same anglo at bow or stem This bow wave is decreased and 
this stem wave increased by the terms 

— (1/kI) P 0 '(kx) and (1/scZ) l*," 1 {*(*- 2/ - 2a)}, 
respectively, which may be considered as representing additional wave- 
systems due to the curvature of tho form starting at bow and stem respectively 
Owing to the presence of an extra factor k m the denominator, these terms 
increase more rapidly with the speod than the terms in P„, and their effect is 
therefore much greater at the higher speeds Tho other two terras, 

(1 /**) IV 1 M' 0} «*nd ( - 1/xl) V 0 '{K(r-l - 2a)} 
represent wave-systems starting at the beginning and end ot the parallel 
body , they also are of little importance at low speeds, ownng to the factor a 
m their denominator, and since they are equal in amplitude and opposite in 
phase and separated only by the length of parallel body —which corresponds, 
as the speed increases, to less and less difference m phase between them - 
their combined effect does not grow greatly with speed, and they are never 
of very great importance 

These statements are consistent with the known experimental facts, that the 
wave-making of a parabolic form is largely concentrated at the ends, and that 
it is an efficient form for low speeds, where tho two terms mentioned m the 
second place above are of no great importance Tn order to exhibit the relative 
importance of these terms, hg A has lieen drawn showing their respective 
sizes for e = 7 96 ft per sec (c/vV ~ 0 612) To see the relative importance 
at any other speed it should be noted that the two systems depending on the 
bow and stem angles respectively will increase in height as the square of the 
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speed, wlulc the remaining four systems will increase m height as the fourth 
power of the speed, and the wave-lengths of all the systems will increase m 
proportion to the square of the speed 

From what has been written alvove it will bo seen that the total bow wave- 
profile is given by the r quation 

^ (**/nrf) [P« M - (1 1*1) Po" 1 Ml, (4) 

and that the c rests and troughs of the bow wave-system will therefore occur at 
positions givi n by \ dues of jc such that 

or, differentiating, 

Y 0 M/P 0 M = -2c*/rr^, (5) 

since d P 0 (« )jdu — — 7ty 0 («)/2 and d P 0 _1 (u)Jdu -= P 0 (m) Curves of the 
function Y 0 (u)/P 0 («) have been plotted and with then aid the values of r 
satisfying equation (5) for a series of values ot c have been calculated A similar 
equation, with only the sign changed, holds for the stem wave system , curves 
showing the position of the crests and troughs of the waves of the two systems 
over a range of speeds have I men calculated and plotted m fig 4 on a base 

of c/Vffl 

From these curves the speeds of coincidence in the crests and troughs of 
these systems can be seen , the relation of these to the maxima and minima 
of wave resistance wdl be discussed at a later stage in the paper 

Calculation of Hemslance for the Form of Great Draft 
The wave resistance of this form was calculated by the use of Havelock's 
result, which in the notation of this paper is given by the equation 

R./C* - r<>4p [{1/3 + im + {P, (ft)/ 2 - p 4 (ft)/* + p 8 (ft)/2p*> 

- {P* (p)Ip ~ P» <*)/** ~ P« (Pt)/P + P S (Pa)/?* - P 8 (Pa VW («) 
m which, for brevity, p has been written for kI, ft for 2 (l -f- a) k or 1 jic, p t for 
(2a + l) k and p, for 2<uc, whilst 

1’a («) - | ' cos* <fi cos (w sec <f>) d<f> j 

P 4 («) "= j cos 4 4> sm (« sw <f>) d<f> >* 

pr/t 

P, («) = — j cos* <j> cos (u sec tf>) d<f> 

* See footnote * on p. 148. 
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Of the three terms of equation (6) m twisted brackets the first clearly represents 
the steady increase of wave making resistance with speed, apart from any 
question of interference between the wave-systems The second, depending 
directly on the total length of the form, represents the interference between the 
bow and stem systems Each of the terms in the third bracket represents 
some form of interference between the systems at the ends of the parallel 
body and the bow md stern systems, or between the systems at the ends of 
the parallel body themselves These terms have not lioon considered separately 
becauso in this form their total effect is comparatively small 
Fig *3 giveH curves showing these threo components, and also a curve of 
the total value of R„ /r 2 Owing to the great increase of this quantity with 
speed, the scale of the lower portions of the curves had to be exaggerated as 
shown in the diagram It is clear that the mam peculiarities of the total curvo 
of R ,,,/c 2 are due to the component corresponding with the second term in 
twisted brackets on tho right-hand side of equation (6), and are therefore due 
to interference botween the waves of the bow and stem systems It is there- 
fore of interest to compare tho speeds of coincidence of crests and troughs of 


Table II — Values of cjVgl Corresponding to certain Phenomena 


Model 1264 


Model 1302 


Calculated values of 
c/V'flrl for wav© 
coincidences between 
bow and stom system* 


Calculated values of c/Vgl 
for maxima and minima of 


Hon and stem 
interference 
irwnt of 





Crest with crest 0 63 
Crest with trough 0 41) 
Crest with crest 0 42 
Crest with trough 0 37 
Crest with crest 0 34 
Crest with trough 0 31 
Crest with crest 0 JO 


0 09 
0 61 
0 44 
0 38 
0 34 
0 31 
0 10 


0 86 
0 61 
0 44 
0 38 
0 14 


Maximum 

Minimum 

Maximum 

Minimum 

Maximum 

Minim um 

Maximum 


these systems, as calculated in the lost section of the paper, with the corre- 
sponding speeds of maximum and minimum values of R m /<? This comparison 
appears m Table II, winch also moludes for reference the calculated and 
measured maxima and minima for the shallower model 1302, experiments 
on this model and the corresponding calculations are described later 
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It will be seen that the wave-coincidences agree quite well with the maxima 
and minima of R w /c®, excepting at the highest speeds where the maxima and 
minima of R ,,/c* always occur at a higher speed than that of the wave-corn - 
cidencesr— seriously so in the last maximum Further, the main discrepancy 



Fra Oa.— P arabolic model of infinite drait model 1254 Separation of wave reeistanoe 
into component*, r/vty ^ 0 B7fi 

is between the last maximum of total R „/o* and the last maximum of the 
interference component of R„/c J This latter difference is duo entirely to the 
term I/kV m the first term m the bracket on the right-hand side of equation 
(6) this term vanes as c 4 , and therefore delays the maximum of the RJc* 
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curve by causing the function to continue to increase after the interference 
term has actually begun to decrease The difference between the highest 
maximum of the < omponent and the corresponding wave come ideneo is due 
to the factor 1 [kH 3 outside the bracket, which acts m a similar way Naturally 
the effects of these factors are only sensible for large values of c, and their 
influence has been checked by separate calculations which confirm the remarks 
made above Tt is noteworthy that the distance from the first crest of the 



FlO 5 b — Painlxilic inodol of infinite draft model 1254 .Separation of wavi resistance 
into components tjy/gl > 0 075 

bow wave to the first crest of tho stern-wave, as shown in fig 4, increases 
from a value equal to the length of the model (= 16 feet) at very slow speeds 
to a value of just over 20 feet at cjVgl = 0 80, where l is, as above, the length 
of the curved surface of the bow or stem of the form (=7 5 feet) Owing to 
the delay in the higher maxima of Tt „/c®, for reasons which are stated above 
this distance if deduced from the calculated resistances would appear to increase 
more than it actually does Thus Havelock {loc cU ) has calculated the apparent 
value of this distance from the resistance of a model, like No 1254 but without 
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parallel, whose length was 160 feet he finds this distanoe — equal to Z 4- A/2 
in his notation — to increase from 166 feet at the slowest speeds to 260 feet 
at o/Vgi =» 0 72 


Measurement of Resistance of Shallow Model 
It has been shown that the calculated components of the wave-profiles for 
this form are related to the maxima and minima of the calculated curves of 
R^/o®, and that these calculated components add up to form a complete wave- 
profile which, generally speaking, lias the samo peculiarities of shape as the 
wave-profile actually measured with model 1254 It remains to show that the 
calculated resistance curve agrees m the same way with a measured resistance 
curve As explained earlier, the sharp comers at the bilge of model 1254 
would render resistance measurements with this model of very doubtful 
interpretation Since it is known that draft has very little influence on the 
shape of resistance curves,* a model, No 1302, was constructed having the 
equation 

from z — 0 to a = 1 j f romI = | + a ' 
from z = 1 to z 2 1 tox^a 

from 2 = 0 to z = 1| I 

from z = 1 to z = 2 1 to* = -o 

from z — Otoz = li from * = _ <* 
from z = 1 to z = 2> tox = a 

(7) 


y = 6{ 1-F^/iJ 4 } _ 
y = (6/3){4-z*}{l-[r-o/iP} 

y = 6 

y = (6/3)(4-z*) 

y^b{l~W+~aim 
y = (i./3){4- 2 «Kl-FTa/iP} 


where a, 6, l have the same values as for model 1254 described above, t e , 
0 5, 0 484, and 7 5 feet respectively The form of this model is shown m 
fig 1, it is the same as model 1254 for 1 foot depth, but then tapers oft m a 
parabolic curve to a knife edge keel at 2 feet depth , the waterlmes at any 
section are similar parabolic arcs joined by 1 foot of parallel body amidships 
It will be seen from the equation that there is a slight vertical angle or knuckle 
at z = 1, but this was rounded oft in the actual model on the sections near 
amidships, where alone it was sensible The resistance of this model was 
measured in the Yarrow tank, using the ordinary resistance dynamometer, over 
a range of speeds from o = 4 0 to o = 12 3ft per sec Since the dynamometer 
is only capable of measuring 49 lbs. resistance, added pulls of 10 and 20 lbs 


' Sm Havelock, ‘ Proo. Roy Soo A. to] 108, pp. MS tt mq (1020). 






Wave-Profiles and Wave-Resistances 


155 


were provided as required by cords attached to the model uud tousioned by 
the necessary weights The sjiewl of advance was measured, as usual, by 
the aid of an electric contact which opened momentarily at intervals of 20 
feet travel, and of a clock recording half-seconds In iddition the trim and 
bodily srnkage of the model due to its motion wore recorded during each experi- 
ment, in order to estimate the actual violation of the third assumption men- 
tioned above The actual measured speeds and resistances are given m 
Table III 


Table III — Model 1302 Moan Temperature '»'» 7 ° Fahrenheit 



The frictional resistance was calculated horn the data of Froude,* a cor- 
rection being made when the temperature differed from the standard value of 
55° F used by Froude The area of wi tteil surface assumed m the calculation 
exceeded the actual wetted surface of the model when at rest by an amount 
varying from 1\% at the lowest speed to 5$% at the highest, to allow for the 
additional surface wetted during motion This correction was the sarno as 
had been measured on a model of similar dimensions used previously Since 
the correction is in any case only an approximation, the added error due to 
this procedure is not of importance 

'When the frictional resistance as thus calculated is subtracted from the 
measured resistance, the measured wave resistance R„ is found , and in fig 0 

* ‘Tram but Naval Arch voJ. 29, p 304 (1888) 
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is shown the curve of R^/o* os measured for this model The values of the 
measured angle of trim (in radians), and of the measured smkage of the C G of 
the model (expressed as a fraction of the draft) are also shown m this figure 

Calrulatuni of Resistance for Shallow Model 
The resistance of this form has also been calculated by the use of the expres- 
sion found by Michell* for the wave-resistance of a form obeying the assumptions 
quoted at the beginning of this paper For a form having the equation 
y ~f (x, z) this expression is as follows — 

R... - (4^/ttc*) j’(P I J*)(X*/Vx*^l) dX 

where 

I— | J f'(x,z) cos (Xgx/c*) dxdz 

J = j | fix, z) e -AV ' ' sm (X^x/c 2 ) dxdz 

where/' (*, 2 ) — S {f(x, z)}jSx 

For model 1302, having the equation (7) above, a simple integration shows 
that 

J = — (1024/225 0 8 ) {sm 0 sm (0/10) 

-(15 0 cos0)/16}{3<J»*-2e * (<|i f- 1) + 2e~** (2^ h 1)>/3^ J 

1 = 0 , 

0 = 8X^/c*, + = Xtyc 8 , 

and hence 

R„/o* = 11 98 j" (Fj (+) F, (OJ/XV^T) dX, (9) 

where 0 and ^ are as above, and 

Fi (+) = {1 “ 2«-+ (* + l)/3^* + (2* + l)/3^}*, 

F a (0) = {sm 0 - sin 0/10 - (15 0 cos 0)/16 }*/0« 

The functions F x and F a liave been calculated and plotted on a large scale , 
it is thus a Bimple matter to calculate the value of the integrand on the nght- 
hand side of the equation (9) for a number of values of X at each speed Hence 
the value of the integral has been obtained by Simpson’s rule, care being taken 



‘Phil Mag vol 46, p. 11S (1898) 
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that a sufficient number of values was used to ensure accuracy in the final 
result The apparent infinity at the lower end of the range of integration was 
avoided by the usual method of assuming that to the order of accuracy required 

f* 001 {Fj (*) F,(0)/X» VxT^l} dX = 1 {[MLM ^ 

h [MM| i f 1001 dx 

L X* n-ioool Vx s — 1 

the right-hand side of this equation being easily calculated At the upper 
end of the range of integration the approximate integration was at each speed 
carried out sufficiently far to ensure that (<J/) had attained to within 2% 
of its maximum value of unity The rest of the integral can Iks expanded in 
inverse powers of 0„, and the first two terms of the result are given by the 
equation 

Correction to mtegral - (22&c a /32 0 O 4 ) (1—2 sin 20 O /0 O ), 


where 0„ is the value of 0 up to which the approximate integration has been 
carried out 


r/^ol 


Table IV - Calculated It Jc 1 for Model 1302 
| It*/** I r/V'gl I, 


K«/r* 


0 00 1U 
0 OOSH 
O 0086 
0 0106 


0 443 I 0 1013 
0 471 , 0 0760 
0 409 ] 0 0640 

0 626 I 0 0661 


0 0266 
0 0178 
O 0303 
0 0436 
0 0377 
0 0303 


0 390 O 0490 
0 416 i O 0816 
0 420 ! 0 0964 


0 664 i 0 0820 
0 690 | 0 1370 
0 027 O 1840 
0 603 0 2164 
0 607 1 0 2316 
0 762 0 2366 
0 816 0 2234 
0 886 O 1974 


The curve of R^/t 1 as thus calculated is shown in fig O i ompared with tht 
curve for the same quantity as derived from the model experiments , it will 
be seen that there is general agreement The actual calculated values of 
R Jc? are also given m Table IV The curve of R^/c* us calculated for model 
1254 by the method described above is also shown on the diagram, and it 
will be seen that apart from amplitude the positions on a speod base of the 
maxima and minima of all three curves are in good agreement These are 
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tabulated m the last two columns of Table II , they have been derived from 
curves drawn on a much larger scale than can be reproduced here 
It appears from Table II and from inspection of all the relative curves m 
fig 6 that the mam features of the wave-making of the shallower three- 
dimensional model are the same as those of the model of infinite draft, and 
accordingly must originate m interfere!!' e of similar wave s> stems to those 
relating to that form and d( scribed ebo\ « \h nught be expected, the resistance 

at the higher speeds (< orresjxmding to l.irgi r waves) ib very much larger for 
the model of infinite draft, when us at slower speeds the difference is not so 
great It is known that the depth to which the shape of a form affects the 
wave-making varies, at any rate approximately as the longth of the wave 
generated, and this is supported by the foregoing observation 

General Com I us ions 

The maxima and minima of the resistance curves have been shown to 
originate in interference between the bow and stern component wave-syBtems, 
this being calculated definitely for the model of infinite draft, and inferred 
from the similarity of the resistance cur\e for the shallower three-dimensional 
model It is noted that the higher speed maxima of the resistance curves 
tend to occur at higher speeds than would be predicted from the speeds of 
coincidence of the wave-systems, and the reason for this is given 

This general result is m contrast with that obtaim d previously from a model* 
having sections composed of straight lines meeting at angles at the shoulder , 
in the latter shoulder wave-making w as of primary importance 
It is hoped to make further experiments with models of different shapes, 
and m this way to obtain some definite relation between form and wave- 
profile Particularly it is proposed to investigate a form with hollow water- 
lines, since straight and convex lines have now been dealt with Until this 
has been done it is not wise to draw any general conclusions regarding the 
wave-making properties of forms not >ft investigated, since it is clear that in 
different forms the relative importance of different portions of the form will 
vary greatly 

Summary 

The several effects of the various geometrical features of a body on the 
form of Hie waves it generates when moving on the surface of water, and on 
the resistance it experiences, are of theoretical as well as practical interest to 

* Sea ‘ Trans NE Ot Instn Eng ffiupb ,> vol. 47, p 153(1881) 
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shipbuilders. It is now possible to investigate this influence, for simple forms, 
by approximate methods of calculation , in this paper an investigation is 
described for a form having parabolic waterlines , where possible the results 
of calculation are compared with actual measurements made in the Alfred 
Yarrow tank at the William Froude Laboratory 

It is found that there is a general agreement between measurement and 
calculation The main difference between the parabolic forms dealt with here 
and straight lme forms previously investigated is that the ends of the former 
contribute more largely to the wave resistance 
No conclusions can be drawn concerning the wave making effects with other 
shapes until further experiments and calculations have been made 


Study of Electrolytic Dissociation by the Raman Effect II — Nitrates 
By I Ramakrishna Kao, M A , Ph D , Andhra University, Waltair 
(Communicated by O W Richardson, F R S— Received October 18, 1933 ) 

1 Introduction 

In the brat part* of these investigations by the author, the possibility of 
studying electrolytic dissociation by the Raman effect has been described 
with special reference to mtno acid Accurate quantitative estimation has 
sincef been made of the degree of dissociation in the acid by measuring 
the intensities of Raman lines corresponding to the dissociated NO~ s ions 
at various concentrations The results thus obtained indicated that the 
dissociation m nitric acid is progressive between the concentrations 1-16 N 
and not complete as has been assumed for highly dilute solutions 
A comparison of the values of the degree of dissociation obtained from this 
method with those calculated from conductivity measurements revealed a 
large discrepancy which was attributed to the uncertainty of the latter The 
degree of dissociation cannot be directly evaluated from the values of electro- 
lytic conductivity, which depend upon a number of factors such as viscosity 
of the solution, mobility of the ions, etc , as there is much uncertainty as to the 
dependence of conductivity on such factors With Raman spectra, however, 

* ‘ Proc Roy Soo ,’ A, vol 127, p 279 (1930). 
t ‘ Proc. Aoad. Sci , Amrt.’ voL 88, p. 632 (1930). 
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the number of molecules or ions is directly proportional to the intensity of the 
Kama n hues corresponding to them. Hence a comparison of the number of 
molecules or ions at one concentration with that m another is made by simply 
comparing the intensities of the lines corresponding to them in the Kaman 
spectra taken with the respective concentrations The accuracy of the method 
is that attainable in the intensity measurements Thus we have in this 
method a reliable means of measuring electrolytic dissociation, and another 
advantage is its applicability to concentrated solutions, for which at present 
no theory has been fully developed In order to determine whether electro- 
lytes are completely dissociated even in concentrated solutions, a systematic 
study of different electrolytes is being undertaken The results for nitrates 
will be described in this communication 


2 Raman Spectra of Nitrates tn the. Crystalline State and in the Stale 
of Solution 

The applicability of the Raman effect to the determination of electrolytic 
dissociation consists in the fact that the undissociated molecules give rise 
to a set of Raman lines which are in entirely different positions from those 
arising from the dissociated ions In nitric acid, for example, it is found that 
the lines with Raman frequencies equal to 953, 1120, 1306 cm _1 attributed to 
the undissociated molecules are different from those with Sv — 725, 1049, 
and 1357 cm 1 corresponding to the NO" s ions The latter set of lines are 
found to be common to solutions of all nitrates, the former being entirely 
absent from them. With dilution of the acid the lines with Sv = 953, 1120, 
and 1306 cm -1 progressively dimmish in intensity, while the other sot actually 
increase m intensity up to a certain dilution and then diminish, a phenomenon 
simdar to the variation of electrolytio conductivity with dilution, which has 
been explained as being caused by dissociation of the electrolyte 
To determine whether there is a similar change in the Raman spectra with 
undisflociatcd to dissociated nitrates, such spectra are taken with crystals as 
well as solutions of these salts Table I contains the results of measurements 
of Raman frequencies in the two different states 
There are three generalizations which can be deduced from this table 
Firstly, the frequencies in the crystalline state are different for different kationB 
Secondly, for the same kation, the frequenoy in the solid state is higher than 
for the solution, with the exception of ammonium and possibly potassium 
nitrates And thirdly, the frequencies of all nitrates in solution are identical 
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All the three frequencies given m Table 1 are well known to be due to inner 
vibrations of the nitrate radical Leaving alone the two fainter lines with 
mean 8v = 726 and 1390 cm _1 , the intense line 1049 cm _1 is attributed to the 
inactive vibrations of the three oxygon atoms symmetrically with respect to 
the nitrogen atom Any chango in the above frequency can be brought about 
only by a change m the distances of the oxygens from the nitrogen atom 
This can bo accomplished by imposing upon this group a strong electric field 
This is perhaps what happens in the crystalline state 


Table I - Hainan frequencies m cm -1 of nitrates in c rystals and 
solutions 


Kntiou 


*’i 


L. 

«j, 



| Crystal 

Solution 

Crystal | 

Solution 

Crystal | 

Solution 

Lithium* 

Sodium 1 

PotnuHium , 

Ammonium , 

72S 

720(1) 

711(1) 

709(1) 

1 721(1) 

, 730 (1) 

! 728(0) 

| 1080 

1 1071(10) 
1061 (10) 
1043(10) 

low 

1049(10) 

1049(10) 

' 1060(10) 

1391 > 
1389 (1) | 
1159(1) 

1301 (1) 
1157 (1) 
1301 (0) 

Calcium 

Strontium 

Barium 

Load* 


722 (0) 
720(0) 

1039(10) 

1004(10) 

1054(10) 

1049(10) 

1046 

1049(10) | 1 

1049(10) , — 1 
1049(10) 

1335 (0) 


• The values for the oryx tall ui< state fin these two substance* are taki n fn>m (h riarli ( Anil 
Physik.’vol 0, p 190(1930)) 


X-ray analysis has revealed that different nitrates crystal hue in different 
forms and belong to different systems of symmetry Thus tho relative dis- 
position of the kations and anions is different for different crystals 

Sodium nitrate has hexagonal crystals, which appear to have the rhombo- 
hedral symmetry of the calcite group Its structure may bo pictured as a 
sodium chlonde grouping m wlucli the nitrate groups replace the chlorine 
atoms, and which has been compressed along a trigonal axis normal to the 
plane of the nitrate groups Thus the sodium atoms arc symmetrical with 
respect to the nitrate groups and form an lomo lattice, m which no single sodium 
ion can be exclusively attached to any single nitrate ion If the nitrogen atom 
is supposed to occupy the centre of the nitrate group, it can be concluded from 
the above that the nitrogen aud sodium atoms are uniformly distributed in 
the space lattice But the plane containing the oxygen atoms is not thus 
situated The nitrogen atom is not exactly m the above plane, but is slightly 


VOL OXTJV —A 



162 


i. Ramakriahna Rao 


outside it as is revealed by X-ray study Thus owing to the electrostatic 
field arising out of the kations there may be a further displacement of the 
nitrogen atom with respect to the plane containing the oxygen atoms, which 
would not have taken place if there was no such field The change m the 
nitrate frequencies may be due to this displacement Smce the nitrates 
with different kations belong to difforent systems of symmetry the relative 
disposition of the kations and the onions will bo different Hence the dis- 
position of tho resultant electrostatic field with respect to the plane of the 
oxygen atoms in tho nitrate group may bo different Thus the displacement 
of the nitrogen atom from its mean position, and hence its distance from each 
of the oxygen atoms, will be slightly different for different crystals, and conse- 
quently the internal frequencies will differ 
For crystals belonging to tho same type of symmetry, as with calcium, 
strontium, barium, and lead nitrates, m which the relative disposition of the 
kations and tho anions is the same, there is a gradual diminution in frequency 
from the lighter to the heavier elements This regular change may be explained 
os follows The heavier elements, having a larger ionic volume, are at 
greater distances from the anions, and hence tho resultant electrostatic field, 
to which the anion is subject, is smaller m intensity thus resulting m a smaller 
displacement of the nitrogen atom 

The equality of the Raman frequency m solutions of all nitrates indicates 
the identity of this radical m all of than This can occur only if it is present 
in the completely dissociated condition If there were undissociated molecules, 
the kation with which the nitrate group is in combination should give rise 
to a strong electrostatic field (much stronger than in the ionic lattice of the 
crystal) involving a change in the distance of the mtrogen with respect to the 
oxygens As the different kations of the same \alency, which have tho same 
charge, are of different diameters, they should be at different relative distances 
from the centre of the nitrate group Hence the displacement of tho nitrogen 
atom from the centre of the group should be different Hence the Raman 
frequency also should change from one nitrate to another 

In order to detect whether there are even faint lines in positions different 
from that of the strong line 8v = 1049 cm -1 , very long exposures with solu- 
tions of ammonium and sodium nitrates of concentrations 12 N and 8N 
respectively were given Though the above line gave as much density on the 
photographic plate as some of the strong mercury lines, no trace of any 
additional lme could be seen though the concentrations were nearly the highest 
possible, thus giving confirmatory evidence ot the identical nature of the nitrate 
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ton in solutions of all nitrates, and consequently of their complete dissociation 
in solution 

If it is assumed that there is complete ionisation, the amoiiB and kations arc 
uniformly distributed in space, with the result that there arc nearly as man) 
anions surrounding a nitrate group as there are kations. Thus the resultant 
electrostatic held, if there be one at all, is negligible compared to that present 
m the crystalline state Also the nitrate groups, on account of their freedom 
of movement, are oriented in all possible directions with respect to the neigh- 
bouring ions and hence there is no possibility of any displacement of th< 
nitrogen ion with respect to the plane containing the oxygen atoms. Hence 
the frequency of the nitrate ion is undisturbed by the neighbouring ions. 

Other evidence for the hypothesis of complete dissociation is obtained from 
nitrates containing water of (Tystallization Magnesium and strontium 
nitrates containing respectively six and four molecules of water of < rystalliza- 
tion have shown in the solid state lines of very small Raman frequencies which 
belong to the outer vibrations Though they are very strong m the crystalline 
state they are entirely absent in solution This shows that the complex 
group containing the six H g O molecules and the two NO a groups are com- 
pletely disrupted m solution, so that they are no longer mtact to produce the 
outer vibrations. 

*1 Variation wah Concentration of the Hainan lane of Sodium Nitrate 

On lines similar to the study of dissociation in nitric acid, the variation, 
with concentration, of the intensity of the Raman line with 8v = 1049 cm. 1 
for sodium nitrate has been investigated Raman spectra with 6 0, 4 8, 3 0, 
and 2 4 N concentrations are taken under identical conditions of illumination, 
temperature, time of exposure, etc , so that any variation m the intensity of 
the Raman line can only be due to variation m the number of radicals giving 
nse to it The intensity of the Raman line at 4226 X due to excitation by the 
4047 line of the mercury arc spectrum is given m Table II 

Table II -Intensity of the 1049 cm.' 1 Raman line at different 
concentrations 

('miwnlration ( Intensity J, 1,/C 1,/C l/$ n/8 0 

SON l» U bfl ICO 

4 8N i # 0 01 94 

J BN 2 2 0 61 94 

2 4 N I « 0 0T 10* 


u 2 
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The first column contains the molal concentration, the second the intensity 
of the Raman line, the thud the ratio of the intensity to concentration, and in 
the fourth column are given the ratios of the values of I e /C to the corresponding 
value for fi (IN taken as 100 


4 Jhsntsstc m of the Results 

The values in the last column arc constant to within the degree of accuracy 
that is attainable in intensity measurements There is no progressive change 
and if the Blight variation owing to the inaccunu y in the intensity determma 
tion is neglected they arc fairly constant Tins is an indication that the 
number of NO a ions at any concentration is proportional to the concentration 
There is no evidence of any other change taking place as was found for nitnc 
acid, wherein the diminution in intensity is mu< h less than that in proportion 
to concentration The above is therefore a cloui evidence for the complete 
dissociation of sodium nitrate e\ en at high concentrations 
The results from conductivity data lead to a different conclusion In 
Table III is shown the degree of dissociation calculated from lioth the formulas 

A# 

where A g and A 0 are the equivalent conductivities at concentrations < and 0 
respet tivel) as well os 

a = 

where /] e and t)„ aie the viscosities 


Airto 


Table 1 II - Degree of distux latiou in sodium nitrate from conductivity 
data 


h,<jw\alont 

cohduotivity 


A B 

7T b 


(ION 1 1115 H 

0 J A 87 24 

0 2 A' 82 28 

0 1 A 74 05 

1 (I A , 115 80 

2 0 N 1 54 5 

ION 1 46 0 

4 0 N 39 2 


70 1 
62 5 
51 8 
43 7 
37 2 


\ UKWltX I A a 1jo 
V A,1) o 


1 00 | 100 

1 00 82 8 

1 01 78 0 

I 02 71 7 

1 01 65 0 

1 15 59 7 

1 27 . 65 5 

1 40 | 52 1 


The values of the degree of dissociation calculated from both the formulea 
indicate that the dissociation in sodium nitrate progressively increases with 
increasing dilution 
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Thin discrepancy can he explained by the fact that the Raman effect method 
is direct involving no uncertainties , the only aRsumption made is that the 
intensity of the Rainan line is proportional to the number of NO~ 3 ions giving 
rise to it, which seems to Ih quite legitimate The conductivity formula 
however, is uncertain as has already been pointed out 

The. sources of evidence toi the hypothesis of complete dissociation of 
mtrates are the following - 

(1) All nitrates in solution give rise to exactly the same Raman line, though 

in the solid state they reveal different lines This shows f hat the nature 
of the radical corresponding to this line is identical m all of them in the 
state of solution, which cannot be so unless they are completely dis- 
sociated 

(2) Raman spectra even with saturated solutions of nitrates taken with 
very long exposures did not show any trace of additional lines which 
can bo attributed to undissociated molecules 

(3) In some mtrates containing water of crystallization, e q , magnesium 

and strontium, the external frequencies which are revealed by the solid 
state are entirely absent in solution This indicates that, the molecular 
aggregates are completely disrupted m solution 

(4) Measurements of the variation of intensity of the 1220 X lme of sodium 
nitrate with concentration have revealed a direct proportionality 
between the two, this should occur only if the substance is completely 
dissociated even at high concentrations. 

/Summary 

Rainan frequencies of nitrates in the crystalline state and in the state of 
solution are given While m the funner state the frequencies are different 
for different mtrates, m the latter they arc identically tho same This is 
taken as an indication of the complete dissociation of nitrates m solution 
Spectra with large concentrations of sodium and ammonium mtrates, taken 
with very long exposure, did not reveal evou the slightest trace of any additional 
line due to undissociated molecules Determination of tho variation of 
intensity of the NO 3 lme of sodium nitrate with concentration has shown that 
the ratio of intensity to concentration is constant, indicating the exact pro- 
portionality between number of NO~ s ions and concentration It is therefore 
concluded that the study of the Raman effect leads to the hypothesis of com- 
plete dissociation of mtrates even at high concentrations. 
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The Theory of the Structure of Ethylene and a Note on the Structure 
of Ethane f 

By W (1 Pknnky, 1851 Exhibition Senior Research Student, Trinity College, 
Cambridge 

(Communicated by S Chapman, F R S — Received October 26, 19d3 ) 

There are two fairly distinct methods of attempting the solution of the 
structure of polyatomic molecules One is associated principally with the 
names Hand and Mulliken, while the other owes its development chiefly to 
Heitler, London, Slater and Pauling The former of these, which following 
Van Vleck.t we shall denote as the H-M procedure, allows the electrons to be 
fed, one at a time, into a self-consistent field possessing the symmetry of the 
nuclear framework Each energy level can absorb two electrons on account 
of the spin degeneracy, Hnd the levels are filled in succession until all of the 
electrons have been used up In contrast, the H-L-S-P method is based on 
the idea of electron pairs The spin of an electron on one nucleus is coupled 
with that of another electron on another nucleus to give a resultant spin or 
aero, and the pHir then form a saturated bond Pairing occurs between the 
spins in such a way aa to gn e a maximum bonding energy, and the number of 
free spins capable of lieing paired with electrons on other atoms constitutes the 
valency of an atom While the two modes of attack, when carried to a complete 
solution, are equivalent, they often bear little resemblance to each other, to 
the approximation to which they are generally tractable It is therefore 
important, when considering any problem of valency, to make calculations 
both ways, and if the results agree, one can feel fairly sure of their accuracy 
It is the principal aim of the present paper to attempt such an attack on the 
ethylene molecule CH 2 -CH, In addition, some interesting results will be 
given on the ethane molecule CH 8 -CH a 
Pauling! and Slater|j have suggested rather tentatively that with ethylene 
the four valence electrons on the (' nuclei are arranged with tetrahedral 
symmetry, just as thev are in the methane molecule This would make the 
H(Ti angle 109 5 U , and the two pairs of electrons comprising the double bond, 

t A preliminary account of the earlier portions of this paper were given at the 1983 
Washington Meeting of tho American Physical Society 
{•J.Chem Phys.,’ voi 1, pp 177,219(1988) 
f M Arner Chem Soo ,* voi 68, p. 1807 (1981) 

|| * Phjm. Bar voi. 37, p. 481 (1931). 
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similar In order to get the maximum overlapping, and hence presumably 
the least energy, all six nuclei must lie in one plane We shall discuss this 
model in some detail and show that by a slight redistribution of the bonds an 
even more stable arrangement is possible Mullikenf has proposed essentially 
the same typo of double bond as wo employ, but he did not make any detailed 
calculations to establish the point HiickelJ has also considered the ethylene 
molecule, and he concluded that it is the tc-« bonds which provent free rotation 
about the C-C joint We shall establish this point in much greater detail 
than he did, and prove at the same time that if one of the CH a groups is rotated, 
the position of minimum energy is attained when all six nuclei lie in one plane 

There is one position of the nuclei, “ the right-angled model,” that appeals 
at first sight more stable than any other Tf the HCH angles aro made right 
angles and the HCH planes parallel, it is possible to have a pure p-bond between 
each H and its C atom, and for the double bond one pure tt-s and one pure p-p 
bond The criterion that the most stable configuration is that with the most 
overlapping would seem to favour this arrangement However, a closer 
examination shows that there are other arrangements which involve a large 
amount of hybndization,§ sufficient to render them oven more Btable than the 
somewhat cunous model just described 

One can obtain very simply a rather entertaining result on the ethane 
molecule It is that there is free rotation about the C-C joint, both in the H-M 
and the H-L-P S approximations, provided interactions between any two 
hydrogen atoms and between any hydrogen atom and the distant carbon atom, 
are neglected 

We proceed to give these ideas more exact formulation 

The H-L-F-S Approximation for Ethylene. 

Our computations are based on the well-known formula of perfect pairing 
W = Q + SJ„ — J 2 (1) 

i it* 

where W is the energy of the configuration apart from atomic terms, Q is the 
Coulomb energy, and the J are defined as the diatomic two-electron integrals 

J (o,) (6 a ) H+ (6,) * (a,) dv, dv t (2) 

t * Phys Rev voL 43, p 279 (1933) 

$ ' Z Physik,’ voL 00, p 423 (1930) 

S When wave functions / and g from two different families have nearly equal energies, 
they may “ hybridise,” so that the functions to be taken are of + bg and ef + dg 
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Here a l represents the co-ordinates of electron 1 relative to the nucleus a, and 
H is the Hamiltonian operator The summation is over all pairs (», k), 
a — term arising from any two not coupled to zero spin , » e , not forming 
a bond, and a J i{ from each pair forming a bond Our calculations bring 
out very dearly the importance of hybridized is ave-f unctions , by allowing 
some 2* wave-function to be mixed in with the various wave-functions, still 
retaining the aggregate carbon configuration 2# (2 p) 9 , the bonds are made 
very much stronger In consequence, the molecule constructed with them 
gams enormously in stability As is usual, we shall neglect the (Is)* shell of 
car lion, the interaction between any t\\ o hydrogen atoms, and the interaction 



Fio 1 - Tho figure illustrates the 
right angled model The bonds 
between the C and U atoms are 
pure 2pa and the double bond is 
made up of one (a, a) and one 
(o, o) band Tho energy of the 
configuration does not depend 
on* 


be tween any hydrogen atom and the distant 
i arbon atom Furthermore, we shall ignore the 
presence of the higher quantum orbits of both 
C and H in tho expansion of the complete 
wave-function in terms of tho unperturbed C 
and H wave-functions 

It is necessary to introduce two kinds of 
exchange integrals, the C which have four 
suffixes, and the N which liave two These 
integrals are exhibited m (4) The 13 arise from 
two electrons which are always on one or the 
other carbon nuclei Two of the suffixes define 
the initial state and two the final With the 
integrals N there is always one electron on a 
hydrogen nucleus and one on a carbon nucleus 
Two suffixes are sufficient here to define the 
mtigrai since it is assumed that an electron 
on a hydrogen nucleus is always in a (is) 
state 

We consider now several plausible arrange- 
ments ot the ethyleno molecule Since the 
“ right angle ” model is by far the simplest 
algebraically, we start with it 

The Right-angU Model —Let us arrange the 


model so that the line is vertical , denote the upper C uucleus by C a and 


the lower by C k Take as the axis of z the upward drawn line through the 


two carbon nuclei, and as the * and y axes, the lines joining C a to its two H 


companions, such tliat (x y, t) is an orthogonal, right-handed system of axes, 
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of origin U a The lower CH a group may be specdied by the left-handed 
system (x\ y\ s'), of origin C*, where s' is taken in the opposite sense to z 
Denote by <f> the angle between the x and the x' axes 
The choice of wavo-functions is ns follows — 


•MHj) , +.(2/*.) • <HH,) i.(3/w t ) 1 

4* (14) . +b (2/*t, ) . 4» (14) . <4 (2/». ) . J* <i) 

'I'. (&) . 4>fc (2*) • 4>« {it «,) . 'W (2/W, ) - J 


where members of a pair with balancing spins are separated by a comma, and 
pairs are separated by semi-colons Here (H) is simply the wave-function 
of the (Is) state of H By i{< B (2pa t ) we mean that this is a 2p wave-function 
on the C a nucleus, 2 lioing the axis of quantization and a denoting tliat m, 
is zero with reference to this axis Tins wave-function clearly has the form 
2 / (r a ). There are, howe\ < r, two 71 wave-functions, < o responding to »»j = 1 

respectively, and these may be taken m either real or complex form We 
prefer the real form and take ^ » (2jwJ = +« (2/nr,), which has the form 
a #{r a ), and 4 a (‘2po„) — iji a (2prr ,) which has the form yf{r a ) The equality 
signs are a consequence of th« fact tliat a 2 p wave-fimction which is of the <r 
type with reference to one axis of quantization is of the n type when referred 
to an axis of quantization perpendicular to the former The notation n and 
tt' is to remind ourselves that there are two types of 7t wave-functions. 

Neglecting the atomic and Coulomb parts of the energy, we obtain on using 
(2) and (3) in (1) - 

W - V.„ air - ( j-c„„ I 20^, | 2C„„ 

-b C„n. 4- C,„, - 4N„ 4- 1N„ I- 2N„ 

where 

= ~ * j f{+. K) 4* (P.) H ( Yl ) 4-. (»s) 

f (8.) 4'* (T.) H (Pi) («.)} dv t 


= ” *j Jtyi.K) 4*. (*.) H 4c (Pi) *J*h (*,) 

f +u (# 1 ) 4« (P«) H (* 1 ) +11 (**)> < lv i do t 


H/e 4 = — - 


K r,, r 


Here, for example, 4« (*i) means the wave-functiou of electron 1 on the u 
nucleus in a quantum state « The minus sign has been inserted into the 
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definition of the integral C to make certain of the more important integrals 
positive Subscripts it and it' only occur together, and the prunes denote that 
the 7t and 7t' wave-functions have their axes of symmetry perpendicular to eaoh 
other It may be remarked here that any integral C with one or three 7t 
suffixes, or any integral N with one it suffix vanishes, as can be seen very simply 
from the symmetry properties of the wave-functions 

The angle tf> does not appear in the expression for the energy, and hence 
within the limits of our approximation there is free rotation about the C-C 



Fro 2 — The figure illustrates an ethylene 
molecule built on tetrahedral wave 
functions (Slater and Pauling’s original 
suggestion) Thu arrangement is not 
as good as that shown in fig 3 



Fra 3 — The figure illustrates tho <■> model 
When — 0 we have “ plane ethyl 
ene ” and when <(> = tc/2, “ perpend i 
oular ethylene ” The angles to and $ 
are to be chosen to make tho energy a 
minimum 


joint We postpone a discussion of the signs and relative magnitudes of the 
various integrals till later 

The SUUer-Panhtuf Model — Next in order of simplicity is the Slater-Pauling 
model The reader will proliably understand immediately from the figure 
the way that the various atoms are disposed in this particular arrangement 
Eaoh C atom has four tetrahedral valence arms, two of which point away 
symmetrically from the remote C nucleus, and are saturated with H atoms 
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The four remaining valence arms are coplanar and constitute the double bond 
It is seen that all six nuclei be in one plane and that the HCH angle has the 
tetrahedral value 109 5° The appropriate carbon wave-functions are 

(2/>> o,) -f- (1/3)' ij; (2*)1, 

where ^ (%]>, <r ( ) means that the 2 p wave-function is dime ted along one of the 
four tetrahedral Imes radiating from the C nucleus 
After some manipulation, the energy is found to be 

W -- 5 (C„„ +- r,„.)/lb b 0„„/4 )-<V»., + r >(2C„„ b 2C„„ -I CU,)/« 
- 3 (2C„„. + 2C„„ f C„„)/8 - 3 (2C„„ + 2C„ r . + C, w )/8 -b i (C,„, 
-I C.„.)/4 + 3 (C„,„ + C„„ b 0„„)/2 - 6N„/2 + }N„ + 4N..-3 (3)» N„ 

where the mtegrals are dehned by equation (4) As before, Coulomb and atonuc 
energies have been omitted We shall return to this formula later 

The a- Model — We now discuss the arrangement which we beheve to be the 
one actually realized m nature It is assumed that the plane of either CH a 
group contains the other C nucleus The model then has two angular para- 
meters ti> and <f> whose values are to bo chosen so that the energy has its mini- 
mum value The choice of directed wave-functions for this model has been 
given by Van Vleck ( loc cU) Construct on the nucleus C, a right-handed 
system of axes (*, y, z) with C«z pointing away from C* and with the x-z plane 
containing Hi and H, Construct on tho C 6 nucleus a similar system of axes 
(x' t y\ z'), these, however, being left-handed with H a and H 4 lying in the x'-z* 
plane Denote by <j> the angle between the x and the x' axes, and by m any 
of the four equal angles H 1 C a x, (k - IljCga:), HjC^x', (tt — HfC^x') 

Tho directed wave-functions are as follows — 

m). ^ (Hf). (H,), <\> (H 4 ), 

( 2 7>, *»)> 'K (2p, «*), 

(I *b cos 2to) 4 (2p, Of) -b (cos 2d >)* i|/ a (2s)], » = and H t 

(I -b cos 2to) * li|'» (2p, o») + (cos 2 ( 0 ^ (2s)], k - H 8 and H* 

[A (co)]J [— cosec « cos 2<o i];, (2p, a,) -f (cos 2<o) 4 1 \i a (2s)], 

[k («)]* [— cosec w cos 2(o (2p, o rt ) + (cos 2«)* (2s)], 

with 

Ijk (w) “= oomo* u cos* 2<o ■+■ oos 2u 


( 8 ) 
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Proceeding exuctly as before, one can obtain the expression for the energy 
After collecting terms and rejecting Borne which vanish from symmetry pro- 
perties, we find that 

W- (J„„(l- .1 cos* ^/2) -|- -Jwn 1 ^) f j \ C',„ f 

(- 1 ( - 11 -f- 12 sec® w — <5 set 4 w) ( + 1 (- 2 -f 6 sec* to - 1 sec* to) C m , 
— 3 tan* to **t * (o < os 2 to (( J ( -j 

I •> sin to sci * to (cot. 2 to) 4 [cos 2 to 

+ sin* to<J mir J -4 (2 1 set * to) N„„ l-(- 1 J lw<*to)N w | 4N„„ 

— () sec*to (tos 2to) i N,,, 

As usual the atomic and fkmlomb terras are omitted These aie presumably 
the same for all models the atomic terms need not concern us, but we give 
now the expression for the Coulomb energy Q 

!- D, m , + 2D„„ | 2D„„ | 4D„„„ 
i 4T). r „ j 21) „„ -) 4M„, 1- 4M„ I- 8>!„„ 

U here 

lVv« ' i h-k(y, )+»(».) 

1 k (Yi) 'i'li (* s > Hijt» (Xj) I^ u (Pa)} dvj dv., 

| |tt'H (<.) (*,) («,)k (p,) 

■I 'J'h (*i) 'I'. (Pi) H'ki (*.) k (**)} du \ 'h i> 

and H is dehned b) (1) Notice that 1) and M, unlike (', have no minim sign 
in their definition 

A brief explanation of why the angle <f> dot's not appear m the expression 
for the energy of the right-angled model while it does in that of the co-model, 
may be given here The essential point is that with the right-angled model 
there are no 7r-7r bonds, and when the summation — for interactions 

between bonds is made, the dependence of W on ^ disappears With the 
co-model, however, there is a 7r-7r bond, and as the contribution to the energy 
from a bond has a coefficient +1 (compared with — $ for electrons in different 
bonds), the angle <f> still remains explicitly m W 
We have now expressions for the energy of three plausible models The 
important question arises as to the signs and magnitudes of the various 
integrals We devote a special section to a discussion of this point 
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Dtscuaston of Stgns and Magnitudes of Various Integrals — There are three 
possible ways of determining the size and approximate magnitude of most of 
the integrals appearing in our equations The simplest is the criterion of 
maximum overlapping This would tell us, for example, that 0 is positive 
and quite large, N„ is negative and fairly small, and so on The second 
possibility is from the work of Bartlett and Furry! on the Li 2 and Be, mole- 
cules We can obtain some very useful information from the tables givin 
in then papers The third possibility is from the celebrated iigurc given by 
Mulliken J for the behaviour of the i nergy levels of various diatomic molecules 
as the mtemucleai distance is decreased from large distances to small On 
the whole, the three methods agree fairly well, and fortunately, those integrals 
whose sign is doubtful are small, and not ot mueh consequence 
Bartlett and Furry in their work use conjugate complex wave functions 
(J>±*y)f{r) while we use the real wave-functions xf (r) and yf(r) It is 
therefore necessary to get the transformation scheme from their integrals 
to ours This is obtained without much trouble by the use of simple trigo- 
nometric identities 

- -I 10 , (W -= J' (**. 00), JC„„ 11) 

- v (si, *1), e„„ = - I u , c w -I, 

C„.. - 1 8 /2, C w „ m — — I a — tg/2, c wr = i [J' (*«, 30) - J' (**, 0i»)) 

The remainder of our integrals do not occur m the expressions for those energy 
levels which were calculated 

Perhaps the most interesting integrals are (J,,,. and „ w , since it is 
the relative magnitude of these two whioh determines whether the angle <f> 
is zero or tc/2, i e , whether “ plane ” or perpendicular ’ ethylene is the more 
stable According to Bartlett and Furry t 8 is small and positive, while I, 
18 much larger in magnitude aud negative m sign As a consequence, the 
7Mr bonds are bonding This agrees with Mulliken’s iigurc The criterion of 
maximum overlapping does not give very defimte information on the sign and 
magnitude of these two integrals, but our i-onclusions seem very reasonable 
when this test is applied to them We therefore have obtained the important 
result that plane ethylene is more stable than perpend u ular If (J,,,, were 
negative and larger w absolute magnitude than V„ „ the n n bonds would 


t J K Bartlett, jr , 1 Phys Uov vol 37, p r >07 (1931) , Furry and T H Bartlett, jr 
%bui , voJ 38, p 1815 (1931) , vol 39, p 210 (1932) 
x ‘ Rev Mod. Phys vol 4, p 40 (1932) 
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be anti-bonding if ooupled to aero spin, but then, of oourse, we would couple 
them to a spin of unity For the dependence of W on ^ we then find 

(1 + 1 oos* 4) -f C„ . „ (I + * sin* <f>), 

and once again the plane model is the more stable The fact that ethylene u 
not paramagnetic rules this case out 

One can substitute the numerical value of C„„ as calculated by Bartlett 
(foe at), to evaluate the dependence of the energy W on <j> It is found that 
W = 31, cos 2^/4 Taking an effective nuclear charge of unity and an mter- 
nuolear distance of 8 gives 0 178 volts as the total variation with <j> For 
R — 6, the figure is 0 376 volts These values seem rather low, especially 
as the latter is, m a way, an upper limit Dt Sutherland has kindly informed 
the writer that from data (not yet published) on the infra-rod Bpectrum of 
ethylene, he has concluded that there is a fundamental twisting frequency 
of about 760 wa\ e-numbers (1/10 volt) Eucken and Partsf have observed 
independently a similar value from their work on specific heat determinations 
When allowance is made for the half-quantum zero point energy, it is seen 
that a lower limit for the deptli of the trough is about 1/6 volt £ 

According to overlapping considerations C« w is large and positive, and 
one would expect it to be the greatest of all the integrals Mulliken (foe at.) 
has it large and positive, but Bartlett has it negative This gives him (to)* 2 d ~ 
for the ground state of a molecule formed from two similar atoms, each with a 
single 2 p electron, an incorrect result The reason has been elucidated by 
8tehn,§ who concluded that the Heitler-London first order perturbation 
theory would give very poor results for any state involving a a u electron 
There seems little doubt therefore, that C„, is positive and large 
The integral is positive by all three methods, and in magnitude is 
fairly large One would expect all of the integrals C„.„ and to 
be positive, and of about equal magnitude, somewhere between that of C r „ r 
t ' Z. Phys. Chem.,’ B, toL 20, p 184 (1033) 

f [Note, addrA t» proof, January 10, 1034 — Applying the result* of Koenig on eigen 
values in periodic fields of potential (' Phys Rev ’ vol 44, p 057, 1933), wo find that 
in order to aooount for a fundamental twisting frequency of 750 cm -I , it is neoessary 
to have - 0 7 v e This gives about 1 v e for the difference of energy between 

plane and perpendicular ethylene Aooording to Pauling and Wheland (< Jour Chem 
Phys.,’ vol 1, p 302, 1933), C, m is about live Chemical evidenoe on the heat of 
activation of various compounds derived from ethylene seems to faiour the former of 
these estimates The calculation* will be described in a note to the Physical Society 
of London ] 


§ ' Phys Rev vol 42, p 582 (1932) 
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and that of C ttf . Now the choioe of relative phase of the 2* and 2 p wave- 
functions u still at our disposal and we can therefore take C M „ and C,,,, as 
negative Since N,„ is of a type similar to — C tM<r , N„, will be positive, a 
circumstance very favourable to the to-model Summmg up, we have 
approximately 

C„ w > - > C„„ = C.„„ - C„, > - > C.„, > 0, 

where the equality signs are not to be taken too seriously, but are probably 
satisfied fairly well 

We consider next those integrals with two ^-subscripts Both C wuw and 
are almost certainly negative and small, but tho remainder seem very 
uncertain However, they are not capable of affecting our results to any 
extent and so we do not trouble about them There still remain the integrals 
involving two H and two C wave-functions Those are well known (Van Vleck, 
loo ett) , N ff(r and N„ are positive and N„ negative We have already 
chosen N„ positive 

> N„> 0>N„ 

Companion of Energies of Different Models -Using the results of the previous 
sections, we can make a critical comparison of tho different models For the 
to-model there arc two parameters to and <f>, but we shall, of course, take ^=»0 
throughout, for reasons already explained The best value of to is probably 
a small one, perhaps about 25° To facilitate comparison with the Slater- 
Pauling model, however, let us take for to the tetrahedral value sin to == (1/3)* 
By doing this the hydrogen energies N in the to-model are made exactly equal 
to those m the Slater-Pauhng model, and the comparison is simplified aooord- 
mgly We find for the difference in energy 

W = - [3 (C„„ + C.J/10 - 3 (Q m „ + C„„,)/4 + 3 (CU. + C„ r h C„„)/4 
+ 3C„„/4] -f 3 [(Cto, + C ruw + C mr + -f- V,„„ -j- C„ M )— 2 (0„„ 

h(W + CU.)]/4 

The terms in the first bracket all favour the to-model The terms m the second 
bracket are doubtful, but m any case nearly cancel each other out. We conclude 
that even with this value of to, tho to-model is moro stable than the Slater- 
Pauhng model A few words may well be spent m explaining what the 
difference really is between the Slater-Pauhng model and the to-model with 
<f> = 0 and at the tetrahedral value The difference is solely in the double 
bond The to-model has a strong (a, a) bond along the C-C axis and a weak 
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(tc-tt) bond perpendicular to thin axis The Slater-Panling model has two 
equivalent bonds which are not very strong because they are too much inclined 
to the C-C axis 

Let ns now compare the w-mwlel with the right angle model For con- 
venience take to = 30° We find 

W w „ M - W r = (ISO.*, „/6 -f- 4C' M1 ,/3 + 2 (2)* (2C„» g -j C m(r )/S — W„„,2 
- 2 (CU. + C^)/3J 1- 12 (N„„ - N„) - 4 (2)* NJ 

There does not seem any doubt that this quantity is negative, so that the 
to-model is the more stable of the two An even more convincing proof can bn 
obtained by taking, for oxample, cotan <■> — 3, but the expressions for the 
energy are rather too long to print It Bhould lie noticed that it is the hybrid 
terms winch gain the day for the to model 

This H-Al Apphoximation job Ethyianl, 

It is possible to make cal< illations on the ethylene molecule by the H-M 
method The secular determinants for the various models are readily set up , 
the difficulty is to solve them The assumptions tliat we shall make and th* 
general procedure that wo sliall adopt are very similar to those described by 
Van Vleck (loc oU ) We give only the barest minimum dent nption of these 
and refer the reader to Van Vleck’s paper for furthor details A oertam 
number of interesting results can be obtained without much trouble, but others 
need a very complete examination before their validity is established The 
trouble is briefly this the magnitudes of the differences of the binding energies 
of oarbon and hydrogen as they appear in the perturbation problem are only 
about equal to those of some of the resonance integrals If, therefore, one 
tackles the problem by perturbation theory, there aro difficult questions of 
convergence, and on this account oue may obtain quite the wrong result 
In addition, there is tho furthor complication that not even the order of the 
roots is known for certain There are in all twelve electrons to be established 
in the molecule, so that allowing for spin-degeneracy, the lowest six of the 
twelve roots of the secular determinant are required Two are undoubtedly 
much lower than the rest, and two higher, but the order of the remaining eight, 
of which four ore needed, is somewhat uncertain According as to which four 
are considered lowest, so the degree of the “ lomc-ness ’ of the resulting 
molecule is varied It one assumes, for example, what is certainly not so, 
that those four of the eight are much the lowest which are built up on oarbon 
root approximations, then the molecule is very ionic and the majority of the 
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charge m around the two carbon nuclei, leaving the hydrogen nuolei very bare 
All one can do in a situation such as this is to consider different variations in 
the order of the roots which may correspond to physical reality, to make 
plausible assumptions for the relative magnitudes of the resonance integrals 
and to examine how the stability of the molecule changes as these various 
factors are changed Bv such a process we attempt to show that plane ethylene 
is the most stable 

The same general method of attack, is to Ixi adopted as was employed in 
the H-L P-H approximation , that is, we shall endeavour to discover which of 
several possible models is the moat stable from symmetry arguments, it 
is very reasonable to suppose that the plane of one CH a group aud the plane 
of the other CH a group are either (a) coincident, or (h) perpendicular, or (c) 
parallel, and that the two hydrogens m either CH a group are equivalent and 
symmetrically situated with respect to the C atom Wo oould decido between 
(a) and (6) by mimmizmg the energy with respect to the azimuth <f>, and, in 
fact, we set up the secular determinant m a way that would permit this. It 
turns out, however, that the determinant is so much simplified by puttmg 
<j>~0 or <f> — w/2, that it is worth our while to make these substitutions 
directly and compare the roots m the two cases To get the best results 
from (o) when it is agreed that H-H repulsions are to bo neglected, one would 
uaturally take the HCH angle as n/2 In other words, (c) is the analogy of our 
old right -angle ’ model We now wish (o prove that («) m better than (c) 
This must be accomplished by a suitable choice of the angle 6> = (rc — HOH )/2, 
the best value of which we believe to be small It should bo noticed that 
there is no point in introducing a case (d), based oil tetrahedral wave-functions, 
because this would only givo us the same secular determinant in another guise, 
and would change neither the roots nor the final wave-functions. 

The molecular wave-functions for the ethylene inoleculo are to be taken as 
linear combinations of the twelve wave-functions 

<Ji (Is, H,), (* = 1,2, 3, 4) 

* (2j*t„ C,), * (2pa„ C,), 0 = 1,2) 

suitably centred around their appropriate nuclei The axes of quantization 
( x , y, z) may be conveniently taken as an orthogonal set with the z axis corre- 
sponding with the C-C line These wave-functions are solutions of the 
equations 

LV* + (BiAn/h 1 ) (W*° - VJ] <J/ (2k, C) = 0 (k = * or p), 

[V* + (8i**/h») (W H - V H )] * (is, H) = 0, 


VOL CXUV — t 
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where V H and V c ere mutable “ self-oonawtent field ” potential energies of an 
electron in the field of an H and C atom respectively For the convenience of 
the reader, we redefine Van Vleck’s integrals, which have one suffix or none, 
and some of our own, which have two — 


B - j|(ls, H*)*V c dt), C* - j + (2*,, C)» V„‘ dr, 

Dh ■= — j + (2®, C) (2ff| 0) Vji* dv, 

Q* H^) (2k it G) V H ‘d V , 

R l (1*, H<) «j/ (2&, (J) V 0 dv, 

T* - HJ + (2*ft 0) lie, 

M w - - J (k a , C) «V 0 * dv, S„ - j <|/. (*>. C) ^ (/., (J) dv, 

D 0 = — j^ a (2s, 0) + a (2 «t», C) V c * dv, 

N = _ l +• <*» C ) (*•> U) { Vo* +- Vc*} dv 


(<>) 


Here k and l represent 7t, a, or >« The suffix on k oil denotes the axis of spatial 
quantisation. Once again a and 6 refer to the carbon nucleus, and » to the 
hydrogen nucleus, which is under consideration Notice that T and S are non- 
orthogonality parameters whereas the rest of the integrals are energy para- 
meters. 

The <■ ymodd — We shall now set up the secular determinant for the o-model 
There are two possible ways of obtaining it Either very simple wave-functions 
may be employed and the determinant so obtained reduced by the application 
of some elementary transformations, or suitable wave-funotions may be taken 
to give the required determinant immediately The former is the natural 
line of attack, but on account of the difficulties of printing we adopt the latter 
method of approach, thereby avoiding the necessity of printing the secular 
determinants more than once 

Let us adopt a system of axes similar to that we used before , a right- 
handed set (x, y, z) on the upper nucleus C, and a left-handed set (a/, y', z') 
on the lower nucleus C, The z-axis and the x'-axw are taken parallel, and 
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£ and s' are taken oollinear but of opposite sense We denote by o> any of the 
four equal angles (it — HCH)/2, and by <f> the azunuth of H x as measured from 
C a x Then the azimuth of H, is naturally (it -f- <j>) The azimuth of H 3 
we maintain as zero, and the azimuth of H 4 as it Consider the following 
twelve wave-functions, arranged m two seta of six — 

(1) [4. (2s) + 4, (2s)j/(2)*, (6) [4. (2s) - 4„ (2s)]/(2)l, 

(2) [4. (2 pa M ) f 4, (2 2 w.')]/(2)*, (5) [«|». (2jw.) - 4, (2 jw/)]/(2>*. 

(3) [4 (Hj) + 4 (H g ) + 4 (II,) (4) [4 (HJ + 4 (HJ — 4 (HJ 

+ 4 (H 4 )]/2. -4(HJ]/2, 

(7) [4. (2poJ -f 4* (2 pa w )J/(2)- J , (12) L4„ (ip®,) - 4> (2jw, )]/(2)*, 

(8) [4. (2po.) + 4» (2;w, )]/(2) 4 , (11) [4. (2 j*tJ - 4, (2p«r, )]/(2)‘, 

(9) (4/ (HJ - * (H a )]/('2)i, (10) [4 (HJ - 4 (H t )3/(2)* 

On calculatmg the matrix elements j 4«H 4»> where * ri presents any one 

of the upper six and (3 any one of the lower six wave-functions, H being the 
Hamiltonian, it is found that the integral is zero In other words, this choice 
of wave-functions has factorized the secular equation of order twelve into two 
each of order six Moreover, the first of these sixth order equations again 
factors into two cubica It is convenient, in the arrangement of these equations, 
to number the rows and columns to correspond with the way the wave-func- 
tions are numbered The two (a, <r) cubics may be written together in the 
form 


** ! 

a 

6 

•] 

g± 

c 


0 

H 


where 

F ± = W/ - 20, ± N„ - M„ ± S„ W - W, 

G ± = W, 4 - 2 (sin* co C„ + cos* «>CJ ± N„ - M„ ± S„ r W - W, 

H = W a + B-W, « = - S„ W - 2 sm D„ -f D„ 

6/(2)* = - Q, - R, + T.W, c/( 2)» = - sm oi (Q, + R. — T„W) 

N 2 
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The sixth order (it, it) equation does not factorize with a general value of 
^ It is 

J p a r p q 

p K t O ~q p 

s /HO/ 8 

1 __ _ ( 7 ) 

1 0 O H o - r 

p j —q t () 1 K, p 

9 | P ' r l> 1 

where 

J< =W, e -< 08*61(1 |-U»8*^)r„ — (I f 8111*61- 008*61 1.08* <f>) l' n 

± N„ - M„ ± 8„W - W, 

K a - W/ - 1 08*61 Kin* - (2 — ooh 2 oi sin* <f>) 0, 

± N„ i S„W -W, 

H = W H + B - W, p — 008 * 6 ) CCS </» Hill 0 (C, - 0 .) 

q = 008*61 am* <f> (C. — C„) li — Q„ + H„ — T»W, 

r =■ — L cob 6i * — r cos <f>, t ~ r mn tj> 

Two results are immediately clear In the first place, there is a decided 
hybridization of a and rt wave-functions, but no hybridization of a and it or 
of o and 7c wave-functions While this does not agree with the H-L-S-P view- 
point, represented by (5), there is no cause for alarm, since it is the type of 
contrast continually arising between the two methods The second result is, 
that as far as the dependence of the energy on <f> is concerned, we can confine 
our attention to the second of these determinants, since <f> does not occur in 
the first We do have to dcude, however, which roots must be taken out of 
the one determinant and which out of the other 

Let us for the present oonfine our attention to the second of these deter- 
minants li we put <f> 3 = 0, two of the roots, viz , K±, separate out completely, 
and one easily reduces the remaining quartic to two quadratics, which can be 
solved exactly 

J- !f( 2)* J., r (2)» 

\r(2) | H |r(2)T H 


with <b — 0 
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Tf we put <)> = tc/ 2 in the deternnnant, there is again considerable simplifica- 
tion and it factorizes immediately into two identical c ubics 

J- r 7_ 

r H —r with <f> = njl, .1* — K ± . 

q -r T t 


The question of the determination of the roots of this oubic now arises One 
is tempted to use perturbation theory, but unfortunately the results by this 
method are not satisfactory In the first place the ordinary formulas must 
be modified to allow for the presence of the ofl-diagonal elements m W 
Fortunately, these ore already of second order, a circumstance which allows 
the roots to be obtained to tho fourth order without too much extra com- 
plication One can assume that the carbon roots are a good way below the 
hydrogen, and thus expand in {lowers of r/(T - H), etc , taking for the four 
required roots those built on J _ K_, J + , K + Alternatively, one can assume 
that the H roots are much lower than the C, and again the expansion can be 
made in powers of r/(J — H) This time, however, onlv the two H roots are 
required from this determinant, and from the (s, <j) determinant are to be 
taken the other two H roots and the lowest two C roots With either approxi- 
mation, one finds that it is not until the fourth order terms are included that 
there is any difference between <f> — 0 and <f> -= it/2 Even then, the fourth 
order terms practically balance out, leaving a residua) of equivocal sign 
Although this is rather a troublesome state of affairs, it is really due to our 
having limited tho size of the various parameters sufficiently to render the 
perturbation approximation valid The difference between the energies of 
plane and perpendicular ethylene can hardly be calculated as a fourth order 
term, although it may be rather small 
As a last resource, it was decided to try numerical values m the equations 
and to examine the rotational stability in this way The roots are not very 
difficult to obtain numerically once the values of the various quantities have 
been specified, and a simple addition of roots decides immediately between 
<j> = 0 and <f> ~ n/2 We have tried wide ranges of values m the different 
parameters, and it seems probable that with values corresponding roughly to 
those m the actual molecule ^ = 0 is the best arrangement However, the 
rather amusing result is obtained that for a highly ionic molecule perpendicular 
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ethylene is very slightly mow stable than plane ethylene We give now a few 
illustrative examples. For the angle o> we assume a value 30°, for the non- 
orthogonality parameters T, = 0 25, 8„ = 0 20, and for the various 
energy parameters, m volts 

H - W,° 4 M„ = 1, N„ = 3, Q, + R„ = 2 (3)*, C, = C„ = - 1/0, 
N„ and N„ equal and each 5 volts. 

Later calculations must decide whether these values aw anywhere near the 
truth or not Mow important for our present purpose are the ratios of the 
various energies, and these should not be too inaccurate The roots aw to 
be taken as follows two C and one M from the (a, a) determinants and one C 
and two H from the (it, n) determinants It is found that with this very non- 
polar molecule, plane ethylene is at least 11 volts better than perpendicular 
ethylene (we cannot give the exact figures without specifying the (*, a) deter- 
minants exactly) This is almost certainly too large a difference f 
If we take II + M„ — W p ° = 10 volts, and leave all the other quantities 
tiie same, we get a very lomo molecule with most of the charge around the C 
nuclei. This time perpendicular ethylene is about 1/25 volt better than plane 
ethylene If we take H -f M„ - W p c = 3, and reduce N„» to 1 volt, wo 
stall have a fairly ionic molecule, and it turns out that perpendicular ethylene 
is 1/10 volt better than plane With H -f M„ — W„ c — 2 and N„ = 2, 
perpendicular ethylene is 0 28 volt more stable than plane By increasing 
or decreasing H + — W p c beyond these values, however, plane 

ethylene soon becomes mow stable than perpendicular This is caused by the 
root K + of tho plane configuration becoming positive, and an H root for it 
can then bo taken from the (s, o) determinant The above calculations can 
be very easily modified whew the hydrogen roots aw below the carbon, and 
one obtains the Bame conclusions as before, that for a molecule which is not 
too highly ionic, plane ethylene is mow stable than perpendicular. While 
it cannot be said that our calculations by the H-M method decide definitely 
in favour of <f>~0, they do at least wveal how great will be the difficulties 
of making exact computations of the energy diffewnce between plane and 
perpendicular ethylene by this method. One would certainly expect the 
variation of the energy with <f> to be very much mow than in the very sym- 
metrical ethane molecule, whew it is only the H-H wpulsions that givo any- 
thing of total amount 1/00 volt J Probably the true situation is somewhere 

t Perhaps not after all Su footnote, p 174 
X Byring, ‘ J Amer Cham Soc.,’ rdL 54, p. 819 (1033). 
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between our numerical examples one and four, perhaps a little nearer to one 
If this is so, then plane ethylene is better by a fraction of a volt, but it is not 
fair to claim that we have proved this. 

We have now to examine the dependence of the energy on <■> This problem 
also is too complicated for even an approximate solution, but one can see in 
a rough sort of way that a fairly small positive value is required. The one 
term in our approximation that decides that w is to be positive is c, just as in 
the H-L-P-S approximation it was the analogous terms and 
The (s, a) determinants have terms in urn to, and the roots would have their 
best values with to = rr/2, but the (it, it) determinants have terms only in 
cos to and the roots here would like to liave to = 0 Since the diagonal 
elements in the former determinant are more widely separated than those in 
the latter, and since the former has only one root strongly affected by to while 
the latter have two, it is plausible that the best value of to is a small one It 
is not obvious at hrst sight why to is not actually zero, but numerical calcu- 
lations again elucidate the point and show that to may b« small but is not 
zero 

We have finally to consider the stability of the to-niodel compared with that 
of the right-angled model Once again the situation is such tlmt until some 
more information is available on the magnitudes of the various quantities 
appearing in the equations no satisfactory answer uui be given The author 
was not successful in discovering a transformation wluch completely eliminated 
the appearance of <f> from the secular equation of the right-angled model, but 
the dependence of the roots on <f> is obviously less than it is in the w- model 
Little is lost, therefore, by putting <£ — 0 directly, and the equation then 
factorizes into two quadratics and two quartics While it seems likely that 
the roots are not as favourable as those of the co-model, the argument is so 
incomplete that we do not give it The conclusions of the H-L-P-S approxi- 
mation on this point must be accepted. 

Thf Kthank Mot kcdlk 

Calculations very similar to those made on ethylene can be made on ethane 
It is a relatively simple matter to write down expressions for the energy, but 
there is no advantage in doing so, since there can be no doubt of the approxi- 
mate structure of the molecule, and that is all our calculations can give. There 
is, however, one interesting result which we shall obtain, namely, that both m the 
H-L-P-S and the H-M methods of approximation there is free rotation of the 
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CH, groupi around the O-C axis, provided interactions of any H atom with 
the distant C and H atoms are neglected 
The choice of directed wave-functions suited to this example is that given 
by Van Vleck (loc cd ) for a pyramidal model of methane We arrange three 
H atoms around each C atom, symmetrically with regard to the C-C axis 
The angle HOC, which wc denote by 0, and the angle <f>, by which we denote 
the azimuth around the C-C axis of one CH a group with respect to the other, 
then specify the ethane molecule, apart from scale factors The wave-function 
of an electron on a C nucleus, entering into a bond with an electron on the 
other C nucleus, is given by 

^ — (1 - 2 <otan* 0)* ip (2/>, o ( ) - 2 1 cotan 0'| (2»), 

while any of the three ehctrons on the C nucleus forming bonds with the 
electrons of three adjoining H atoms, is given b> 

<Ji H = (2 cosec® 0/3) 1 <p (2 p, c H ) -j- (1/d — 2 cotan-* 0/d) 1 ip (2a), 

where <r c and n u mean that the electrons are a electrons when viewed along 
the C-C and the C-H lines respectively 

We do not attempt to calculate the energy and then minimize it with Tespect 
to 0 The principal integral, however, is probably C„„ and one would 
therefore make its coefficient rather larger than it is with tetrahedral wave 
functions In other words, the angle 0 is probably smaller than the tetrahedral 
angle and the three C-H lines radiating from each ( ' nucleus must enclose a 
slightly larger solid angle thau they do m methane The effect of the H-H 
stenc repulsions will be to increase this angle still further 
Let us now consider how the angle <f> appears in the expression for the energy 
Clearly, the energy must have trigonal symmetry expressed by the relation 

W(^) = W(^ + 2tt/3) - W (<f> f 4it/3) 

In the expression for W by the II-L-S-P approximation, the angle <j> can appear 
only in a limited number of wayB It tan conceivably arise as cos* <f>, am* <f>, 
cos <f> sm <j>, cos <f> and sin <f>, each term with different coefficients But with 
each term must arise two others obtained by increasing <f> by 2 tt/ 3 and 4 tc/ 3 
respectively Performing the snnple addition, it is easily verified that W is 
independent of <f> That is, there is free rotation of the CH a groups around 
the C-C axis, to the approximation we have considered When one allows 
for the H-H interactions, <f> will appear implicitly m the H-1I exchange integrals, 
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because the distance between mi H atom of one OH t group and an H atom of 
the other depends on <f> 

We consider now the situation as viewed from the H-M viewpoint The 
molecule as defined above by the angles 6 and has sufficient symmetry 
to induce considerable factorization of the secular determinant There are 
two types of resonance terms, those botween a carbon atom and tho hydrogen 
members of its group, and those between two carbon atoms We agree to 
neglect resonance terms between any two hydrogon atoms and between any 
hydrogen atom and the distant carbon atom Let us take the C-C axis vertical 
and choose a right-handed system of axes (x, y, z) about the upper nuoleus 
C„ and a left-handed system (x' t if, z') about the other nucleus C 6 We make 
sc' parallel to as, y' parallel to y, and z' pointing in the opposite direction to 
z The choice of carbon wave-functions which practically diagonalizes the 
carbon-carbon interaction is 

'I'. (2p. <*.) ± (2 p. ) 

+. (2p, a.) ± 4>» (2 p, o.) 

(2p, «,)± +»(2p, cr,) 

We have now to defim tht locution of the liyilrogen atoms Suppose tin 
lower three to be kept fixed, one of them lying in the xY plane We can 
write the wave-functions for these as 

<MH,») ->»(H,2tc/1) * 6 (H,4t c/1) 

Similarly, if we denote the azimuth ol om ot the three upper H-atoms by <j>, 
the wave-fuTutiorm of these can be written 

(H, <f>), (H <f> J 2w/3), (H, 4> -f 4 tc/3) 

We are now m a position to write down the secular determinant but it 
will huv c such a form that its mdepcndi tu c of <f> is bv no means obvious We 
introduce the trigonal wav< -functions 

^1 ^ L+- (H, ft + +. (H, + + 2*/S) f- h (H, 4> f 4 tv/3)]/(3)4, 

T, = (H, <j>) - (H, 0 + 2tt/3) - (H, <f> + 4tc/3)]/(6)4, 

V. = L4-. (H, <f> + 2ic/3) - (II, 4> + 47t/3)]/(2)‘, 
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with similar definitions for T 4 , Tg. and which refer, of course, to the 
H-atoms on the C 6 nucleus We now take the combinations 

V m (10) 

cos <f> - sin 4> T a , sm <f> y, + cos <f> T, 

Tp V* 

It is easily verified that the secular determinant is independent of and 
furthermore that it iac tonses directly into a detenmnant of order six, involving 
wave-functions (8) and (10), and one of order eight involving wave-functionH 
(9) and (11) Additional factorisation is obvious, and one obtains without 
any difficulty the twice icpeated quadratics and the cubics 




Vi = W„ c f N„ - M„ - ft cos* (('. - 0,)/2 - 30. -W± W8„, 
a = (3)‘ cos « (Q. + R. - T. W), H = W„ f B - W, 

Q± = W. c ±N m - M„ - 3C, - W ± WM„, 

R± = W, c ± N„ - M„ - 3 (sm* u C. + cos* a>C.) - W ± WS„, 

P = - N i<r + S.„ W + 3 sin to D u - D r , y -- — (3)1 (Q, + R, - T.W) 

8 = (3)*(Q, + R.-T»W) 

We do not attempt the solution of these equations, but it is instructive to 
exhibit their form. We see that there is considerable hybridization of the 
2s and the 2 per, wave-functions, but that the initial 2pn t wave-functions do 
not acquire any 2« wave-function m the approximation we have considered 
If we insert teams to allow for the interactions between an H and a distant 
C atom, the secular determinant is much more complicated Either correction 
alone is sufficient to spoil the dependence on <f>, and one has to develop the 
roots to a high perturbation approximation before this type of integral appears 
with a coefficient depending on <f> In the H-L P-S approximation there is, 
of course, no dependence on <j> at all, and it is only the H-H interactions which 
give anything. Eynng (loo oU ) has considered this problem and shown that 
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the most stable position is <f> = 0, although the fluctuation in energy as ^ is 
varied amounts to only 1/60 volts (0 4 kg cal per mol ) 

Calculations are now m progress on the N,0 4 molecule to determine which 
is the most stable one of the three models that have been proposed t Expen- 
mental evidence is largely in favour of the one similar in shape to the ethylene 
co-model discussed at some length in the present paper, but it is as well to have 
the additional check of theoretical computations An effort is also being made 
to extend the calculations of HiickelJ on the benzene ring, by taking account 
of the bonds in the plane of the ring as well as those perpendicular to it 

A considerable part of the work described in this article was performed at 
the University of Wisconsin The author wishes to express hw deepest 
appreciation to Professor J H Van Vlock for m valuable guidance and stimulus 
so readily offered at all times He also wishes to thank the Commonwealth 
Fund for the award of a Fellowship which made possible his Btay m the United 
States of America 


Summary 

Calculations have been made to determine the structure of the ethylene 
molecule Two modes of attack are employed, that of electron pans and that 
of molecular orbitals The two methods give consistent results It is shown 
that the most stable arrangement has all six nuclei coplanar, with a large 
HCH angle, perhaps about 130° The energy needed to rotate one of the CH, 
groups through rc/2 about the C-C axis is quite small, probably about J volt 
Similar calculations on the ethane molecule show that it is only the H-H 
repulsions that prevent the free rotation of the CH, groups about the C-C 
axis. 

t Mellor, “ Treatise on Inorganic Chemistry,” vol 8, p 646 
t E. Hiiokel, ‘ Z Physik,’ vol 70. p 204 (1930) . vo! 72, p 310 (1931) 
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Free Paths and Transput t Phenomena tn Gases and the Quantum 
Theory of Collisions 1 I The Determination of the Lutes of Force 
between Ato'ms ami Molecules 

B\ H ft W Massi y, PhD, Semoi 1851 Exhibitioner, Tnmtv (.'ollegi , 
Cambridge , and C B 0 Mohb, PhD Trinity College Cambndg' , 
1851 Exhibitioner, University of Melbourne 

(Comm time at<d by J E ijuinard- Tone*, F R S Received November 1 1933) 

The quantum theory has providod a means ot calculating the interaction 
energies of two atoms by a perturbation method It appears that the Bhort 
range interaction forces are due mainly to electron exchange phenomena 
between the two atoms, while the van der Waals forces arise from mutual 
polarization effects * The theory gives the first of these forces in the first 
approximation, while the van der Wuals forces appear only m the second 
approximation At largo distances, where the interaction is small, it ih 
somewhat surprising that the first approximation is not sufficient, and one is 
led to doubt the act uracy of the method when applied at distances at which the 
first and second approximations give comparable results \t these distances 
the mutual potential energy is comparable with the mean kinetic energy of a 
gas atom at ordinary temperatures, and it is therefore clear that a study of 
gas-kinetic collision phenomena should provide a satisfactory test of the 
validity of the perturbation method in this region It is the object of this 
paper to tarry out a number of calculations with this aim m view 
In a previous paperf the quantum theory of collisions was applied to gas- 
kinetic collisions, and it was shown that, although the classical theory can be 
used with accuracy to determine the law of force from viscosity and diffusion 
phenomena associated with heavy gases, it cannot be applied with safety to 
hydrogen and helium The method to be used m such cases was given, and it 
was also shown that the existence of a definite total collision area— a feature 
of the quantum theory of scattering by a centro of force, the potential of which 
falls off more rapidly than r * at large distances — provides a further means of 
determining the law of force As this collision area can now be directly 
measured with accuracy by molecular ray experiments, the range of applic- 

* V tde Lenuard-Jouea. ‘ Proc Phv« Soc ,’ vol 43, p 461 (1931) 
t Paper I, ‘ Proc Roy 8oo A, Mil HI. p 434 (1933) 
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ability of thw mc*Hiod is considerably greater than that ol m< tlioHs baaed on 
transport phenomena 

In this paper we first consider the interaction of two helium atoms Using 
the interaction energy given by Slater,* the viscosity of helium is computed 
using the method described in paper I, and it is found by comparison with 
experiment that although Slater’s field is fairly satisfactory, it is not completely 
accurate The modifications necessary to improve it are indicated, and the 
possibility of further test by measurement of fre< paths is then discussed 
Next, the interaction of a helium atom and a helium ion is considered by 
calculating the mobility of helium ions in helium, taking account of electron 
transfer processes. In this case it is possible to deviso a method of calculating 
the interaction energy which should be quite accurate, but it is found that the 
final value for the mobility, calculated with this field, is not in agreement 
with experiment The reason for this discrepancy is not clear Finally, the 
calculation of free paths for various laws of force between gas atonw is carried 
out in order to provide material for molecular ray investigation of the inter- 
actions 


$ 1 The Interaction of Two Helium Alains and the Viscosity of Hdium 
The interaction of two helium atoms has been calculated by Slater (Joe cit ), 
who obtains 

{7 7,-* tsp — Q fj^p 8} x 10 -io erg, (1) 


where p is the nuclear separation in units of a„ Margenaut has given a second 
expression 

(7 7e -t „ o 68 p 8 (1 -f 7 9p~* f- 30p~ 4 )} X 10““ erg, (2) 
which takes account of dipole-quadrupolo and quadrupole quadrupolc inter- 
action terms These two forms are illustrated m hg 1 
The viscosity of helium is given by 


where 


fl = 


5 /2rc_ * / *l_±_e 

ttR,, 


j -= 1/2 *T, 


(3) 

(4) 


M is the mass of a gus atom, and x is Boltzmann s constant The quantity 
Ru is defined by 

= * 7 Q ,(v)e-»* r ’dv (6) 


♦ * Phy* Rev rob 32, p 349 (1928) 
t ‘ Kev , vol 38, p 747 (1931) 
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where Q, u the viscosity cross-section, given by 

Q„= 2:r £ I (0) sin® 6 <26 (0) 

The angular distribution function I (6) has been defined in paper 1, and is such 
that if a Btream of N atoms per unit area per second is incident on an atom 



Fig 1 — Calculated Interaction Energy of Two Helium Atoms S-- that due to Slater- 
Kirk wood. M— that due to Margenau-Slater form of the field 



supposed held at rest, the number of incident particles deflected per second 
between the angles 6 and 0 -f <20 is 

2*NI (0) an 0 <20 (7) 

I (6) is given, on the quantum theory of collisions, by the expression* 

1 <6) = 2* 1 ?<*» + iH** 4 ’" - D P Sn(«* 6)|» 

* Allowance has been made for the identity of the colliding particle* 


( 8 ) 
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where 

k-iitlv/h (9) 

corresponding to the velocity v and the reduced mass M/*2 of a pair of colliding 
atoms, each of mass M. The phases 8„ are obtained from the asymptotic form 
of the solution of 



which is aero at the origin, this asymptotic form being 

u ^ sm (kr — + 8 B ) (11) 

It was shown in paper I how 8„ may be calculated if V is known, by using 
in the appropriate region methods of approximation due to Jeffreys and to 
Bom for the solution of the equation (10) If we apply this method to the 
poteutial (1), we obtain the values, Table I, for Q, as a function of the velocity 


Table I —Viscosity Cross-sections for Helium, using Slater’s Field 


*- 

8/9 | 2/3 

1 4/3 

| 2 | 4 j « 

VwcoHity iircw«-Mx,tiun (in Uinta of 
<*.*) 

46 8 j 46 0 

45 3 

| 41 7 | 37 6 j 32 0 


Using these values in the appropriate formulae, vis (3) and (5), one finally 
obtains the values given in Table II for the viscosity of helium at different 
temperatures they are compared with the experimental values 


Table II — Viscosity of Helium at Various Temperatures 


Absolute temperature 


Experimental value 
(m mioropolee) 


199 4 
166 4 
91 8 
36 03 
29 46 


Quantum theory 
(Slaters field) 


It will be seen that Slater's field gives values for the viaooaity which are about 
6% too large at the higher temperatures, while the calculated values are 
unlikely to be in error by mare than 3 % At lower temperatures, however, 
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the discrepancy is more marked, being of the ordpr of 22 Thia indicates 
too small a range for the interaction of the two atoms, as the viscosity vanes 
inversely as the viscosity cross-section Better agreement would be obtained 
by diminishing the attractive part of Slater’s field Referring to fig 1, we 
see that Margenau’s fiold w likely to give even less correct values for the 
viscosity at low temperatures, a result which is confirmed by a detailed calcula- 
tion * These results are to be expected, since the quantum theory includes the 
possibility of some penetration of the moident waves into the region excluded 
on the classical theory At low temperatures it is just possible that some of the 
discrepancy may bo due to the use of the Maxwoll-Boltzmaim statistics instead 
of the Boee-Einstein statistics in forming the general equations for viscosity f 
In view of the interest of these results, it is important to obtain an independ- 
ent check on the accuracy of the values of Q, calculated by the method used 
To do this, the following method of calculating the phases S„ was also used 


for certain chosen values of k Suppose we write 

V--V. + U,, (12) 

where u, is small compared with V„. Then equation (10) may be written 

<M 4 (U) 

Let us suppose V„ is chosen so that the equation 

£ja*» + j*> V, - siajtil} (,«„) , » (i4) 

can be solved analytically to obtain two independent solutions, one of which is 
zero at the origin and lias the asymptotic form 

m 0 - <t„ sin (hr — Jwn f t\ n ) (15) 

Since Uq must represent the sum of an incident plane wave and a scattered 
spherical wave, we have 

a n = (2n + I) k~ 1 (16) 


* It would sewn that the above results are in contradiction to tlu> results ol paper 1, 
where tbs quantum mechanics of the hard sphere model was seen to give larger cross 
sections than the classical theory This model has special properties, however, in view 
of the fact that the wave function of the incident atom must vanish at the boundary of 
the struck atom, giving a m axi m um density outside the boundary Vox a non-rigid 
particle, there is some penetration of the Incident waves inside the boundary, and the wave 
function is nearly at a maximum at the boundary 

t Uehling and Uhlmbeok, ‘ Phys Rev voL 43, p 562 (198$) 
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We may now obtain a further approximation by substituting this solution 
for rw 0 on the right-hand, side of (Id), and solving the resultant equation 
We then obtain* for the asj mptotic form of the function ru 


„ sin (kr— \tm -j rjJ + <r"> (2 n -f 1) e ltr 


8ti*M , , 
i. ir 

^ k~' (2,i + 1) [*" sin (kr - 4wr) -u it (1 - e«'], (17) 

where 

~ 1 " ,1K) 
since a„ must be small compared with umtv The phase S„ will be given by 
Sn <T„ (19) 

Applying this method to the interaction V, the form adopted for the 
potential V„ was 

'o = <‘(^ - ±), r<r„, 

- 0, r>r„, (20) 

with the constants fJ and r 0 chosen to make the plinw «r„ quite small With this 
form for V 0 the equation (14) has the solution 


> u„ D n Jy, t (Xr) + E„J_, (Xr), r < r 0 , 

- A„J„ , i (kr) d (kr), r > r 0 , 

>. - pi C 

? A s r 0 * 


v(v + l) ~ *(* + !) + 


8jfM 

A a 


( 21 ) 


( 22 ) 


.Since ru 0 must vanish at the origin, E must be zero The ratio of the constants 
A, B, D is then determined b> the conditions at the boundary r — r 0 , namely, 
that u and its derivative be continuous across the boundary Then yj b is 
given by 

■/]„ — aretan ( — )" +1 ( 


With appropriate choice of the velocity v for the calculation, it was possible to 
arrange that the numerical values of the Bessel functions could be obtained 
from the very meagre tables available Having obtained 7], m this way, a n 

* Massey. ‘ Proe Roy 8oe ,* A, voL 137, p. 447 (1932) 
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was then calculated from the formula (22) by numerical integration The form 
of V 0 used is shown by the broken curve m fig 1, and it was found that the 
phase shift a produced by the difference v of the Slater field from the field V 0 
was seldom more than 0 1 radian. In Table III the values obtained by this 
method for lba 0 = 2 using the Slater field are compared with those obtained 
using the methods of approximation due to Jeffreys and Bom. It is seen 
that when the phase is greater than unity, it is given by Jeffroys’s method with 
considerable accuracy Phases less than, say, 0 1 will be given quite accurately 
by Bom’s method There will generally be only one even phase lying in the 
intermediate region, and it can be obtained quite accurately by oareful inter- 
polation 

Table III —Phases for ka 0 =* 2 


Accurate 

i Jeffrey* 1 * 

calculation 

approximation 

7 62 

7 63 

4 90 

4 90 

2 70 

2 72 

l 17 

1 08 

0 27 

0 07 

-0 07 

-0 26 


Bom’* 

approximation. 


As the evidence from viscosity indicates a certain inaccuracy in Slater’s 
field, it would be of interest to check these conclusions by measurement of 
the free paths of helium atoms by molecular ray methods. Therefore, the value 
of the total cross-section Q for the Slater field was calculated for various 
velocities of impact from the formula 

Q = j' I (6) sm 0 dQ 

=- Sidfe-* S (4n + 1) sm* 8 tn (23) 

The values obtained are shown in fig. 2 for various values of ka 0 and the corre- 
sponding effective temperatures It will be seen that definite maxima and 
pmnm*. appear in the curve ,* their occurrence is in no way dependent on the 
form of the field of interaction, as we saw in paper I that they occurred in the 
hard sphere model. The effect is due to the presence of a small number of 
terms only m the senes (23) at low velocities, and the fact that only the even 

* This it not to be oonfu»ed with the ordinary Ramsauer effect, which cannot occur with 
a repolaiv* field. 
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phases appear owing to the identity of the colliding particles Oscillations 
of this nature do not occur in the effective cross-section Q, for viscosity, for 
the formula for Q, consists of two senes of terms of opposite sign, so that 
such oscillations occur together and tend to cancel ont It will be difficult to 
confirm the occurrence of the oscillations shown in fig 2, owing to the necessity 
of using homogeneous beams of atoms, but the marked increase in the cross- 
section at low temperatures should be observed It will be noticed that the 



collision radii corresponding to the cross-section shown in fig 2 are nearly 
•y/2 times the classical closest distance of approach, showing that the result 
obtained for the rigid sphere model in paper 1 holds also for this type of field 


§ 2. The Motion of Helium Iona in Helium The HobdUif and the InlerarJvm 
He* - He 

The mobility of ions in a gas is given by 


k = sD/kT, 


(24) 


where e is the charge on the ion, and D is the coefficient of diffusion of the ions 
in the gas This coefficient is given by 


D 


*-(W 


1 1 

yA« i *o 


o 2 


(25) 
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when Mj, M, an the masses of the ion and atom respectively, v z the number of 
atoms per cubic centimetre, and P 1S is given in terms of a diffusion cross- 
section Q d by the formula 

Qj, is defined m terms of tlie angular distribution I (6) for collisions between an 
ion and an atom by 

(in - 2r £ I (0) sin* *0 sin 0 dQ. (27) 

To calculate I (0) requires a knowledge of the interaction energy between 
Ho + and He, and, further, we must take into account the possibility of charge 
transfer from the ion on impact We will consider the interaction first 
The quantum theory of the interaction of He + with He introduces the 
feature of level splitting due to nuolear symmetry A helium ion and a helium 
atom, both in their ground states at infinity, can react m two different ways 
according as the wave function representing the combined system is symmetric 
or anti-symmotnc in the nuolear co-ordinates The first of theso possibilities 
gives rise to a potential energy which has a deep minimum (2 5 volts) at a 
nuclear separation of 2 1« 0 , and which only changes to a repulsion at still 
smaller distances, whilo the seoond gives rise to a repulsive interaction, which 
changes sign only at large distances as a result of the effect of the polarization 
interaction The brat approximation in the theory, which neglects the 
polarization, therefore gives rise to two potential energy functions v, (r), t>, (r) 
Making the usual approximation, we then take for tho complete interaction at 
large distances for tho two cases 

V, (r) = v, (r) - C/r\ 

V* (r) — (r) — C/r 4 (28) 

The theory necessary for the evaluation of v„ t>„ has been given by Majoraua,* 
and by Pauling,! w ho also calculated the potential energy out to a distance 4a„. 
At this dutance the energy is of the order of 0 3 volt, showing that the calcula- 
tion must be extended to much larger distances This was first done by 
extending the range of the above-mentioned calculations. It is important to use 
unperturbed wave functions for the helium atomic electrons which are accurate 


* ‘ Noovo CJimento,’ toL 8, p. 22 (18*1) 
t * J Cbm. Pfayi roL 1, p. 06 (1038) 
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a t the large distances involved. Rosen,* m disotuwng the technique of this 
type of calculation, gives the wave function 

u = 3 20 s' 1 (29) 

where r is measured m A , as accurately representing the charge density of 
helium at these distances This wave function was used whenever the overlap 
of charge densities at large nuclear separations was involved m the integrals 
concerned The constant C, given from the known polarizability of the 
helium atom, lias the value 2 34 X 10 -44 megs units The resulting form of 
the potential functions V„ V a is shown in fig 3 



Full line turves calculated by method of Majorona Pauling Crosses give points 
calculated by the method of Hylleraos 

We must now consider the possibility of charge transfer on collision After a 
collision has taken place between a helium atom and a helium ion, it is impossible 
to distinguish in any way between a scattered ion and a struck atom which 
has lost an electron, and account of this must be taken in the quantum theory 
of the collision. This theory has already been discussed by Massey and 
Smith,t and it is found that the function I (8) must take the form 

I (0) = i I/. (6) +/. (0) +/. (* - 0) (* - 0) I* 

* * Phys. Rev vol. 58, p 255 (1981) 
t ’ Proo Roy Soe ,’ A, vol 142, p. 142 (1938) . 


(30) 
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Hen f, (0 ),/, (0) an the functions 

ixtfW.-l) (2» -I- 1) r„ (cos 0), 

(2» + l)P.(oos 0), (31) 

wliero the (3 n , Yn aw the phase shifts produced by the fields V„ V B respectively 

Since 

P„ ((os 0) = (-)" (coarc- 0), 

we see that I (0) given by (30) has the same form as for the collision of two 
neutral atoms, vis , 

i|/(0)+/(w- 8) I 2 , 

with 

/(G) = ? <•“* ~ J) (2n + P » (C08 6) * 
where the even phases Sj,, are calculated for the field V„ and the odd phases 
8„, +1 for the field V, Then we have, from equation (26) of paper I, 

Qn — 27r*T* 2 {(2m + 1) am* 8„ — 2 (n -f 1) cos (8* — 8„ +1 ) sm 8*sm 8 b -u}, 

= 2jrifc *E {(2n -f 1) sm* 8„ - 2 (n + 1) (i sm 28„ sm 28 n+1 

-f- sm* 8„ sm* 8„ , ,)}, (32) 

where 8* = fi, for n even, and 8* = for n 0(111 The calculation of the phases 
proceeds in just the same way as in § 1, but we are now concerned with a large 
number of terms owing to the big range of the potentials V„ V, and the 
calculation of Qd must be simplified m the following way 
The senes (33) is broken up into two parts, thus 

Qn = Qn 1 + Qd s , 

where 

Qd 1 = 2mfc * H, 

Qn* = 2nk '* £. (33) 

Fur a particular value of k, the value of m is so ohosen that rapidly becomes 
very large as n decreases to values lees than m, while y n also becomes large, 
but not nearly so large as (3„ Hence sm 8„ oscillates rapidly in the region 
0 < » <m , also, since 8* = *t»+i = Y*»+i> sm 8„ and sm 8„ +1 will 

be mdependent functions. We can therefore replaoe sm* 8„ and sm 28„ in 



Free Paths and Transport Phenomena » n Oases 199 
expression (32) by their mean values of $ and 0 respectively We thus have* 
Qd 1 ^ 271*"* | in 

= irofc-* (m* + m) (34) 

For values of n greater than m, the senes (32) may be summed directly to give 
the value of Q D J as n increases, a point is reached where (J, ~ end the 
senes begins to converge quite rapidly 
Values of Q n are so obtained for different values of k, and are then used in 
formula (26) in order to take account of the Maxwellian distribution of 
velocities Substitution in relations (25) and (24) then gives the value of the 
mobility at the required temperature The final result of the calculation is 
that k a 12 cm. /sec per volt/cm at 760 mm Hg and 20° 0 This is to be 
contrasted with the most recent value, 21 4, obtained by Tyndall and Powell f 
This discrepancy might at first sight seem surprising, in view of the fact that 
Hass4| ob tamed nearly the experimental value by using classical theory and 
an assumed field based on the interaction of two helium atoms He takes a 
single interaction energy 

V„ = - 0/r 4 , (35) 

where v n is the interaction energy (1) between two helium atoms Reference 
to figs 1 and 3 shows that this potential cannot be correct, and it has no 
justification m quantum theory, as the effect of nuclear symmetry extends 
the range of the potentials v„ v. beyond that of v % Since a larger range inter- 
action means a smaller mobility, it is to be expected that the mobility calculated 
above will be smaller than that calculated by Hass4 A < heck on the method 
given above for the calculation of the mobility was made by computing the 
mobility for the field V. used by Hass4 , the value 24 was then obtained, in 
fair agreement with the value 26 deduced by him from classical theory 5 
Moreover, the quantum theoretical calculation indicates an unvarying value 
of 24 for the mobility, provided that the fields v, and v a fall off sufficiently 
rapidly thus if v ( and v a have become small compared with tho polarization 

* If the field* V v V a fall off rapidly at the point r v we have m ~ ler t and then equation 
(34) merely corresponds to the fact that at not too low velocities quantum and ol a ssi oa l 
theory both give Q 0 =* lur,* for a hard sphere of radios r* 
t ‘ Proc Roy Soo A, voL 184, p 126 (1931) 
t ‘ Phil. Mag vol l,p 139(1926) 

S Hass6 and Cook (‘ Phil Mag vol 12, p 664 (1931) ) have dedooed values of 21 and 
19 7 on the arbitrary assumption that the probability of charge transfer at any gas-kinetio 
collision is one- half, in an attempt to take into aooount exchange p r ocesses. 
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term C/r* at a distance less than 6o 0 , whatever their value inside this point, 
the mobility is determined entirely by the polarization field beyond the point 
Co 0 , and a value of 24 for the mobility is obtained 

However, it is important to obtain as much information as possible about the 
interaction in order to trace the discrepancy It might well be that the formula 
(28), derived by a perturbation method, is inaccurate m the intermediate 
region where the two terms arc comparable in magnitude Another method 
was therefore used to calculate V, and V tt which should give accurate results 
The method is that used by Hylleraas* for calculating exactly the interaction 
of a hydrogen atom and a proton Reference to the papers of Panlmg and 
Majorana shows that at the distances at which we arc concerned the inter- 
action energy terms V, and V a arise almost entirely from a single electron 
and the possibilities of nuclear interchange In short, we may treat the rnter- 
actiou of He aud He as a two-centre problem mv olving a Bingle electron, 
but with an effective nuclear charge of Z instead of I where Z is taken as 1 B 
(the value 1 45 leads to the correct polarization at large distances, while the 
value 1 48 is used m the wave function (29) ) Now Hylleraas has Bhown that 
the interaction energy for different nuclear separations r is given by Z a f (f/Z), 
so that we have merely to carry out Hylleraas call ulations for hydrogen for 
much greater nuilear separations, and then convert tho values to those for 
helium by tahmg Z = 1 5 in the expression Z a f (f/Z) For V, we have n = 1, 
l jb 0, m = 0, and for V„ n = 2, l - 1, m = 0 in Hyllpruas’ c alculations f The 
i omputations must be earned out with high accuracy, as the energies V„ V„ 
are very small compared with the total energy The resulting values obtained 
for Hj + for various distauces are given m Table IV in units of e*/2 « 0 — the 
atomic unit of energy (13 B3 volts), and m fig 3 the corresponding values 
(denoted by a X) for He g 1 are shown, together with the curves which were 
obtained with the use ot the formula (28) based on the perturbation method, 
aud which were used in obtauung the mobility 

It will be seen that the agreement is very satisfactory, and makes it improl) 
able that any senous error can arise m the above calculations from inaccuracy 
m the form of V, and Y 0 It is difficult to see where the error lies, and it 
would be of great interest to obtain further experimental values over a consider- 
able temperature range, if this should be possible It would also be of great 

* ‘ Z Physik,’ vol 71, p 739 (1931) 

t It may be useful here to mention that there are a few minor misprints in Hyllertttw 
paper In particular, it is obvious that a term — 2y'C has been omitted in printing the 
first term of the infinite determinant (28) 
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value to measure the free path of helium ions in helium under gaa-kuietio 
conditions The cross-section effective in the collision of a helium ion with a 
helium atom was calculated for the above interaction by methods similar to 
those used in calculating the mobility cross-section A value of 10 3 x V^ l o 
— 14 6 a 0 was obtained for the collision radius for a velocity corresponding 
to a temperature of 20° C 

It is interesting to note the effect of iharge transfer m determining 
the values obtained above The potentials V, and V, taken separately 
give values of 25 and 12 respectively for the mobibtv, as compared with the 
value 12 obtained if the fields V a and V, are combined, m the manner already 

Table IV - -Interaction Energy of H and H H for Different Nuclear Separations 

r/». j V. 

2 9323 -0 1882 

4 9810 -0 0493 

7 0293 -0 0107 

8 0371 -0 00433 

0 0430 -0 00109 

11 0386 -0 00059 

13 0344 j -0 00020 

shown, to take account of charge transfer In the latter case, the mobility is 
mainly determined by the field V„ which is larger m magnitude inside a 
distance 8a 0 than the field V„ while the field beyond 9o 0 contributes compara- 
tively little For the collision cross-section, however, the effect of taking 
charge transfer into account is seen, on calculation, to be quite small 

1 3 Cakulatwti of Cross-Sections for Various Law of Force 
In considering the collision of helium atoms, the effect of the attractive van 
der Waals potential could be neglected except at quite low temperatures, but 
for all other gases and vapours the attractive field plays an important and 
usually predominant part -at least in the calculation of free paths The 
asymptotic form of the attractive potential is known to be V ~ — 0 r~*, and 
the constant C ib usually so large that, for reasons we shall see, the repulsive 
field cannot affect the result We shall now calculate the collision cross-section 
for a potential of the form — C r~* The total cross-section Q is given by 

Q = ^S(2» + l)sm»« w 


rA* I V a 


J 3760 0 1886 

5 1682 0 0892 

7 0842 1 0 00706 

9 0333 ^ 0 00084 

11 0412 -0 00008 

13 0349 | -0 00012 


(36) 
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and in all the oases of interest a large number of terms n are required in this 
senes. However, the summation may be earned out in much the same way 
as the calculation of Q D m § 2 

The phases 8, are given by Jeffreys’s approximation in the form* 

= j > - * - j> - «V - ^ )‘ *■ < 37 > 

where the lower hmits of integration are the zeros of tho respective integrands, 
and a is wntten for 87r*MA _I For large ti we have 



a result which is also given by Bom’s formula, as may be sbowuf by using the 
asymptotic expression for tho Bessel function for n large Jeffreys’# 
approximation may therefore be used for all values of n 
Now if aV = — C/r*, we have for large n, 



where a = (n + £)/£ On integration we easily obtain 


C 

2 (n+ir l 


/(«), 


( 39 ) 


* The formula given here is slightly different m form to that given in paper T The 
present form is much more convenient and accurate when need for the computation of 

phases 


t Massey and Smith, ioe. oti 



where 
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/« 


t- 3s - 5 
« — 2 s — 4 
« — 3 < — 5 
* — 2 * — 4 


l TC 

$ * even , 

f, *odd, 


1, $ = 3, * =2 


m 


The use of more exact methods in a number of cases showed that this tormnla 
holds quite accurately if S„ is less than 0 5, and then am 8 n ~ Hence, 
if m is that value of n for which 8„ =0 5, wo have for the contribution to the 
cross-section Q from « > m 


£ JJ2« + l)a 


_ 8rc “ C* i* * ft 

» ,trn 4 (n + *)«* * J 

- 2*0*** '«f* ["(« + *)-** 


=* ("+ B -* 14 / 1 

= *- • us,n « ( 39 )> 

n (m + })» 

* — 2 ** ’ 


(41) 


since by definition 8 m - 0 5 Now tlu contribution to the total cross-section 
Q from n < mis given approximately — using the method of § 2— by 


(42) 


The total cross-section Q is therefore nearly equal to 

since m is large, and using (39) with the fact that $ m = 0 5, we obtain finally 

Q -. 5E# ^r <«> 


The accuracy of this formula was investigated more carefully by breaking 
the summation (36) into three parts instead of two Particular values of «, 
C, and k were chosen, and for each the phases were determined in the inter- 
mediate region by numerical integration using Jefireyi’s formula (37), the 
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summation (36) then being earned out in this region by direct calculation 
The contribution to Q from the region of quite large and quite small phases 
was determined os before The results indicated that the formula (43) should 
give the total cross-section accurate to within about 6% 

The relation (43) shows that the collision cross-section is proportional to 
(C/e)* /tt ~ 1, > where v is the velocity of the colliding particles Now classical 
theory predicts for the intensity of the scattering at any particular angle the 
same dependence on the velocity and the law of force * On classical theory, 
however, the total cross-section tends to larger and larger values as smaller and 
smaller deviations arc taken into account in the measurements, whereas 
quantum theory gives the perfectly definite value (43) 

Let us now apply the formula to the determination of the mean free path in 
argon at room temperature The average kinetic energy of the atoms then 
corresponds to k = 10/o 0 Now the attractive van der Waals force between 
the atoms has the value 31 8 X 10 -M (r/o 0 ) _ * erg.t so that we have s = 6, 
C = 6 5 X 10 8 /o*„ Substituting in (43) we obtain Q = 366 7ra 0 * and hence a 
collision radius of 19 1 o 0 for a pan: of colliduig argon atoms This corresponds 
to the collision of two rigid spheres, each of diameter 19 1 aJ-^2 = 13 5 a 0 
Again, for water vapour at room temperature, the attractive force is 
effectively that between two dipoles, and from the dipole moment of the water 
molecule we deduce C = 960/o 0 *, s = 3, while k — 6 7/a Substitution in 
(43) gives Q = 410 mi Q 2 As for argon, this value has not been averaged over 
the Maxwellian distribution of velocities 
It is thus possible, with the use of formula (43), to interpret immediately 
experimental results obtained by molecular ray methods It is important m 
making these measurements that the angular resolution of the apparatus be 
sufficient to give accurate values The method of ensuring this was discussed 
in paper I, and although the considerations introduced there were illustrated 
by reference to the rigid sphere model, the same considerations apply to the 
above c ases where r 0 is given by r„ = \/(Q/2Tt) J In the foregoing we have not 
taken into account the repulsive held, but its effect can be neglected if the 
zero of the interaction energy falls appreciably inside the point r 0 , a condition 
satisfied for most atoms Thus for argon r 0 — 13 5 a 0 , whereas the zero falls 
at about 7 a 0 

• Darwin, ‘ PhiL Mag ,’ voL 27, p 499 (1914) 
t Lennard-Jonee, ‘ Proc Phys Soc vol 43, p 461 (1931) 

t It should be noted that in paper I, and in the present paper, r t , for the collision 
of two rigid spheres, is tbo turn of the olaasieal radii of the two spheres 
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Summary 

It has been shown in a previous paper that it is important to use the 
quantum theory of collisions for the determination of the laws of interaction 
between atoms at large distances from observations of transport phenomena 
and free paths. In the present paper, the form and magnitude of the inter- 
action energy between two helium atoms is discussed in terms of observations 
of the viscosity of helium at different temperatures The interaction between 
a helium atom and a helium ion is considered with reference to the mobility oi 
helium ions in helium Finally, formulae are obtained which facilitate the 
determination of the law of force lietween atoms at large distant es by dim t 
measurements of free paths 


Studies on Gas-Solid Equilibria Part V -Pressui e-concent rat ion 
Equilibria between Silica Gel and (I) Oxygen, (2) Nitrogen, 
(3) Mixtures of Oxyqen and Nitror/en, determined isothermally 
at 0° r 

By Bertram Lambert and David H P Peel 
(Communicated by F 8odd\ , F R 8 —Received Nocomber 7, 1933 ) 

Experiments carried out on the adsorption of (1) pure oxygon and (2) pure 
nitrogen by a sample of silica gel, at 0° C , and at pressures up to 1 atmosphere, 
have shown that the adsorption is directly proportional to the pressure m eat h 
experiment 

The press ure-coucentration lsothermals are reproducible, completely rever- 
sible, and linear (oxoept for a slight divergence at low pressures) throughout 
their whole length , there is therefore no sign of the silica gel approaching 
saturation with either oxygen or nitrogen at atmospheric pressure 

The study of the adsorption by the same silica gel from mixtures of oxygen 
and nitrogen (at 0° C and within a total pressure range of 1 atmosphere) 
appeared, therefore, to offer a good opportunity of obtaining information, 
under simple conditions, on the problem of adsorption from binary gas 
mixtures 

The silica gel used was a sample from the same batch as that employed in 
the previous parts of theee investigations. 
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A satisfactory study of adsorption from a binary gas mixture will involve 
measurements giving — 

(1) Accurate and reproducible pressure-concentration isothermals for each 

of the pure gases m contact with the adsorbent , 

(2) Accurate and reproducible isothermals for mixtures, showing the partial 
pressures of the components plotted against the amounts adsorbed at 
equilibrium 

It is, of course, essential that the intrinsic adsorptive power of the adsorbent 
should undergo no variation during the whole course of the investigation 

The determination of the partial pressures of a binary gas mixture in 
equilibrium with a solid adsorbent requires nn accurate knowledge of the 
composition of the gaseous phase at equilibrium A sample of the equilibrium 
gaa mixture must bo withdrawn from the adsorption system and, if this sample 
is to represent the true equilibrium gas phase, it must be withdrawn without 
disturbing the equilibrium at the surface of the solid This gas sample must 
then be measured and analysed by a method which ensures a uniformly high 
degree of accuracy 

The necessity for lugh accuracy m tlus operation is obvious when it is 
pointed out that errors at this stage are magnified many tunes m applying 
the results of the analysis to the determination of the true partial pressures 
m the equilibrium gas phase and to the amounts of each separate gas adsorbed 
at equilibrium 

The difficulties of technique inherent in an investigation of this kind are 
probably responsible for the lack of reliable published data on the subject 
of adsorption from gas mixtures 

The experimental difficulties have now been overcome completely and the 
application of a technique accurate at all stages has enabled reliable and 
repeatable results to be obtained for the adsorption from mixtures of oxygen 
and nitrogen by a sample of silica gel 

The experimental procedure adopted in this investigation may be sum- 
marised as follows — 

A known weight (in vacuo) of the activated silica gel was placed m an all- 
glaaa, sealed apparatus consisting of five parts, separated, where necessary, 
by stop-cocks — 

(A) The calibrated gas-volume burette for the accurate measurement of the 
gases to be introduced into or withdrawn from the adsorption system 
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(B) The distributor vessel to enable the measured volumes of Rases to be 
introduced into the adsorption system and also to enable samples of 
gas to bo withdrawn from the adsorption system for subsequent measure- 
ment and analysis 

(C) The adsorption system — a vessel consisting of two compartments, one 
containing the solid adsorbent and the other (from which the sample 
of equilibrium gas mixture is withdrawn) separable from the first by 
means of a magnetically-operated internal valve , by this means it 
was possible to remove a sample of the true equilibrium gas phase 
without disturbing the gases adsorbed on the Bolid adsorbent 

(D) The mercury manometer for tho measurement of equilibrium pressures 
This was attached to the adsorption system (gel compartment), the 
mercury being brought to a fixed point on this side of tho manometer 
so that the volume of the adsorpfaon system was invariable 

(E) The gas analyser used m conjunction with (A) for the analysis of the 
sample of equilibrium gas mixture after withdrawal from tho adsorption 
system. 

The adsorption system was maintained, throughout tho whole penod of 
each experiment, at 0° C by surrounding it with a large Dewar vessel (with 
drainage tube) filled with broken ice 

Tho gas-volume burette and the manometer were surrounded by water 
jackets maintained at a temperature of a) 0 0 (±0 01°) Gas volumes could 
be read to 0 001 cc and pressures to 0 02 mm. of mercury by methods 
described below 

Thu gas analyser was capable of giving uniformly reliable analyses of oxygen- 
nitrogen mixtures, the error being less than 0 1% in samples of 6 to 8 c c 

The whole apparatus was thoroughly evacuated by means of a mercury 
vapour pump while the silica gel was heated for several hours at 160° C The 
residual pressure in the apparatus after this and all subsequent evacuations 
was less than 10 4 mm, of mercury as measured by a McLeod gauge 

After the regular procedure of “ washing out ” the apparatus,* the volume 
(free gas space) of the adsorption system at 0° C was determined by the 

* A regular prooedwe was followed before the introduction of any gas or gas mixture 
into the adsorption system After thorough evacuation, during the last hour of which 
the silica gel wae heated at ISO 9 0 , the cold system was " washed out ” twice with the gas 
(or gases) to be need, the system being thoroughly evacuated and the silica gel heated for 
1 boor at 100° 0 after eeoh of these operations 
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introduction of measured volume# of pure helium, the pressure on the mano- 
meter being read after each addition, until the final pressure was about 1 
atmosphere The separate values thus obtained for the free gas space of the 
adsorption system did not vary more than 0 02% Careful preliminary 
experiments earned out over a range of temperatures and pressures had Bhowu 
that the adsorption of helium by silica gel at 0°C was negligible 

The true volume of the adsorption system being now known, after the usual 
preparation, measured volumes of oxygen and nitrogen were introduced and 
the (total) equilibrium pressure read off on the manometer It was found, 
contrary to expectation, that the attainment of equilibnum between the silica 
gel and mixtures of oxygen and nitrogen was rapid and a pressure read within 
half an hour of the introduction of the gases into the adsorption system 
underwent no change over a period of several days Nevertheless, 12 hours 
was allowed after the introduction of gas before the equilibrium pressure was 
read on the manometer 

The gel compartment of the adsorption system with the attached mano- 
meter was then shut off from the rest of the adsorption system (by closing the 
magnetically-operated internal valve) and a sample of the equilibnum gas 
phase withdrawn into the distnbutor vessel This sample of the true equili- 
brium gas phase was now measured accurately in the gas-volume burette 
before transference to the analyser In the analyser the measured sample of 
mixed gases was submitted to tho action of red-hot pure iron (electroplated 
on a platinum spiral which could be electrically heated — details of the manipula- 
tion are given below) The oxygen having been completely removed by this 
process, the residual nitrogen was transferred back to the gas-volume burette 
for measurement 

These operations, all conducted within a sealed glass apparatus in which 
the gases could be transferred from one part to another by means of mercury, 
made it possible to get accurate and reliable values for— 

(1) the volume (free gas space) of the adsorption system , 

(2) the volumes of each separate gas added to the adsorption system , 

(3) the total pressure of the mixed gases in equilibrium with the gel at 0° C , 

(4) the composition of the gaseous phase at equilibrium 

It was thus possible to calculate the exact amounts of each gas adsorbed 
from a mixture of oxygen and nitrogen and the exact partial pressures of 
each of the gases m equilibrium with the gel under these conditions. 
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Experiments were conducted within the total pressure limits of 1 atmosphere 
and the results showed a high degree of repeatability Accurate and repro- 
ducible isothermal® could be drawn showing values of the equilibrium partial 
pressures of oxygen and nitrogen plotted against the amounts of each separate 
gas adsorbed A comparison of these isothermals with those for pure oxygen 
and pure nitrogen showB how the adsorption of eaoh gas is affected by the 
presence of the other 

The apparatus used m this work is shown diagrammatically m fig 1 For 
the purpose of this description it is conveniently divided into five sections as 
m the introduction above , the five sections are designated by the letters A, B, 
C, D, E, both m the diagram and in the description 



(A) The Calibrated, Gas-volume BureUe 
This was of the type generally used when gas volumes axe measured at 
atmoepheno pressure , it consisted of a measuring limb and a balancing limb 
connected together and attached, at the bottom end, to a mercury reservoir 
The graduated part of the measuring limb had the same internal diameter 
(6 mm ) as the balancing limb , meniscus corrections were thus avoided and 
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gas contained in the measuring limb was at atmospheric pressure when the 
mercury levels in the two limbs were brought to the same height, with the 
balancing limb open to the air 

The burette was mounted vertically in a jacket fitted with plate-glass 
windows back and front It was maintained at a temperature of 20° C 
(± 0 01°) by the rapid circulation through the jacket of water from a large 
constant-temperature bath, the thermostatic control of the bath being adjusted 
from time to tune to compensate for alterations m the room temperature 

The capacity of the measuring limb of the burette was 12 o c and it was 
graduated every 0 02 c c It was very carefully calibrated at 20° C by the 
weighed mercury method 

The burette was read by means of a reading microscope fitted with a micro- 
meter scale in the eye-piece The magnification of the microscope was adjusted 
so that 20 micrometer scale divisions exactly covered the space between the 
centres of two adjacent graduation marks when the burette was viewed 
through the microscope , volume readings could therefore be made to 0 001 c o , 
or less, by estimation The reading microscope was mounted on a carnage 
which moved vertically, by rack and pinion action, on an accurately-machined 
steel bar fixed to the front of the jacket , the microscope carnage was also 
provided with a true horizontal movement which was brought into action after 
locking the carnage m a given vertical position 

This precision reading device attached to the burette jacket was found to 
be much supenor to a cathetometor , there was a complete freedom from all 
detectable errors m reading the position of the mercury meniscus on the etched 
burette scale and gas volume readings could be repeated with certainty to less 
than 0 001 cc Reflected light effects were removed from each mercury 
meniscus by a black ebonite shroud surrounding the glass tube and brought 
to a position about 1 mm. above the mercury level , this enabled the mercury 
meniscus to be viewed as a black silhouette when illuminated by a suitably 
diffused light placed behind the water jacket 

The mercury reservoir was connected to the burette by glass tubing and its 
position was thus fixed The alterations of pressure necessary to work the 
reservoir were obtained by compressing or rarefying the air in contact with 
the mercury by means of an external mercury compressor as shown m the 
diagram The movable compressor-reservoir was earned in a cradle moving in 
a long vertical slide and a fine adjustment was provided so that the levelling 
of the mercury m the burette limbs could be canned out satisfactorily to 
within 0 02 mm. The T -stop-cock between the burette reservoir and the 
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mercury compressor allowed of variations m the amount of air m the inter- 
vening air-buffer and so permitted the application of a wide range of positive 
and negative pressures to the mercury in the burette reservoir This method 
of working a mercury reservoir was found to be very satisfactory and was used 
on all those employed throughout the apparatus 

The upper ends of the burette limbs were made of capillary tubing of l mm. 
bore, and the zero mark of the burette was an etched lmo a on the capillary 
part of the measuring limb The balancing limb terminated m a stop-cook 
8 opening to the air through a protecting tube containing soda-lime and active 
charcoal granules. Above the zero mark the capillary tubmg branched at a 
Y-junction, one side being connected with the distributor vessel B (through 
the stop-cock 6) and the other with the oxygen and nitrogen storage vessels 
(through stop-cocks 1 and 2) , the gas storage vessels were connected by 
capillary tubmg, the oxygen storage vessel being sealed on at b and the nitrogen 
storage vessel at o Stop-cocks 3 and 4 communicated with the open air 
through mercury cups with side-tubes as shown All connecting tubes were 
made of 1 mm bore tubing 

With suitable pressure adjustments on the mercury reservoirs of the burette 
and the distributor vessel, the system of stop-cocks allowed the complete 
removal of all gas and its replacement by mercury in the capillary connections 
between these vessels and the gas storage vessels , stop-cocks 1 to 5 being then 
clotted, reduction of the preesure on the burette reservoir, followed by the opening 
of stop-cock 1 (or 2), allowed gas to be drawn from the oxygen (or nitrogen) 
storage vessel into the burette Finally, the opening of stop-cock 3 (or 4) 
and the application of pressure (by means of a hand-bellows) to the mercury in 
the attached mercury cup, allowed the oxygen (or nitrogen) left behind in the 
connecting tube to be pushed into the burette (and above stop-cook 1 (or 2) ) 
and the mercury level to be adjusted at the zero mark a on the burette 

A suitable volume of pure oxygen or nitrogen could thus be transferred from 
its storage vessel to the burette without introducing any impunty or leaving 
any traces behind in the connecting tubes. The mercury levels could then 
be adjusted so as to bring the gas to atmospheric pressure and its volume 
accurately measured. All measured volumes of gases were reduced to standard 
temperature and preesure 


(B) The Distributor Vessel 

Thu oonaisted of a cylindrical glass bulb (of about 30 c c capacity) provided, 
at its lower end, with a mercury reservoir to which a wide range of positive 

P 2 
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and negative pressures could be applied by the method described under A , 
the upper end terminated in a Y-junotion, of capillary bore, connecting it on 
one mde with the gas-volume burette A (through stop-cook 5) and on the other 
aide with either the adsorption Bystem C or the gas analyser £ (through stop- 
cock 6 and the appropriate limb of the three-way stop-cock 7) All the 
connecting tubes were made from capillary tubing of 1 mm. bore and all the 
stop-cocks had accurately-fitting stoppers with the same bore 

By suitable adjustment of pressures on the mercury reservoirs concerned, 
it was possible to transfer gas completely — following it with mercury and 
avoiding the trapping of bubbles of gas — (1) from the distributor vessel B 
to the gas-volume burette and tnce versa , (2) from the distributor vessel B 
to the gas analyser £ and t nee versa , (3) from the distributor vessel B to the 
adsorption Bystem C In this last operation the mercury following the gas was 
stopped at the fixed mark d which was one of the two limits defining the volume 
of the adsorption system 

The distributor vessel was also used to remove gas from the adsorption 
system , after the gas thus removed had been transferred to the burette for 
measurement, the gas left m the tubes and stop-cocks between the distributor 
vessel and the adsorption system was pushed back into the latter section and 
the mercury again brought to the fixed mark d 

(G) The Adsorptum System. 

This section of the apparatus consisted of two compartments— referred to, 
throughout this description, as the gel compartment and the gas compartment. 
The gel compartment e contained the silica gel which was in the form of small 
granules , it was attached to the manometer O by capillary tubing and to 
the gas compartment / by tubing of wide (1 cm.) bore The upper end of the 
gas compartment was connected, by capillary tubing, with the distributor 
vessel B (through the stop-cocks 7 and 6) 

A magnetically operated internal valve which served, when required, to 
close the connection between the two oompartments was made from light 
glass tubing blown into a bulb at h and widened at the top so as to enclose a 
hollow soft-iron cylinder It was sealed at both ends and rested loosely in 
the gas compartment which was shaped at its upper end so as to hold the 
valve in an approximately vertical position. 

'When the valve was resting in its normal position, as it is shown m the 
diagram, the gel and gas oompartments were open to one another and there 



213 


Studies on Oas-Sohd Equilibria. 

was no interference with the easy diffusion of gas throughout both compart- 
ments The application of an electromagnet at the top of the gas compartment 
caused the valve to nse and the bulb A to be held in close contact with a ground 
seating g on a constricted part of the gas compartment With the valve in 
this position, the connection between the two compartments was dosed 
The valve readily foil away from the ground seating when the electromagnet 
was switched off and so restored the open connection between the two com- 
partments When the valve was closed, gas could be withdrawn from the 
top section of the gas compartment into the distributor vessel B without 
appreciably affecting the pressure indicated by the manometer m the gel 
compartment 

In the experiments with gas mixtures, the use of this device ensured that a 
sample of gas (for the determination of the partial pressures of the two con- 
stituents) could be withdrawn without disturbing the equilibrium at the 
surface of the silica gel during the actual withdrawal operation and that the 
sample withdrawn was really representative of the true equilibrium gas phase 

The adsorption system was maintained at 0° C , throughout each experiment, 
by surrounding it with a large Dewar vessel filled with broken ice , the Dewar 
vessel was constructed with a dram-tube through the bottom 

The volume of the adsorption system was the gas space between the two 
fixed points d and k each defined by a mercury meniscus A “ dead-space ” 
correction was made, throughout the work, for the very small fraction of the 
volume which was outside the ice-bath 

(D) The Mercury Manometer 

This consisted of a long U-tube of internal diameter 8 mm- throughout, one 
limb being connected to the adsorption system by a short length of capillary 
tubing, the other limb being open to the air through a protecting tube con- 
taining soda-lime and active charcoal granules. The bottom of the U-tube 
was connected to a mercury reservoir to which a wide range of positive and 
negative pressures could be applied by the method described under A. 

A pressure reading on this manometer involved three operations (1) 
adjusting the pressure on the mercury reservoir so as to bring the mercury 
level to the fixed position It in the limb connected to the adsorption system ; 
(2) measuring the exact difference m height between the mercury levels m 
the two limbs , (3) reading the standard barometer The neoessary tempera- 
ture corrections were made so as to bring all pressure measurements to values 
expressed in millimetres of mercury at 0° C 
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The manometer was mounted in a jacket made with machined sides and 
base of duralumin and having plate-glass windows back and front Inside 
the jacket, and immediately behind the manometer, there was mounted a 
thick plate -glass scale This scale was made by the 8oci6t4 Genevoiae and 
guaranteed to be accurate (to within 5 microns) at 20° C over the whole 
length of 800 mm. It was graduated m millimetres and the graduation 
marks were of an even thickness of 0 06 mm. The manometer and scale were 
maintained at a temperature of 20° C (±0 01°) by the method described 
under A. 

A high-precision reading device was mounted on the front of the manometer 
jacket , this was similar to that fitted on the gas-volume burette except that 
two reading microscopes were used The magnification of the microscopes 
was adjusted so that 25 micrometer (eye-piece) scale divisions exactly oovered 
the space between the mitres of two adjacent millimetre graduations, when 
the graduated scale was viewed through the microscopes. Direct readings 
could therefore be made to 0*04 mm., or less, by estimation. 

In setting up this section of the apparatus, great care was exercised to ensure 
that all the essential parts were quite rigid and vertical 

When each mercury meniscus was properly shrouded and suitable illumina- 
tion provided behind the manometer jacket (vide supra), it was possible — 
using the vertical and horizontal movements of the microscope carnages— to 
read very accurately the position of each mercury meniscus on the graduated 
glass scale For a given pressure m the adsorption system, the vertical 
distance between the two mercury levels could be measured with certainty to 
less than 0 02 mm No meniscus correction was necessary as each mercury 
meniscus was m tubing of the same bore 

Accurate barometer readings were necessary for the calculation of equilibrium 
pressures and also of gas volumes. These were made on a standard Fortin 
barometer and the usual temperature corrections made to reduce the readings 
to 0° C Independent readings were made on a U-tube barometer set up and 
read like the manometer described above This barometer was made from 
Pyrex glass, thoroughly “ baked out ” tn vacuo and filled by distilling pure 
mercury into it The readings of the two barometers, corrected to 0° C , 
agreed to within 0 02 mm. 


(E) The Qas Analyser 

This was used in conjunction with the gas-volume burette for the aocurate 
analysis of the samples of equilibrium oxygen-nitrogen mixtures. 
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After a sample of equilibrium gas mixture had been withdrawn from the 
adsorption system and transferred to the burette, the gas remaining in the 
connecting tubes and stop-cocks between the distributor vessel and the 
adsorption system was pushed back into the latter, the mercury level adjusted 
again at the fixed mark d and the stop-cock 7 oloeed The measured volume 
of oxygen-nitrogen mixture was then transferred, via the distributor vessel, 
to the gas analyser B 

In one part, m, of the gas analyser, the oxygen-nitrogen mixture was sub- 
mitted to the action of red-hot, pure iron (electroplated on a spiral of platinum 
wire which could be heated electrically) This resulted in the conversion of 
the oxygen into iron oxide and its complete removal from the gaseous phase 
Small traces of carbon dioxide and water vapour were necessarily produced in 
this operation since the oxygen-nitrogen mixture contained grease vapour 
owing to its passage through grease-lubncated stop-cooks , these impurities 
were removed from the residual nitrogen in another part, n, of the gas analyser, 
where it was left for 12 hours in contact with a Pyrox glass rod o coated with a 
thin layer of fused potash The pure nitrogen was finally transferred back 
to the burette, its volume determined and the composition of the original 
mixture calculated 

The accuracy of this technique was thoroughly tested by analysing oxygen- 
nitrogen mixtures of known composition— -made from measured volumes of 
the pure gases withdrawn from the storage vessels. The difference between 
the known composition of a mixture and that determined as above, was 
always less than 0 1% oven when the total volume of gas analysed was only 
6 to 8 co 

The detailed construction of the gas analyser is clearly shown in the diagram 
The three-way stop-cocks 9, 10, 11, 12, arranged as shown, and the large 
mercury reservoir (to which a wide range of positive and negative pressures 
oould be applied) made it posable to transfer the whole of the gas to where it 
was required for the various operations, and to follow it by mercury so avoiding 
the trapping of gas bubbles m the connecting tubes and stop-cocks. 

The pressure arrangements attached to the mercury reservoir also made it 
possible to produce a Torricellian vacuum in either of the vessels m or », so 
that dissolved air could be completely removed from the mercury and adsorbed 
gas from the iron-coated platinum spiral Smoe this spiral had to be reduced — 
by heating it in a stream of pure, dry hydrogen and then cooling it in the gas — 
before each analysis, it had to be heated to bright redness several times, mi 
vaouo, in order to remove the adsorbed hydrogen The dissolved or adsorbed 
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gas thus removed was pushed out by mercury through the open limb of stop- 
cock 10 

The arrangement of the stop-cocks 9, 10, 11, 12, made it possible — by 
the use of the appropriate open limbs of the last throe — (1) to reduce the iron- 
coated platinum spiral by heating it in a current of pure, dry hydrogen and 
cooling it in the gas stream , (2) to renew the potash on the Pyres rod o by 
removing it at the ground junction, dipping it in molten potash and cooling 
it, after replacement, in a stream of pure dry nitrogen After such operations 
and the subsequent removal of dissolved and adsorbed gases, as described 
above, the whole system could be filled with mercury and left ready to receive 
a measured volume of gas for analysis. 

Each stop-cock used in the construction of the apparatus was carefully 
chosen so that mercury could be passed through it without trapping small gas 
bubbles. Each stopper had a bore of the same diameter (about 1 mm.) as 
the capillary tubes sealed on to the stop-cock barrels and the openings of these 
tubes coincided exactly with the ends of the capillary passage through the 
stopper The stop-cocks were lubricated with Ramsay stop-cock grease 
(previously boiled »» vacuo) and, after the stoppers had been turned many 
times m both directions, the excess grease accumulated in the bore was washed 
out with carbon tetrachloride , air was then drawn through the bore for several 
hours. 

Great care was taken to ensure that the gases used in these experiments 
were of the highest possible parity Before filling with gas, each storage 
vessel was thoroughly evacuated, heated and “washed out” several times 
with the gas to be stored in it Each gas storage vessel contained a supply 
of pure phosphorus pentoxide with which the gas was left in contact for several 
weeks before use 

The nitrogen was made by heating pure sodium aside (purified by several 
recryBtall nations) in a wide tube directly sealed to the storage vessel No 
purification of this gas was necessary 

The oxygen was made by the electrolysis of a saturated solution of ban um 
hydroxide (punfied by many recrystal fixations). The electrolytic cell w as 
similar in design to that used by Lambert,* but air was kept out of contact 
with the electrolyte m the oell reservoir by means of a buffer of oxygen Since 
traces of hydrogen must be contained in electrolytic oxygen, owing to the 
solubility of this gas in the electrolyte, the oxygen was punfied by circulating 
it over a red-hot platinum spiral and pure phosphorus pentoxide for 20 hours 
* ‘ Tram. Cham. Soo ,’ rol 101. p 2008 (1»U) 
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The stop-oocks at the purifying and storage vessel were lubricated with glacial 
phoephono acid Gas drawn from this vessel was passed through a narrow 
U-tube immersed in liquid air to remove traces of water vapour taken up by 
the oxygen in its passage through the stop-cock lubricated with phosphoric 
acid 

The hehum used for the measurement of the free gas space of the adsorption 
system was made from thonamte and purified by circulating it for many 
hours over large quantities of active charcoal cooled to liquid air temperature 
The 100% hehum Supplied, in sealed glass tubes, by the Bntuh Oxygen 
Company, was also used and found to be quite satisfactory for the purpose 

The pressure-concentration equilibria between the silica gel and (1) pure 
nitrogen, and (2) pure oxygen were first determined Two independent 
experiments were earned out with each gas, the adsorption system being 
evacuated and the silica gel heated for 1 hour at 100° C between each expen- 

The results are given in Tables I and II Tho weight (*» vacuo) of the silica 
gel used m the experiments was 9 8812 gm. Amounts of gas adsorbed by 
this weight of gel are given in cubic centimetres at standard temperature and 
pressure , equilibrium pressures are expressed m millimetres of mercury at 
0°C 

These results are plotted m fig 2 

The results show quite clearly that the equilibria between (1) silica gel and 
nitrogen, (2) silica gel and oxygen are completely reversible and reproducible 
over the whole pressure range and that the adsorption, m each experiment, 
is proportional to the pressure except over the lower range of pressures It 
is noticeable that the amount of nitrogen adsorbed is over 10% more than the 
amount of oxygen adsorbed at the same pressure 

Adsorption from Oxygen-Nitrogen Mixtures 

Two separate and independent experiments were earned out on the adsorp- 
tion shown by the silica gel when exposed to mixtures of oxygen and nitrogen, 
the adsorption system being thoroughly evacuated, and the silica gel heated 
for 1 hour at 160° C , between the two experiments 

Mixtures containing approximately equal quantities of the two gases wen 
used throughout and the partial pressures of the two gases in the adsorption 
system wen never far apart. The gasea were mixed in the adsorption system 
—the oxygen being introduced before the nitrogen— in the determination of 
each “ ascending ” equilibrium point. 
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TaUe I — Silica Gel — Nitrogen Equilibria at 0° C 


No 

Volume of 
nitrogen adsorbed. 

Equilibrium 

prawana 

Volume adsorbed 
Pressure 

1 

1 037 

78 10 

0 020 

2 

3 738 

101 73 

0 020 

3 

5 708 

238 20 

0 024 

4 

7 021 

327 29 

0 024 

6 

10 123 

421 42 

0 024 

e 

12 318 

017 20 

0 024 

7 

14 614 

617 00 

0 024 

8 

16 808 

716 42 

0 024 

9 

16 000 

680 72 

0 024 

10 

13 427 

064 63 

0 024 

11 

11 117 

463 97 

0 024 

12 

8 777 

363 39 

0 024 

13 

6 402 

262 96 

0 024 

14 

4 201 

170 73 

0 020 

1# 

2 127 

80 08 

O 020 

10 

0 407 

18 00 

0 020 

17 

2 480 

100 42 

0 020 

18 

5 240 

214 03 

0 024 

10 

7 728 

318 80 

0 024 

20 

10 322 

430 11 

0 024 

21 

12 022 

542 40 

0 024 

22 

10 202 

847 02 

0 024 

23 

16 704 

712 21 

0 024 

24 

17 011 

763 40 

0 024 

20 

10 324 

648 03 

0 024 

26 

12 438 

021 17 

0 024 

27 

9 462 

302 62 

0 024 

28 

6 840 

281 83 

0 024 

20 

4 228 

171 78 1 

0 020 

30 

2 886 

116 63 | 

0 020 

31 

1 311 

02 69 1 

0 020 


The equilibrium point* ■ 
Mr»t experiment 
Second experiment 
The adsorption lystem i 


numbered in the order in which they were obtained 
r " Ascending ” point* — No*. 1 to 8 
. “ Descending ,r point*— No*. 0 to IB 
“ Ascending ’’ point* — Noe. 17 to 24 
Descending ’^points— No* 2d to 81 
* completely evacuated between the first and second experiment*. 


About 12 hours •were allowed for the establishment of equilibrium after 
the addition (or withdrawal) of gas, although careful experiments had shown 
that tiie equilibrium (total) pressure was reached in half an hour and showed 
no subsequent alteration over a period of several days. 

The results of the two experiments are given m Tables III and IV The 
equilibrium point* are numbered in the order in whioh they were obtained, 
each oxygen point in Table III being obtained in the same experiment as 
the nitrogen point designated by the same number in Table IV. The amounts 
of gas adsorbed by the gel (9 8812 gm ) are given in cubic centimetres at stand- 
ard temperature and pr ess ure, and the equilibrium partial pressures are given 
m millimetres of mercury at 0° C The results are given m two tables so aa 
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Table II — Silica Gel — Oxygen Equilibria at 0°C 


Vohune adsorbed 


1 513 
3 206 

5 055 

6 914 
8 925 

10 960 

13 486 

14 043 

15 339 

16 381 
14 548 
13 341 
13 109 
10 604 

8 890 

7 281 

5 536 
3 703 
3 396 
1 386 
0 440 

3 369 

4 633 

6 833 

8 900 

10 981 

13 659 

14 603 
14 036 

11 831 


147 78 
334 97 
333 30 
420 29 

519 33 
593 95 
669 65 
724 87 
783 00 
694 16 
635 49 
574 17 
495 88 
417 97 
339 80 
257 15 
189 71 

104 20 
61 97 
18 18 

105 37 
215 81 
319 18 
420 24 

520 15 
602 24 
898 02 
669 58 
637 51 
413 46 
301 20 
199 30 

06 56 
29 51 


0 023 
0 033 
0 023 
0 031 
0 031 
0 031 
0 031 
0 031 
0 031 
0 031 
0 081 
0 031 
0 031 
0 081 
0 031 
0 031 
0 033 
0 033 
0 022 
0 033 
0 034 
0 023 
0 031 
0 031 
0 031 
0 031 
0 021 
0 031 
0 021 
0 021 
0 021 
0 021 
0 023 
0 022 
0 023 


The equilibrium point* i 
Sint experiment 
Seoond experiment 
The edeorptkm system 


re numbered in the order in which they were obtained 

i “ Asoending ” points— Noe 1 to 10 
“ Desoending ^ points— Nos. 11 to 31 
“ Ascending” points— Noe 22 to 38. 

“ Descending points— Nos 29 to 35 
rsa completely evacuated between the first and seoond experiments 


to show dearly bow tbe adBorptaon of each gas is affected by the presenoe of 
the other 

In Table V the results are arranged so as to show how the added amounts 
of Ihe oxygen and nitrogen adsorbed at the twelve equilibrium points oompare 
with the sum of the amounts of these gases when adsorbed singly at the same 
pressures. It is dear that the total amount of gas adsorbed by the silica gd 
from mixtures of oxygen and nitrogen is slightly leas than the sum of the 
separate amounts of the pure gases adsorbed singly at the same pressures. 
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The results are plotted in figs. 3 and 4, along with the isothermals for the 
pore gases, so as to show how the adsorption of each gas is affected by the 
presence of the other 


Table III — Silica Gel — Oxygen Equilibria (in presence of Nitrogen) 


69 46 
118 02 
170 48 
223 81 
107 62 
209 12 


330 73 
308 81 
287 89 
266 77 


Volume of 

*S£< 

(mixture). 


Volume of oxygen 
absorbed from 
pure oxygen at 


1 326 

2 686 

3 709 

4 836 
2 360 
4 620 

6 148 

7 622 
7 076 
6 607 
6 170 


of oxygen due tc 
the presenoe of 
nitrogen 


+0 463 
+0 427 
+0 676 


Table IV — Silica Gel — Nitrogen Equilibria (in presence of Oxygen.) 



After the above experiments had been completed the adsorptive power of 
the gel for each of the pure gases was re-determined. It was found that the 
intrinsic adsorptive power of the gel for pure oxygen and pure nitrogen had 
undergone no ohaage whatever , equilibrium points were obtained whioh fell 
exactly on the originally-determined iso thermals. 
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The aocuracy of the technique employed in this work and the reproducibility 
of the reeulte in separate, independent experiments, seem to leave no doubt 
that, with the sample of silioa gel used, the adsorption of oxygen from mixtures 



of oxygen and nitrogen (at approximately equal pressures) is markedly higher 
than it is from pure oxygen. The adsorption of nitrogen is, on the other hand, 
definitely lower than it is from pure nitrogen. Although the silica gel showed 
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a greater adsorption from pure nitrogen than from pure oxygon (at corre- 
sponding pressures) this order is reversed when the gel is plaoed in oontact 
with mixtures of approximately equal volumes of the two gases. 



Ifolume oFnitre&n adsorbed from oxygen- 
nxtngtn mixtures ftnccaf SIP) 

Fra 4. — Pore nitrogen isothermal. 


A discussi on of these results is postponed until data are obtained for the 
adsorption by the same sample of silica gel from other binary gas mixtures. 
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Table V — Silica Gel — Oxygen-Nitrogen Equilibria at 0° C 



Pint experiment " Ascending " points — Noe. 1 to 4 


Thanks are tendered to Imperial Chemical Industries for a grant which 
helped to defray the cost of this investigation 


(1) An accurate technique is described for the study of adsorption by solid 
adsorbents from binary gas mixtures. 

This technique has been applied to the investigation of the adsorption by 
silica gel at 0° C. from mixtures of oxygen and nitrogen when these gases are 
present m approximately equal quantities 

(2) An investigation of the adsorption of the separate gases at 0° 0 has shown 
that, in each experiment, the adsorption is directly proportional to the pressure, 
except for a very slight divergence at pressures below 100 mm. The pressure- 
ooncentrataon lsothermals show a complete reversibility over the whole range 
of pressures studied (up to 1 atmosphere), and they are reproducible throughout 
m separate independent experiments. 

The adsorptive power of the nlica gel is greater, at corresponding pressures, 
for pure nitrogen than for pure oxygen 

(8) A study of the adsorption at 0° 0. from nurtures of approximately equal 
quantities of these pure gases has yielded remarkable results • — 
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(o) The adsorptive power of the silica gel for oxygon is, m the presence of 
nitrogen actually greater (up to 15%) than when oxygen alone is 
present 

(6) On the other hand, the adsorptive power of the gel for nitrogen is less 
in the presence of oxygen than when nitrogen alone is present 
(e) The total amount of gas adsorbed from the mixture is always slightly 
less than the sum of the separate amounts of the pure gases absorbed* 
singly at the same pressures 


The Theory of Alloys m the v -Phase 

By H Jones, Lecturer in Theoretical Physics, Wills Physical Laboratory, 
University of Bristol 

(Communicated by A M Tyndall, FR8 — Received November 9, 1933 ) 

1 Introduction 

Binary alloys in the y-phase according to Endof and BemalJ have especially 
large diamagnetic susceptibilities It appears also that the Hall coefficient^ 
may be much greater for the alloys m this phase than for cither of the con 
stituent pure metals It will bo shown that it is possible to relate these pro- 
perties to the crystal structure of the alloys, and to the fact that the com 
position within the y-phaso follows the Hume-Rothery|j electronic rule For 
alloys in this phase the rule states that there are 21 loosely bound, or valency 
electrons, to every 13 atoms A reason will also be shown to exist for this 
rather odd ratio of the number of approximately free electrons to the number 
of atoms 

The remainder of this section givos a summary of results already known 
which we shall require 

The wave-function of an electron moving in the periodic field of a lattice is 
of the form^f 

= «" r<k r> Ms (*•), (1) 

t * SoL Rep. Imp Umv Tokyo,’ vol 14, p 479 (1925) 
t ‘ Train. Faraday Soo ,’ vol 25, p 367 (1929) 

| Richard* and Evan., * Phil Mag.,’ vol 13, p 201 (1932) 

|| “ The Metallic State,’’ p 328 
1 Bloch, < Z Phyaik,’ vol 52, p 555 (1929) 
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where u k (r) is periodic with the period of the potential held, and the three 
components of k are the numbers used to specify a state The Y-structures 
are based on a cubic lattice, so that it will be sufficient only to consider crystals 
with cubic symmetry a is then the length of the side of a unit cell 

It is convenient to regard k x fc„, k, as plotted along threo rectangular axes, 
so that every state of an electron in the lattice is represented by a point in 
k space The energy of a state associated with a point in k space may be 
determined to a first approximation b> perturbing free electrons w ith the lattice 
field For free electrons the < norgy is 


( 2 ) 


Since the momentum of a free electron is hk/n, and since owing to spin there 
are two states per h * of phase space, it follows that the number of states por 



unit volume of k space is 2N /8 where N is the total numlior of atoms in the 
crystal and S the number per unit oell Hence the density of states |>cr atom 
in k space is 2/S 

It is a well-known result of the theory that the effect of the lattice field is to 
introduce planes in k spaoe across which the energy changes discontmuously t 
For example, for a two dimensional cubic lattice the energy is discontinuous 
across the sides of a square as shown in fig 1 The ourved line is a line of 
oonstant energy , such a lino will represent the boundary between states which 
t Bnllouin, “ Quantemtstwtik,’ chap 8 
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are occupied and states which are unoccupied Such a boundary is sharply 
defined at low temperatures In a three dimensional lattice it forms a surface 
in k space which for convenience is usually referred to as the surface of the 
Fermi distribution 

The equations to the planes across which the energy may change dis- 
contmuously are given by the conditions 

E k+n < 0> - E k (n > - 0, (A) 

where n stands for the three integers (w t , n a , « a ) each of which may be positive, 
negative, or zero These planes, viz , 

njc m -f- nje t -f- nje t + i (»i* + n i + n »*) — 0 (t) 

he parallel m k space to the set of parallel planes in the crystal associated with 
tiie Miller indices (« lf n 8 , nj) 

If the potential of the lattice field be expressed m the form 

V = £„ V B r) (5) 

the discontinuity in the energy on orossmg the plane (n 1( n t , rig) in k space is 
given to the first approximation by 

AE„ = 2e|V.| (6) 

ThiB approximation to the energy gap becomes more accurate as the energy 
of the state corresponding to the point (ln lf ±n a ) m k space increases, t e , 
as Jn increases, because the greater the energy the more nearly do the wave- 
functions of the states approximate the plane waves 

2 The Relative Magnitudes of the Fourier Coefficients of the Potential 
As any crystal with cubic symmetry can be built up of interpenetrating 
simple cubic lattices, the potential may be written 

V=S{£A. r r""'^eT ( " f) , (7) 

where A Dr are the coefficients of the potential for a simple cubic lattice com- 
posed of atoms of a type denoted by t, and a . u, is the displacement of the 
atom t from the origin of the unit oell 

If 4>r (r) be the potential due to a single atom of the type r we have by 
definition of the A„ T 
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Hence 




(8) 


This integral is just the well-known atomic scattering factor for electrons, j* 
and if the charge distribution surrounding an atom be assumed spherically 
symmetrical, it may be put in the form 


where /„ is the atomic scattering factor for X-rays taken at the value of its 


t «nn_e . 
X 

If we write 


argument ^ and Ze is the nuclear charge 


0 T = 2 tt (n, u T ) 

then, since the coefficients A„ T are real, we obtain by comparing ( 6 ) and (7) 


| V. | l = (X A. r cos 0 r )» + (E A., sm 0 r )» (10) 

0 T is just the phase difference between the origin of the unit cell, and the atom 
t when the crystal is reflecting X-rays from the planes ( 14 , » a , n 8 ) in the first 
order 

Thus if the crystal structure and the atomic scattering factor are known from 
X-ray data it is always possible to obtain AE a , the discontinuity of the energy 
across any given plane in k space, to the accuracy given by the perturbation 
method Although the absolute values of AK„ obtained m this way may not 
be very accurate, one may expect to obtain satisfactory values of the relative 
energy gaps for tho different planes 

In the special case when the atoms forming the crystal have nearly the same 
atomic number, so that the atomic scattering factors may be taken to be equal, 
a simple approximate formula may be given for the energy gap across a 
given plane — 

AE -^ = ^ (Z “ / -) S -"-’ (11) 

where 

'^ = {(Xoose T )« + (£smO r )*}* 


is the structure amplitude, which largely determines the relative intensities 
of the X-rayB reflected by the crystal planes (n^ n„ »,) 

t Mott and Massey, “ Theory of Atomic Collision*,” ohap VII , Mott, ‘ Leipxiger 
Vortrige,’ p 63 (1830) 
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Even for those alloys for which there is a considerable difference between the 
atomic numbers of the constituent atoms, there will be a close similarity 
between the relative intensities of the X-rays reflected by the different sets of 
planes ( 14 , n„ tij) and the energy gaps across the corresponding planes in k 
space The reason for this is that it is known that the X-ray reflection spectra 
of the three alloys Cu-Zn, Ag-Zn, Au-Zn are very similar, and that the relative 
intensities reflected from the different planes are principally determined by the 
values of Hence, since for given n the difference between the 

values of (Z — f n ) for two different atoms is smaller than the difference between 
the values of it follows that the energy gaps will depend on to an 
extent at least as great as the extent to which the X-ray reflections depend upon 
( 8 *, Therefore, as the X-ray reflections for the three alloys are very 
similar, it follows that the energy gaps across the same planes in k space for 
the different alloys will also be approximately equal 

3 Alloys with the y -structure 

Bradley and Thewlisf have made a detailed examination of the structure 
of the alloys Cu-Zn, Ag-Zn, and Au-Zn m the y-ph&ae, based upon the X-ray 
measurements made by Westgren and Phragmon J These measurements 
show that of the crystal planes with small indices only the sot {411} and the 
set {330} give rise to strong X-ray reflections Wo deduce, therefore, that the 
first planes in k space, outwards from the origin, across which the energy shows 
an appreciable discontinuity are those lying parallel to the sets {411} and 
{330}, and whose perpendicular distance from the origin is, m each case accord 
ing to equation (4), 3/2\/2 A perspective drawing of the zone marked out m k 
space by these planes is given m fig 2 The polyhedron has 36 faces and is very 
symmetrical The ratio of its volume to that of the inscribed sphere is 
HV'2/2 7 r, ♦ e , 1 12 The volume is equal to 48, and since there are 2 /S states 
per atom, the zone must contain 90 states per unit cell, and the inscribed sphere 
very nearly 80 

For the alloy Cu-Zn Westgren and Phragmen ( loc at ) give for the value of the 
lattice constant 0 = 8 86 A , therefore with n =V(18) one finds n/ 2 o =» 
0 239 10* , the value of the atomic scattering factor / for Cu at (sm 0)/X — 
0 239 10* may be interpolated from the data given by James and BnndleyJ 
and is found to be 19 9 Bradley and Thewlis (loc at ) give for the square 

t * Proc Roy Soo ,’ A, vol 112, p 678 (1926) 

$ • Phil. Mag ,’ vol 50, p 331 (1925) 

§ / Phil Mag,’ vol 12, p 81 (1931) 
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of the structure amplitude S* 4n == 31 7 and S* M0 = 78 3 Thus using equation 
(11) we obtain the approximate values of the energy gaps across the planes 
(411) and (330) in k space 

AE 4U =0*93 electron volts 
AE SS0 = 1 46 electron volte 



These values are probably an over-estimate due to the approximations involved 
in the perturbation calculation which gives (6) 

Within the y-phase the formula for the alloys Cu-Zn, Ag-Zn, Au-Zn are 
OujZn,, AgjZng, Au s Zng, and there are 52 atoms per unit cell If the number 
of loosely bound electrons contributed by each atom is given by the valency, 
» e., Cu 1, Zn 2, A1 3, Sn 4, and so on, then throughout the whole set of alloys 
with the y-structurc there are as Hurac-Rothery points out just 21 loosely 
bound electrons to every 13 atoms at a composition in the neighbourhood of 
the centre of the phase Thus thero are 84 electrons per unit cell , we have 
seen that the zone is nearly spherical, contains 90 possible states, and that the 
inscribed sphere contains 80 , hence the surface of the Fermi distribution 
must he at all points very close to the surface of discontinuity m the energy. 
This is the distinguishing feature of alloys with the y-structure 
If the energy of the states associated with the points lying along a line m k 
space through the ongm, and perpendicular to a plane of discontinuity, is 
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plotted against the distance from the origin, a curve of the form shown m fig 3 
is obtained The dotted lme represents the energy of free electrons Although 
from the present standpoint it is impossible to say anything about the actual 
value of the binding energy of the metal, it can bo seen from fag 3 that the 
effects of the energy gaps, considered by themselves, will be to give an additional 
contribution to the negative energy, when the surface of the Fermi distribution 
lies just within or just touching the boundary of a zone in ifc space Thus 
with the structure characteristic of the y-phase we may expect the composition 
of the centre of tin phast to correspond with somewhat leas than 90 loosely 



bound electrons per unit cell of 52 atoms For, on account of the smallness 
of the energy gaps, 90 electrons per unit cell would cause an overlapping into 
the second zone, and th< energy minimum must occur just before this happens 
The Hume-Hothery rule gives 84 electrons 

4 Diamagnetism 

Let k be the distant e in k space measured normal to a plane across which the 
energy is discontinuous For the discussion of the diamagnetism we require 
the value of 3*E/0 k* see, for example, equation (12) It is easy to find the 
values of 0®E/3 k* at the origin, and by an elementary perturbation calculation, 
at either side of a plane of discontinuity At the origin the value is amply 
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hP/ma * , which if the electrons were entirely free would he the value at all 
points in k space The first approximation to the energies of states associated 
with points which he close, on either side, to a plane of discontinuity, * e , 
for which k is nearly equal to £n, are given by the roots of the equation 


l<£r>- k i 2 +v 

v*« 

Hence by use of (6) we obtain 



■£(*- 

S('+ 


4E tl *> 

AE„ 

££ 

AE„ 


) 

I, 


where E^* 0 ’ is the energy of a free electron at the point in, and AE« is the jump 
in the energy across the plane. Thus with the estimated values of AE„ given 
for the alloy Cu 5 Zn 8 the magnitude of 0*E/0 k s in the immediate neighbourhood 
of the planes {411} will be 37 times its value for free electrons, and in the 
neighbourhood of the planes {330} 24 times This may easily be seen by 
reference to fig 3 

Recently Reierlsf lias examined the diamagnetic susceptibilities of electrons 
in metals. He finds three termB which contribute to the susceptibility For 
the most important of these terms he gives a formula which for metals at low 
temperatures may be written 


X ^ 


( f/dE '- 1 
3 ha Jr 0ii 


0*E 0*E 

0*.* dk* 


{ JSLf 

\dk. dkj 


( 12 ) 


where the integration is over the surface of the Fermi distribution in is the 
mass of the electron, and p. its magnetic moment 0E/0 h is the rate of change 
of E along the normal to the surface over which the integration is taken 
This formula was obtained for a special case corresponding to the Bloch 
limiting case of tight binding Since, however, the formula reduces for free 
electrons just to Landau’sJ formula it appears justifiable to use it in inter 
mediate cases. 


In general the magnitude of 


0*E 0*E 
dk* 


will be much greater than the rnagni- 


t ‘ Z Phywk,’ voL 80, p 763 (1033) 
} • Z. Physik,’ vol W, p. 020 (1930) 
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tude at all points on the surface over which the integration is 

\3t r 3i*/ 

taken Hence, when the surface of the Fermi distribution lies close to a surface 
of energy disc ontinuity ^ may be expected to have a value manv tunes greater 
than the value given by free electrons. 

The experiments of Endo ( loo at ) show that the alloys Cu-Zn and Cu-Sn 
have a remarkable maximum in the diamagnetic susceptibility for com- 
positions which lie within the y-pha.se Fig 4 is a reproduction of Endo’s 



MO BO 60 40 20 0 

Cu Per cent copper In. 
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curve showing the diamagnetic susceptibihtv as a function of the composition 
of the alloy Cu-Zn 

Hall Effect 

The following theoretical formula for the Hall coefficient has been obtained! 



t Jones and Zener (ta conrtc of publication) 
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where in tins case the integration is taken over that part of the surfaoe of the 
Fermi distribution where it is not m contact with a surfaoe of discontinuity 

It can be seen that if the surface of the Fermi distribution lies in the main 
just within the boundary of the rone the Hall coefficient will be large and 
positive, t.e., of the same sign as for zinc, whilst if it lies just outside the boundary 
it will be large and negative 

By slightly varying the composition of an alloy the number of loosely bound 
electrons may be varied slightly without changing tho structure of the phase 
For the y-structures a small change m the number of loosely bound electrons 
would change the surface of the Fermi distribution from lying just within to 
just outside the boundary of the zone (c/ fig 1) For these alloys therefore 
it may be expect™! that the Hall coefficient will change for small variations 
in the composition from large positive to large negative values as the com- 
position vanes m the direction of increasing number of loosely bound electrons 
The experimental curves given by Evans and Richards (foe erf ) do appear to 
behave in this way 

It is a pleasure to express my thanks to Dr C Zener and Professor N F 
Mott for discussions on various points 

Summary 

The zones of allowed energies for the loosely bound electrons m alloys with 
the y-structure are examined It is shown that tho lowest group of energy 
levels is almost completely filled by the number of loosely bound electrons 
given by the Hume-Rothery rule, and a reason for the existence of this rule 
is discussed In addition it is shown that large diamagnetic susceptibilities 
may be expected for alloyB m this phase, and that the Hall coefficient should 
change from large positive to largo negative values as the composition varies 
through the phase m the direction of increasing number of loosely bound 
electrons 
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Some Experiments on the Production of Positive Electrons 
By J Chadwick, FR8, P M 8 Blackktt, F R S , and OPS Occhialini 
(Received February LO, 1934 ) 

(Plates 2— f» ] 

§ 1 Introduction 

This paper describes work earned out during the last year on the production 
of positive electrons, or positrons * by various radiations Although it is 
probable that the positrons found in conjunction with cosmic rays have their 
ongui in the interactions of some penetrating radiation with matter, these 
experiments gave no direct information about their mode of origin In order 
to throw light on this and to have a method of studying their properties more 
closely it was necessary to seek a means of producing positrons under easily 
controlled conditions 

Our first experiments directed to this end were those which showed that the 
radiation from beryllium bombarded by polonium a-particles, a radiation con- 
sisting of y-rays and neutrons, could eject positrons from lead 4 preliminary 
notice of these results was given by us in a letter to ' Nature ’f Almost at the 
same time M< ltner and Philipp} and Curie and Joliot§ reported the name effect 
We next proceeded to see whether positrons were produced by the high 
energy y-rays emitted by thorium C", and our first results were reported by 
Chadwick in the Bakenan lectured last year By this time Curie and Jobot 
had shown that the positrons produced by the beryllium polonium radiation 
were mainly due to the y-rays, rather than the neutrons, and first Anderson c 
then Cuno and Joliot** and Meitner and Phibppft reported the production of 
positrons by the y-rays of thorium C" It was pointed out by Blackett and 

* The name ‘ positron ” for a particle of about electrons mass and positive charge 
was suggested by Anderson, and it seems to be coming into general use The negative 
electron will still be called, as usual, an electron 
t Chadwick, Blackett, and Occhialini, ‘ Nature,’ vol 131, p 473 (1933) 

} ‘ Naturwiss vol 21, p 286 (1933) 

§‘C R Acad Soi Paris,’ vol 196, p 1100(1933) 

|| ‘Proo Roy Soo ,’ A, vol 142, p 1 (1933) 

H ‘ Science,’ vol 77, p 432 (1933) 

W 'CR Acad Sci Pans,’ vol 196, p 1681 (1933) 
tt ‘ Naturwiss ,’ vol 24, p 468 (1933) 
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Occhialini* that the Dirac theory of the electron led to the view that a pair 
of electrons of equal mass and opposite sign may be produced when y-rays 
of high energy are absorbed in matter Tf tn is the mass of either electron 
then the combined kinetic energies of the particles will be 

E a = Av - 2wc* (1) 

and this will also be the maximum kinetic energy which the positron can 
acquire f Since the mass of the electron is equivalent to an energy of 511,000 
electron volts the total kinetic energy of the pair (or the maximum energy of 
the positron) produced m this way by the thorium C" y-ray of Av = 2 62 X 10* 
e volts will be 1 60 X 10® e volts Anderson and NeddermeyorJ have, in 
fact, measured the energies of the two particles for several pairs and they have 
found that their total kinetic energy does not appm mbly exceed this value , 
and Curie and Joliot and Meitner and Philipp have measured single positrons 
with energies up to about this value The preliminary results of our own 
measurements, quoted m the Bakenan lecture, also led to the same conclusion 
A survey of these results lias recently been given by Blackett § 

It is clearly of the greatest importance to establish the aliove relation 
thoroughly, for upon it largely depends the experimental evidence that the 
positron is created, simultaneously with an electron, by some interaction of a 
y-ray with matter, and, moreover a value for the mass of the positron can be 
deduced from it The experiments were therefore continued until about 
4000 tracks of electrons and about 400 tracks of positrons had been obtained, 
giving a body of evidence sufficient to justify quantitative conclusions 

§ 2 Experiment* with the y -rays of Thorium Active Depoml 
The expansion chamber used m these experiments was the one made by 
Blackett and Occhialini for the study of cosmic rays The chamber had an 
internal diameter of Id cm and the piston travelled horizontally The chamber 
was failed with oxygen, to a pressure of about 1 7 atmospheres The chamber 
was placed between two coils which served to establish a magnetic field with 
its fanes parallel to the axis of the piston The strength of the field was m 
most experiments about 800 gauss , in others, 400 and 600 gauss The tracks 

* ‘ Proc Roy Soo ,’ A, vol 139, p 699 (1933) 

t It will acquire the maximum energy when the electron, at the end of the prooeas, w 
free and at rat 

t ‘ Phy* Rev ,’ vol 43, p 1034 (1933) 

{ ‘ Nature,’ vol 132, p 917 (1933) 
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were photographed by means of two cameras, one with its axis along the axis 
of the piston, the other at an angle of 20° to tins 
In the first senes of expenmcnts, the source of thonum active deposit, of 
about 1 /50 mg f-r&y activity, was placed outside the chamber m a lead cylinder 
The y-radiations, filtered through 1 cm of lead, passed through the glass walls 
of the chamber and fell on a target of lead, 2 cm square and 2 mm thick, 
attached to the inside wall 

In order to avoid any possibility that a negative electron moving towards 
the lead target should be counted as a positron, a thin metal plate, of al uminium 
or of copper, was placed across the middle of the chamber so as to intercept 
the path of the particles, following the arrangement used originally by Anderson 
The particle must lose energy m passing through the plate and its track must 
therefore show a greater curvature on the emergent side than on the incident 
side The direction of motion, and therefore the sign of the charge of the 
particle, can then be definitely known In this series some 1200 tracks were 
obtained about 50 of which could with certainty be ascribed to particles carry- 
ing a positive charge The ionizing power of these particles and the loss of 
energy in passing through the plate were both consistent with the view that 
the particles had a mass about the same as that of the negative electron 
Occasionally positive electrons were observed from the glass walls of the 
chamber, and also from the plate of copper at rose the chamber 

In a second series of experiments the source of thorium active deposit was 
placed inside the chamber The deposit was obtained on a wire about 5 mm 
long and this was surrounded by a closed cylinder of lead of 3 mm wall The 
lead cylinder was fixed to the top plate of the expansion chamber With 
this arrangement, the source occupied a very small volume and the chance 
that a negative electron produced m a remote part of the chamber should be 
bent so as to hit the lead cylinder was very small It seemed no longer necessary 
to place a metal plate across the chamber m order to identify the sign of the 
charge m the particle, and the plate was therefore omitted, as its presence 
interfered with the accurate measurement of the curvature of the tracks 
About 700 pairs of photographs were taken in this senes of experiments 
giving more than 4000 tracks of negative and positive electrons 
The curvature of the tracks was measured by superimposing over the image 
of a track a transparent scale with circles of different radn marked on it. This 
method is not a very accurate one, but it does serve to avoid errors due to any 
departure of the track from a true circle such as might be caused by small 
nuclear deflections Experience has shown that such deflections are difficult 
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to recognize and may cause serious errors This method enabled the energy of 
a particle to be determined with a probable error of about 4% A further 
source of error was present because no attempt was made to correct for the 
actual position of the track m the chamber On this account the true magni- 
fication of the different tracks varied as much as 3% from the mean Nor, 
when calculating the energy of the particle from the track curvature, was any 
correction made for the fact that a track might not lie exactly in the plane 
normal to the magnetic field This error was, however, small since onl) 
those tracks were selected for measim ment the planes of which, as revealed 
by comparison of the two stereoscopic photographs were within a small angle 
to the plane normal to the field Clearly it would have been desirable to 
improve the accuracy of the measurements by taking all these sources of error 
into account, but we considered that the great labour was not justified for a 
preliminary survey of the phenomena, and wo preferred to select from the 
photographs those tracks which wore most suitable for measurement 
The results of the measurements of the curvatures of the tracks are shown in 
fig 1 Curve 1 gives the data for all the positrons with energies greater than 
0 5 X 10* volts which were, suitable for accurate measurement, and curve 2 
for the electrons with energies above 1 X 10® volts, selected from about one- 
tenth of all the photographs In each curve the numbeT of tracks within an 
energy range of 200,000 volts is plotted against the mean of the limit of the 
energy range It must be pointed out that these curves do not represent the 
energy distributions of the electrons as they are ejected by the y-radiation, 
for the thickness of the lead absorber in which the electrons arise is greater 
than the maximum range of the fastest particles Thus electrons of all energies 
from zero to the maximum must be present, wliatever the original distribution 
may bo No detailed interpretation of the curves of energy distribution is 
possible owing to the complexity of the experimental conditions 
The y-radiation emitted by thorium active deposit consists of (1) the soft 
radiation of thonum B, with energies up to 300,000 volts , (2) the radiation from 
thonum (C -f C'), mostly of energies below about 700,000 volts but with two 
weak lines of I 6 and 1 8 million volts , (3) those of thonum C", some of low 
energy up to 600,000 volts and the strong lme of 2 62 million volts If we 
restrict our examination of the electrons to those of high energy then only the 
y-rays of 1 6 and 1 8 million volts, associated with the thonum C C' trans- 
formation, and that of 2 62 million volts, arising from the Th C" Pb trans- 
formation, are concerned The first two rays are of weak intensity and, 
although twice as many atoms transform from Th C to C' as from Th C" to Pb, 
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about 70% of the quanta of high energy must be contributed by the line of 
2 62 million volts The end portions of the curves of fig 1 must then be due 
mainly to the action of this yray It seems reasonable for a first approxi- 
mation to assume that the maximum energy of the particles is given by the 
intercept on the energy axis of the steep portion of the curve, as drawn m fig 1 



The end point as thus defined will be too high by a quantity somewhat greater 
than the mean error of measurement * 

* The effect of the errors of measurement in the track curvature* is to increase the slope 
of the end part of the curves of fig 1 Suppose, for example, that the energy distribution is 
uniform up to a maximum energy E, (see fig. 2) If each energy determination is subjeet 
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The measured end points for the positron and for the electron curves are 
1 63 x 10* volts and 2 62 X 10* volts respectively, with estimated probable 
errors of about 1J% The calculation given in the note BhowB that these 
values should be about 5% high We thus get for the corrected values of the 
maximum energies of the positron and electron the values 

E, = (1 65 ± 0 03) X 10* volts 
E, = (2 49 ± 0 04) X 10* volts 



The value found for E, is sufficiently close to the value of 1 60 X 10* volts 
given by equation (1) above to provide very strong support to the hypothesis 
that a y-ray produces a negative electron at the same time as a positive electron 
and that the two have equal masses 

It is conceivable, however, that in contradiction to Dirac’s theory the mass 
m, of the positron is not exactly equal to the mass of the electron If we 
rewrite (1) in the form 

»»ie* = Av — E, — m l c*, (2) 

to an error, the probability of which is given by the Gaussian error law, then the true dis 
tnbntion curve (n = *,fon< 0 and » — 0 for x > 0) is transformed into the curve 

dy 

Since n (x) — 1*0, when x = 0, the value of the energy at which the number of particlea 
panes through half value gives the true end point E, The tangent to the distribution 

curve at this midpoint outs the x axis at a value 8 given by 8 — |x = 1 25 p, where 

is the R.M 8 error of the observations For this special oase then, tho quantity 8 must 
be subtracted from the observed end point to give the true value of E r Sinoe the R.M.S 
error of the energy determination was estimated at about 4%, the end point should be about 
5% too high 
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and introduce the observed value of Ej and the, known value of Av we obtain 

m t = (1 10 ± 0 06 ) #», 

A preferable procedure, which reduces the error introduced by any small 
consistent error in the absolute values of the measured energies, is to use the 
observed value of E, rather than the value of Av The majority of the observed 
electrons are recoil electrons, which have a maximum energy of 2 10 X 10* 
volts The photo-elet trons are probably about 10% of the recoil electrons 
and mostly ieme from the K shell, the < ontn buttons of the L and other shells 
being quite small It is veiy probable therefore that the end jioint of the 
electron curve as we have defined it will correspond to the maximum em rgy of 
the photo electrons from the K shell, that is, 

E, — Av - O) 

where w, is the binding energy of the K shell 

Prom (2) and (3) we get 

irtjC 2 — E, - B, | to, - m,t J 
Kinoe w, — 0 09 X 10* volts, w. obtain 

»>, - (1 02 ±0 10)/*, 

This calculation gives probably thi moHt accurate determination of the mass 
of the positron which is yet available 

It will be noticed that both curves of fig 1 show a tail, particularly marked 
for the electron curve Such a tail is due in part to errors of measuremtnt, 
possibly < aused by unrecognised deflections m the tracks but it nnty also bo 
partly due to the presence of a small amount of y-radiation of energy greater 
than 2 b*2 x 10* e volte.* The presence of a few cosnuc ray tracks passing 
through the source may perhaps contribute to these tails , the vertical type of 
i loud chamber, such as we used, is sensitive to cosmic radiation 

§3 Yidd of Pottduie EleUrom 

In the first senes of experiments the number of positive electrons obtained 
m 360 pain of photographs was SO, compared with 1200 negative electrons 
In the counting of the positive electrons an over strict entenon was adopted 

* Dr Ellis informs us that the noolear level system proposed by Mott and himself for 
the thorium C" y-rays suggests a radiation of =*» 8 2 X 10* e. volts. 


vox* ox uv — a. 
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The yield of positive electrons, about 4% of the negatives, obtained from this 
senes is certainly much too low 

In the second series, m which the source of frays was inside the expansion 
chamber, all tracks which started from the lead cylinder and which showed a 
positive curvature were counted as positrons A corresponding criterion 
was taken for the negative electrons Two counts wen* made, m the first all 
particles of energy greater than about 200,000 volts were counted, and m the 
second only those of energy greater than 400,000 volts The first gave 323 
tracks of positrons and 3563 tracks of negative electrons The ratio of positive 
to negative electrons is thus about 9% and may be slightly greater, for some 
positive tracks whi< h could not be traced to their ongm in both photographs 
of the stereoscopic pair were rejected as doubtful The second count gave a 
sunilar proportion 

The actual produr tion of positrons in the lead absorber must be greater than 
this observed ratio, owing to the fact that the energy of the positives is less 
than that of the negatives and a greater fraction will be unable to escape from 
the absorber A rough estimate of the correction to be applied for this 
absorption can be made in the following way 

Consider the production of secondary electrons in a thick layer of matter by 
a homogeneous y-ray, and assume that all the secondary electrons are emitted 
directly forwards with the same energy E„ Then the number which emerge 
from the absorber with energies greater than E t will be proportional to 
« (R 0 — R,), where a dx is the chance of production of a secondary electron in 
a layer of thickness dx and R 0 and R x are the ranges m the absorbing material 
of electrons of energy E 0 and E, Thus in this case the ratio of the observed 
number N' of positrons to the number N of electrons both with energies 
greater than Ej, will be 

N' «' R'a - K', 

N « R 0 -R x ’ 

where a', R'„, R'j refer to the positrons It is here assumed that positive 
electrons have the same range as negative electrons of the same energy From 
the known data on the ranges of fl-partioles we find the following data - 

E, = 2*39 X 10® volts* R, = 1 12 gm /sq cm 
E', = 1*60 X 10® volts R' 0 = 0 67 gm /sq cm 
K x <= 0*2 X 10® volts R x = 0 04 gnu/sq cm. 

• One must take hen the value tot the recoil electron dace then are in gnat majority 



Production of Positive Electrons. 


243 


Taking the observations in which all particles with energies greater than 200,000 
volts were counted, N'/N was 0%, whence a'/a = 15% This calculation is 
very rough for several factors have been neglected For example, no account 
has been taken of the angular distribution of the particles It is possible 
that the positrons are emitted mainly within small angles of the direction of 
the y-ray, and the above correction for escape will then be over-estimated 
It seems likely that the probability of production of a positron m the lead 
absorber is from 12 to 15% of the probability of the production of a recoil 
electron 

Now the y-radiation passing through the lead (-onsists, as we have already 
described, mostly of y-rays of low energy with three y-rays of energy 1 (5 
1 8, and 2 62 million volts If the Dirac theory of the production of positive 
electrons is correct then the positive electrons can lie due only to y-rays of 
energy greater than 1 02 X 10* e volts Further, it seems probable, both 
from theory and from such experimental information as is available, that the 
probability of production increases rapidly with the energy of the y-ray 
Thus the positrons observed in our experiments must be due almost entirely 
to the y-ray of 2 62 million volts, while the other radiations present take part 
in the production of the recoil electrons It is only possible to make a very 
rough estimate of the proportion of the negative electrons whioh are produced 
by the y-ray of 2 62 million volts , it seems likely that this fraction is between 
0 5 and 0 7, under the conditions of our experiments We thus arrive at the 
conclusion that the probability of the production of a positron by the y-ray 
of 2 62 million volts in lead may be as high as 20 to 30% of the probability 
of the production of an electron by the normal processes of scattering and 
photoelectric absorption 

§ 4 Expewnrnts u Uk a $-ray Source 

In some experiments a thin aluminium wire coated with thorium active 
deposit was enclosed m a glass tube, about 0 1 mm thick, and placed in the 
i-entre of the expansion chamber With this arrangement the majority of the 
3-rays emitted by the active deposit could esoape through the glass tube 
The source was of much weaker activity than m the previous experiments, 
about 15 electron tracks being observed on the average in each expansion A 
few tracks of positrons were also observed , in all 24 tracks among 2000 tracks 
due to electrons The energy of the positrons was never greater than 14x10* 
volts A rough calculation based on the results of the previous sections 
•hows that it 18 unlikely that these positrons oould be due to the action of 
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y-raya m the metal of the wire or m the glass walls of the tube Moreover, in 
some experiments the active deposit was obtained on a platinum wire instead 
of aluminium If the positrons were produced in the wire, a much greater 
proportion should have been found m this case, but the proportion remained 
sensibly the same Some photographs were taken in which a thin platinum 
oyknder was placed round the source tube to test whether the ^-particles 
could produce positrons in passing through the platinum No increase in the 
proportion of positives eould be noticed It seems probable therefore that 
these positive elections have their origin in the radioactive atoms themselves, 
possibly by an internal conversion of a y-ray or peihaps I)} an interaction of 
a fj- particle in its escape through the nuclear held 

It may be pointed out that these results indicate that a bare source of thonum 
active deposit provides the most powerful source of poeitive electrons which is 
yet known This is indeed evident from the experiments of Thibaud* who 
has succeeded in obtaining from a radiothonum source a pencil of positive 
electrons sufficiently intense to give a good trace on a photographic plate, and 
to offer the possibility of measuring the ratio e/m of the charge to the mass 

§ B Experiment* with the Radiation* Excited »n Beryllium, Boron, and 
Fluorine. 

The arrangement of the source and target in these experiments was similar 
to that in the first senes w ith the thorium y rays A capsule containing a 
polonium source and a piece of beryllium was placed outside the expansion 
chamber close to the wall, und on the inside wall was fixed a target of lead, 
2*5 cm square and 2 mm thick The lead target was thus exposed to the 
y-rays and neutrons liberated from the beryllium under the bombardment of 
the a-purtieles from the polomuiu, and also to the y-rays emitted by the 
polonium itself Situ e the y rays of polonium have a maximum energy of 
only 1 million volts, no confusion can arise if observations are restricted to 
electrons of energy greater than this amount This feet was confirmed m 
oontrol experiments in which the polonium alone was used as a source, and m 
these experiments uo positive electrons were observed f In most photographs 
a metal plate was placed across the middle of the expansion to mteroept the 
paths of the positive electrons and to show unambiguously their direction of 
motion In all the photographs with a lead target 203 negative electrons were 


* • Nature,’ rol. 132, p. 480 (1933) 
f See alto Meitner and Philipp, tor nt 
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obtained and 66 positive electrons, a proportion of the latter of about 32% 
In some experiments the lead target was removed so that the electrons observed 
came from the glass wall of the chamber In this case the proportion of 
positrons was much less, being only of the order of 4 0 o 

The measurements of the curvature of the tracks showed that the end point 
of the positron curve was at about 4 X 10* \olts, and the end point of the 
electron curve at about 6 X HI* \olts These results are similar to those 
already published by f'une and Joliot * They an* consistent with the view 
that tht positrons are produced b> a y-ray of about 5 X 10* e volts t Some 
electron tracks, 10 m all were observed which had energies greater than 
0 X 10* volts but their curvatures were too small for accurate measurement 
The evidence is too meagre to decide whether these tracks are due to a 
y-radiation of high energy emitted from the lien Ilium or whether the> are 
cosmic rays passing accidentally through the lead target 

Two sets of observations were made in whn li the beryllium in the source 
capsule was replaied first by boron then h\ calcium Huoride With boron 
11 positrons and 27 electrons were observed in 122 photographs a proportion 
of about 40% The radiation from boron bomlmrded by polonium x-particles 
consists partly of neutrons ami partly of y-radiation, tbe maximum energy of 
which appears to be about 3 X 10* volts * The on erg) of the radiation is 
thus not very different from that of the strong line of the thorium radiation, 
and we should expect the efficiency of production of positrons in the two 
cases to be about the same It seems very probable, therefore, that some of 
the positive electrons observed from boron must be attributed to the action of 
neutrons This conclusion is supported by the observations made with fluorine, 
m which 12 positrons and 31 electrons were found in 139 photographs As 
far as ls known no y-radiation is emitted from fluorine bombarded bj polonium 
•-particles with energy greater than about 1 million electron volts It appears 
then that the positrons observed in this case must also be attributed to the 
action of neutrons It is probable that the production of positrons by neutrons 
is an indirect effect It is known that the passage of neutrons through lead w 
accompanied by the emission of y-radiation, due perhaps to an exaltation or a 
disintegration of the lead nucleus in a neutron collision This y-radiation , if 
of sufficient energy, will m its absorption in the lead produce positive electrons, 
possibly also by a type of internal conversion in the escape from the exoited 
nucleus 

• 1 J Phys Rad.,’ voL 8, p 494 (1933) 
t Of Becker sad Bothe, ‘ Z Phvcuk’ v«l 70, p 421 (1932) 
j Of Becker end Bothe, toe at 
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$ 6 Coudustoiw 

It has been shown that when y-rayB of high energy are absorbed in matter 
positive electrons as well as negative electrons are ejected. The observations 
of the energies of the positrons ejected by the y-rays of thonum ('" are con- 
sistent with the view that an electron is always produced at the same time as a 
positron This is confirmed to some degree by the observation that occasionally 
pairs of tracks occur, one positively curved m the magnetic held, the other 
negatively, which are almost certainly due to the simultaneous production of 
a pair of electrons of opposite sign (see figs 5, <>, Plate 3) This event was, 
however, seldom observed Presumably, under the conditions of our experi- 
ments m whieh the particles originated in a thick lead absorber, one or other 
of a pair was generally absorbed or scattered before emerging from the target 
On the hypothesis that an electron is always produced at the Bame time as a 
positron the measurements lead to the result that the mass of the positron is 
the same as that of the electron 

It has been tacitly assumed that the pair of partic les is produced in the atom 
rather than inside the nucleus This view is supported by a consideration of 
the frequency of production of the positrons In the case of beryllium radiation 
passing through lead, one pair is produced for rather less than two electrons 
produced by the normal scattering process Assuming for this radiation the 
value of the scattering coefficient given by the Klem-Nishina formula for 
Av — 5 X 10* e volts, we find that thi effective cross section for the production 
of a positron is rather more than 3 X 10 M cm * This is distinctly larger 
than the area of cross-section of the lead uucleiiR 

Again, the results of § 3 gave a ratio of about 25% for the absorption of the 
thonum C" y-rays by the production of positrons to the absorption by normal 
processes From the total absorption coefficient of this radiation in lead, 
0«46 cm J , we obtain for the area of cross-section of the lead atom for the 
production of a positron the valut 2 8 x I0 - * 4 «m* Recently Heitler and 
Sauter* have calculated the ( ross section for the production of positrons from 
Dirac’s theory They find a value of 2 6 X 10~ M cm * for the case considered 
here The good agreement, though to some extent fortuitous on account of 
the corrections applied to the experimental results, gives strong support to 
the validity of the theoretical calculations, particularly to the assumption that 
the positrons produced by the interaction of y-rays with matter have thair 
origin (mainly at least) m the field around the nucleus rather than inside it 
* • Nfttun ,’ vol 132, p 898 (1033) 
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It may be that positrons produced by other agencies may arise from the 
nucleus itself , Cune and Johot have found that positrons are produced when 
aluminium and boron are bombarded by a-particles, and they suggest that 
these are ejected from the disintegrating nucleus 

\ mi essary consequence of the production of the positron is its subsequent 
disappearance, for general experience shows that the positron has no per- 
manent existence If a quantum can interact with an atom to produce a 
pair of electrons of opposite sign, then the reverse process, in which a positron 
and an ele< tron combine under the influence of an atom to produce radiation 
must also lie possible The positron cannot exist for more than a very short 
time in matter of ordinary density We might then expect to observe the 
annihilation of a positron by the sudden disappearance of its track m the 
cloud chamber This event has unfortunately not yet been observed with 
oertainty A few photographs have been obtained in which it appears that 
the positron has disappeared when still possessing a large amount of energy 
but it is not possible to be quite certain that the track has not merely passed 
out of the held of view or out of the illumination Examples of tins dis- 
appearance are shown in fag b, Plate 3, and fag 10, Plate r j 

It was suggested by Blackett and Occhialini that the i reation of positrons 
might account for the ‘ anomalous ” absorption of high energy y-rays, and 
that the radiations arising from the annihilation of the positrons might corre- 
spond to the secondary radiations which accompany the anomalous absorption 
This question has been discussed at some length in a recent paper by Gray 
and Tarrant * They come to the conclusion that the creation and disappear- 
ance of positrons cannot account for all their experimental results, more 
particularly for those on the secondary radiations Here we wish only to 
point out that the results of § 3 show that the extra absorption due to the 
production of positrons by the y-ray of thonum C" is just sufficient to account 
for the anomalous absorption It may be that we have over-estimated the 
corrections to be applied to the observations and that the creation of positrons 
is not so frequent as we have suggested , but at least a large part of the 
anomalous absorption, if not all, must be attributed to this process. 

We take this opportunity of thanking Mr Ouellet for his assistance on many 
occasions during the course of the work One of us (G P S 0 ) is indebted 
to the Italian Council of National Research for a grant 


‘ Proc Roy 8oc A, rol 143, p. 706 (1934). 
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Summary 

The emission of positive electrons has been observed under different experi- 
mental conditions (1) from a lead target exposed to the y-rays of thonum 
active deposit , (2) directly from a source of thonum active deposit , and 
(3) from a lead target exposed to the radiations (y-rays and neutrons) emitted 
by beryllium, boron, and fluorine when bombarded by polonium a-particles 
The measurements of the energies of the positrons ejected from lead by the 
thonum y-rays support the view that a positron and an electron arc produced 
simultaneously by the interaction of a y-ray and an atom, and that the mass 
of the positron is the same as that of the electron The positron and electron 
are probably created in the electric field outside, rather than inside, the nucleus 
The observations show that when y-rays of high frequency pass through lead 
an appreciable fraction (about one-fifth for a y-ray of Av = 2 6 X 10* volts) 
of the energy absorbed is used m this process of creating a positron and an 
electron 


DESCRIPTION OF PLATES. 

The magnification is approximately the same m all photogniphi, and about 0 8 

Plats 2 

FlOs iand4 - Thu aouiia was thonum active deposit inaide a lead oylinder of 3 mm wall 
Magnetic field 740 gauaa Nogative particles travelling to the right are bent down 
wards On both photographs tracks of positron*, ejected from the lead by y rays, 
tan be seen The a track in fig 4 is due to contamination 

Plat* 3 

Fia A — Source of radiation, calcium fluoride bombarded by polonium a particles, out 
side the chamber The photograph shows a pair of tracks from the lead target , 
the upper track is due to an electron, the lower to a positron Both particle* have 
energies of about half a million volt* 

Kio fi — Source of radiation, beryllium + polonium The positron of this pair has an 
energy of 2 8 x 10* volts The track does not pas* through the aluminium plate 
(0 90 mm thick) The positron rnrfy have been annihilated while stall possessing 
great energy, or it may merely have been deflected in such a way that it did not 
emerge from the plate 

Fig 7 — Source was thonum active deposit in a thin glass tube, so that the P-rays could 
emerge Two sharp (i-ray tracks are seen, and one positron track travelling down- 
wards 

Plat* 4 

In all four photographs, figs 8-11, the source of radiation waa beryllium + polonium. 

Fig 8 - An electron of energy 3 8 X 10* volts passes through the aluminium plate, 
0 33 mm thick. 
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Via 9 — A positron puses through an aluminium plate, 0 3.3 mm thick , its energy on 
the upper sido is 1 02 x 10* volts, on the lower side 0 7 ^ 10* volts 

Plats 5 

Fig 10 — A positron track ends suddenly m the gas The positron has probably been 
destroyed, but it is possible that it has merely passed out of the illumination 

Fia 11 — A positron passes through a copper plate, 0 25 mm thick , its energy on the 
upper side is 3 2 x 10* volts, on the lower side 2 6 X 10* volte 
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The Influence of Pressure upon (he Flame Spectra of Hydrogen and 
Carbonic Ojrule 

By William A Bone, D Sc , K K 8 and F G Lamont, M Sc 
(Received November 15, 1933 ) 
fPr-ATKS 0 10] 

Somo time ago, a« a new dc veiopmont in high-pressure tec hmque, apparatus 
was installed in our laboratories for the studv of continuous flames at high 
pressures, and recently it has boen adapted for spectrograph ic work The 
present paper deals with observations on the influence of increasing pressure 
up to 100 atmospheres on the flame-spectra of hydrogen and carbonic oxide, 
and various mixtures thereof, burning m oxygen 

Experimental 

Apparatus - Expc ru nee with the apparatus employed in previous experi- 
ments on the formation of nitnc oxide m continuous high-pressure flames of 
carbonic oxide in oxygen-nitrogen atmospheres* suggested certam improve- 
ments which led to the new design shown in elevation and section in figs l 
and 2 It consists of a central combustion cliamber H inches internal diameter 
and 1 inch deep enclosed by a massive ring AA, 12 inches diameter to which 
are bolted two end plates B and C 3J inches thick The rmg carries the burner, 
the two inlet connections D and E and two quarts window plugs F and G 
Each of the cover plates also carries a quartz window plug, H and K, and an 
outlet connection through which the products of combustion may be led 
away By employing this method of construction it was possible to reduce 
the distance between the burner and the quartz windows H and K to less than 
| inch with a corresponding reduction in the absorption effects of the com- 
pressed gases in the chamber 

The cover plates are secured by six bolts of “ Vibrac ” steel and are designed 
to withstand a working stress of 10 tons each, which corresponds, after allowing 
for that due to tightening, to an internal pressure in the chamber of 300 atmo- 
spheres The joints are made with Klingerite washers. The body, cover 
plates, and plugs were constructed of stainless steel (ESC Immaculato 3) to 
resist the corrosive effects of the hot gases from the flame 

* Newitt rad Lamont, * Proo Roy Soc ,’ A, vol 139, p 83 (1933) 
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The system of valves, gauges, and connections supplymg the compressed 
gases from the respective storage oylmdcrs (100 to 120 atmospheres) to the 
combustion chamber was similar to those previously employed,* and mcluded 
two bronze tubes in senes, the one packed with activated charcoal for the 
removal of any traces of iron carbonyl from the compressed carbonic oxide, 
and the other with punhed phosphoric anhydride for drying purposes Also, 
a large capacity “ trap ” was inserted in the outlet pipe of the combustion 


F 



chamber to prevent the release valve becoming blocked by condensed water 
in experiments with hydrogen flames 

The burner was on the “ opposed-jet ” principle employed m previous work 
In this case, however, m lieu of the slotted tube surrounding the jets, each of 
them was fitted with a silica washer, 1 mch diameter and -ft- moh thick, by 
means of which the flame could be mam tamed more accurately in the form of 
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a vertical disc mid-way between the jets without touching either of them 
And by careftilly focussing a slightly enlarged image of the flame on the slot of 
the Hilger E, quarts-spectrograph employed it was possible entirely to prevent 
any continuous “ bla< k-body ” radiation from the hot silica discs reaching 



Fig 2 


the plate on which the flame spectra were photographed, the images of the 
discs falling quite clear of the actual slit 
Procedure — The experimental procedure consisted m maintaining steady 
flames of carbonic oxide, hydrogen, or known mixtures thereof, m an atmosphere 
of oxygen at each of the selected pressures (1, 10, 30, and 100 atmospheres), 
and after focussing them on the slit of the spectrograph in exposing its photo- 
graphic plate for a period Buch that approximately equal amounts of gas were 
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burnt during each exposure The exposure diminished from 2) hours for 
flames at atmospheric pressure down to 2 minutes only for those at 100 atmo- 
spheres, the flames being maintained, as nearly as could be, of constant size 
Oxygen was employed as the supporter of combustion so os to eliminate 
any effects of oxides of nitrogen , it was always maintained in excess, namely 
in approximately equal volumetric ratio to the gas burnt The combustible 
consisted first of pure dry carbonic oxide,* and thence tltrough a graded senes 
of CO-H s mixtures, namely, 93CO/7H*, 78CO/22H*, 50CO/50H*, 22CO/78II 8 , 
and 7C()/93H a finally to pure hydrogen itself, because it was desired to study 
not merely the influence of pressure upon the flame spectra of hydrogen and 
carbonic oxide, but also, at each pressure, the effects of successive H s -additions 
to the CO-flame, and thus extending Weston’s work to higher pressures f 
b eston’s Observations — It may lie recalled how Weston’s spectrogram of 
an undned CO-flame maintained at atmospheric pressure had shown, besides 
two groups of “ steam ” (*< , OH) bands, a banded radiation extending from 
5000 A m the visible region to 2200 A in the ultra-violet, on which a lon- 
tinuous spectrum was superposed Fowler and OaydonJ have recently 
concluded (in general agreement with and amplification of what was said in 
Weston’s paper) that the lianded radiation referred to is due to the direct 
combination of excited neutral CO molecules with neutral O a molecules without 
disacH lation into atoms of ( arbon and oxygen or molecules of carbon The 
superimposed continuous spw-trum which Weston showed is also associated 
with the direct oxidation of carbonic oxide in the flame, is due to the emission 
of unquontized radiation during the combustion 

Weston also found that as the carbonic oxide in the burning gas was pro- 
gressively replaced by hydrogen, both the banded and the continuous parts of 
the burning CO-spectrum rapidly faded away, until with an equiniolecular 
C’O-Hj mixture they had nearly all disappeared loaving only the “ steam 
lines ” visible in the spectrum What were then termed steam lmes ” 
are now known to be OH bands, and in what follows will be so described 
Repetition of Weston's Experiments —As it was thought advisable, for 
comparative purposes, to include in the present senes a repetition of Weston’s 
observations with flames at atmospheric pressure, especially as we contemplated 
burning much larger quantities of gas, and were using a spectrograph of greater 
analysing power, than he did 

* Dried by insertion of a hronse tube (10 inches long) filled with purified phosphoric 
anhydride. 

t ‘ Proo Roy Soo A, vol 109, pp. 523-524 (1925) 

X ‘ Proo Roy Soo ,’ A, vol 142, p 309 (1933) 
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Accordingly in fig 8, Plate 6, are reproduced our spectrograms for CO-H, 
flames in oxygen at atmospheric pressure The CO flame spectrogram shows 
a continuous radiation extending to ctrca 2400 A , and superposed upon (l) the 
banded CO-O, radiation previously observed by Weston, and (n) the HO-band 
at area 3064 A., the intensity of which is relatively ho weak that only the lines 
near the head are visible On progressively adding hydrogen to the CO-flame, 
the continuous radiation rapidly diminished and HO bandB became more pro- 
nounced until with a pure H,-flame four of them (with heads at 2608, 2811, 
3064, and 3428 A.) were well developed 

Flame Spectra at Higher Pressures — Our spectrograms for flames maintained 
at 10, 30, and 100 atmospheres respectively are reproduced m figs 4-6, Plates 
7 to 9 The principal effects theroon (l) of increasing pressure with each 
burning medium, and (u) of successive CO by H a replacements at each pressure, 
are summarised in Table I. 

Reviewing the results as a whole we find — 

Effects of Pressure (1) WitA a Pure CO-Flatrw --While the continuous 
spectrum was (if anything) intensified and completely obliterated the CO-O a 
bonds as the pressure was increased up to 100 atmospheres, the 3064 HO-bands 
visible at atmospheric pressure became very faint at 10, and completely faded 
out at 30 atmospheres and above, indicative of the CO-oxidation becoming 
increasingly direct with rising pressure 

(2) With a Pure H r Flame the general effect of increasing pressure was to 
strengthen all the HO-bands, and at 100 atmospheres to produce reversals at 
the head of the 3064 A band — doubtless owing to the survival of free HO- 
radicals m the cooler atmosphere surrounding the flame And at the same 
tune the bands did not degrade so rapidly, indicative of a progressive shifting 
of the energy distributed away from the band-head as the pressure rose Also 
there was a growing tendency, most marked at 100 atmospheres, to produce a 
slightly diffused background There was no sign of any H-lmes developing 

(3) With CO-HyFlames — With corresponding mixture-compositions in- 
creasing pressure induced a growing tendency for the HO-bands to become 
relatively fainter and for the continuous CO-spectrum to become more pro- 
nounced, as though the direct oxidation or carbonic oxide was progressively 
superseding the indirect This is well shown in fig 7, Plate 10 in which the 
spectra for a 78CO/22H, flame at 1, 10, 30, and 100 atmospheres respectively are 
reproduced. In other words, the effect, first observed by Weston, of suooeesive 
Hg-additions to a CO-flame at atmospheric pressure are now seen to be counter- 
acted by increasing pressure. 
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Fig 3 — Spectra of carbonic oxide-hj drogen flames burning in 
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oxide dame- burning in ox\gen at 10 atmospheres pressure 
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-spectra of carbonic oxide hydrogen flames burning in oxygen at 100 atmospheres pressur 
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of C0-H.-0, Flames OH bands observed 0,0 at 3064 A., 1,0 at 2811 A., 2,0 at 2608 A 





266 


Influence of Pressure upon the Flame Spectra 

Speaking generally, although in some of the spectrograms of CO-H t flames 
at atmospheric pressure the banded spectrum of burning carbonic oxide under- 
lying its continuous spectrum is faintly discernible m the original photographic 
plates, m those obtained at higher pressures it is swamped by the intensity 
of the continuous spectrum 

In conclusion, we desire to acknowledge our indebtedness (i) to Dr D M 
Newitt for help in connection with the design of the high pressure combustion 
chamber employed in these experiments, and (n) to the Government of Northern 
Ireland for a grant w hicli has < nabled one of us (F G L ) to devote his w hole 
time to the work 

Nummary 

A new apparatus is described for maintaining continuous flames of com- 
bustible gases in air or oxygen at high pressures, and with it has been studied 
the influence of increasing pressure up to 100 atmospheres upon the flame- 
spectra of h\ drogen and carbonic oxide, and various mixtures thereof, burning 
m oxygen 

(L) With a Pure CQ-flame — While the continuous spectrum was (if any- 
thing) intensified and completely obliterate*! the CO O, bands as the pressure 
was increased up to 100 atmospheres, the 3064 HO-bands visible at atmospheric 
pressure became very famt at 10, and completely faded out at 30 atmospheres 
and above, indicative of the CO-oxidation becoming increasingly direct with 
rising pressure 

(2) Wtth a Pure ll a flanw -The general effect of increasing pressure was to 
strengthen all the HO-liands, and at 100 atmospheres to produce reversals at 
the head of the 3064 A band — doubtless owing to the survival of free H0- 
radicals m the cooler atmosphere surrounding the flame And at the same 
tunc the bandB did not degrade so rapidly, uubcativc of a progressive shifting 
of the energy distributed away from the band-head as the pressure rose Also 
there was a growing tendency most marked at 100 atmospheres to produce a 
slightly diffused background There was no sign of any H-lines developing 

(3) Wtth CO-H,-#7<i»ies — ' W ith corresponding mixture-compositions in- 
creasing pressure induced a growing tendency for the HO-bands to become 
relatively fainter and for the continuous CO-spectrum to become more pro- 
nounced, as though direct oxidation of carbonic oxide was progressively super- 
seding the indirect In other words, the effect, first observed by Weston, 
of successive H,-additiona to a CO-flamc at atmospheric pressure are now seen 
to be counteracted by increasing pressure 
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The Supposed Intervention of Steam in Hydrocarbon Combustion 
By William A Bone, FH8, and Ja< k Bell B Si , ARCS 
(linen wl November 15, 1*133 ) 

LPrATJW 11-121 

An important mum* in connection with the theory of hydrocarbon combustion, 
needing further discussion, is whether or not the presence of water vapour 
plays any essential role m the process 
H E Armstrong, who originated the hydroxylation theory m 1874, has 
always insisted that it does, its action (taking the first oxidation stage of 
methane as a typical example) being supposed as follows — 

CH 4 + HOH 1 Oj = CIIjOH + HO OH, 

the hydrogen peroxide so formed participating in the oxidation and regener- 
ating the steam thus - - 

CH 4 + HO Oil -= CHjOH -+ H OH 

On the other baud, Bone and lus co-workers, while maintaining tliat the 
oxidation involves successive hydroxylation ” stages, regard the action of 
the oxygen (whether molecular or atomic) as direct, thus - 

CH 4 + O 0 + 0H 4 = 2CH S 0H, etc ,* 

or possibly, in flames, CH 4 -(- 0 — ('H s OH, etc 
As H E Armstrong has recently re -affirmed his view m discussing Bone’s 
experimental results, the time seems opportune for both reviewing the evidence 
already published and supplementing it by some ncwlv acquired m our 
laboratories 

1 Previous Evidence about Slow Combustion 
Previous evidence all relates to non-explosive slow combustion and com- 
prises two somewhat different sets of conditions, which had best be dealt 
with m the reverse of their chronological order, as follows (A) in the course 
of recent ro-mvestigationa (1930-33) in our laboratories of the slow combustions 

* This equation expresses two outstanding facts, namely, (i) that the slow combustion 
2CH 4 -f O, is much the most reactive of all methane oxygen mixtures, and (d) that methyl 
aloohol is the first teoognisable product 
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of methane, ethane, and ethylene,* studies were made of the effects of Bmall 
additions of water-vapour upon the durations of both “ induction ” and 
“reaction” periods of selected P a 0 5 -dned hydrocarbon-oxygen mixtures in 
a quartz vessel at atmospheric pressure and a temperature no higher than was 
required to give a conveniently measurable rat* of reaction in each case 
The reaction vessel had been thoroughly dried-out by prolonged evacuation 
at the experimental temperature prior to the admission of the gaseous medium, 
which was slowly passed in through a metre long column of pure redistilled 
phosphoric anhydride The drying thus effected, while not severely intensive, 
would be as thorough as was needed for the purpose in view In the “ moist ” 
experiments, 1 or 2% by volume of vapour from “ ammoma-freo ” redistilled 
water was added to the so-dried medium just as it entered the reaction vesad 
The observed results are given in Table I 


Mixture 

employed 


2CH 4 -+ <>, 


( «H, -f O, 


C,H, + U, 


Table I 


lid 

too 




i Observed durations of- 


Hygroscopic 

1 " ~ 

— 

1 ' 

condition 

| 4 Induction ’ 

44 Reaction ’ 

i 


| (mins ) 

(min* ) 

/ 

Diy 

« to 7 

91 to 98 

\ 

Vo, si, 2°,, 

1 to 4 

35 to 36 

/ 

1 Dry 

10 

70 

\ 

Vo, st l n 0 

10 

25 

/ 


54 

50 to 52 

\ 

Vo, St, 1 % 

50 to 110 

60 


It is thus seen that while additions of water-vapour to the P t 0 5 -dned 
2CH 4 + O a and C a H« -fO, (1 e , the paraffin-containing) media materially 
shortened both the induction and reaction periods, they had little or no effect 
upon the P a 0 6 -dried C S H 4 -f- O a (t e , olefine-contammg) medium None of 
the dried media, however, appeared unreactivo 
(B) In 1906 Bone and Andrew published^ the results of a careful study of 
effects of an intensive P a 0 6 -drying (4 to 12 weeks) upon the reactivities of 
C,H« -f- O a , C,H 4 + O a , and C|H, + O f media at y arious temperatures between 
300° and BOO 0 and pressures between 2 and 3 atmospheres For details of 


• * Proc Roy 800 A, vol 129, p 434 (1930) vol 134, p 878 (1938) 
t ‘ <J Chero 80c vol 89, pp 662-889 (1906) 
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the experimental procedure, the original paper should be consulted , suffice 
it now to say that on comparing the behaviour of each dried and undned 
medium, when subjected to the same degree and duration of heat, little or no 
difference could be found between them — the dry always reacting quite as 
fast as (and if anything even slightly faster than) the corresponding undned 
medium. This evidence was strengthened by the fact that the same drying 
procedure had caused enormous differences between the percentages of reaction 
(eg , ml and 42, 0 5 and 52, 3 and 40 or 45) m “ dry ” and “ undried ” 
2H, + O, media, respectively , after 15 minutes at 525° This is well illustrated 
by the results of two such comparative sets of experiments with a 0,114 + 0, 
medium, where the “ drying period ” extended over 11 weeks The temperature 
at which the first visible sign of reaction occurred, when the tubes were subse- 
quently heated, was about the same (385°-398° C ) in the “ dry ” as m the 
“ moist ” medium , and after 15 minutes further heatmg up to a maximum 
of 430° to 450°, the amounts of reaction were substantially the same in each, 
as can be seen from Table II 


Table II —Results with Moist and ‘ Di) ” C,H 4 + 0, Media at 430 to 
450° and 2 5 Atmospheres for 15 minutes (Bone and \ndrew) 



Two experiments with a 4-weeks P,0 4 -dned C,H, + 0, medium showed in 
(1) first visible signs of reaction after 27 minutes at 315°, and complete dis 
appearance of oxygen within a further 8 minutes during which the temperature 
had risen to 415° (p t /p t = 0 672, and gaseous products contained CO, = 19 65, 
CO = 56 65, CjH, = 22 5, C,H« = 0 35, H, = 0 85, and 0, = ml %), while 
in (2) when the contents of the tube were heated to 520°, they exploded after 
2 minutes with shattering effect 

Two sets of comparative experiments with “ dry ” and “ undned ” 
C,H| + 0, mixtures, respectively, at temperatures between 415° and 460° left 
no room for doubt but that reactivity was definitely increased by a 7 weeks 
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PjUj-drymg Ignition finally occurred in both “ dry ” media, and also in one 
of the two moiBt ones 

Although the experimental conditions precluded any estimation of the 
effects of the intensive drying on the length of the “ induction period ” m 
each case — which would m any case be extremely short — there could be no 
doubt about the P t 0 5 -drying having (if anything) rather increased than 
diminished the reactivities of all the media examinod at the tc mperatures and 
pressures concerned 

1 1 New Evidence tc Explosive Combustion 

Although the evidence regarding slow combustion seemed decisive enough 
on the point at issue, it was thought desirable to extend the enquiry to explosive 
combustion, and for this purpose equunolecular mixtures of ethylene or acety- 
lene and oxygen seemed most suitable* inasmuch as on explosion they yield 
sulistantially nothing but carbonic oxide and hydrogen, without any dis- 
cernible* carbon separation or steam formation, thus — 

CjH 4 4 O, = 2CO + 2H, 

O s H g f O, = 2<X> + H g 

The Experimental Mixturi v The experimental mixtures were made up 
very accurately over dry redistilled mercury in a large cylindrical gas burette 
A, % 2, from stocks of highly purified hydrocarbon and oxygon, each hydro- 
carbon having previously undergone (i) a thorough chemical purification 
followed by (h) two successive liquefactions and fraetionational vapouriza- 
tions of the liquid, the middle third only being reserved m each case , on 
analysis the compositions of the experimental mixtures were found to he as 
follows — 

C,H| + O, 0*H 4 - 49 8, O, = 60 2% 

CjHj + 0, CjH, = 49 6, O t = 50 4, N, =- 0 1% 

The Explosion Tubes, GG, fig 1, were constructed out of Jena red-line 

borosilicate glass tubing (internal diameter = circa 2 cm ), each was 35 cm 

long, having expanded ends for the reception of the drying-agent, and being 
fitted mid-way with “ swinging ” platinum electrodes (1 mm diameter 
terminating in a bulb 1 & ram diameter) 

Cleaning and Drying of the Explosion Tubes — The elaborate ritual for 
thoroughly cleaning and drying out the insides of the explosion tubes was that 

* Experiments on CH 4 + O, or C,H, 4- 0, mixture were deemed unsuitable because 
they would have Yielded H,0 on explosion. 
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followed in previous similar experiments m our laboratories and has been 
folly described m a former publication Between the initial and final stages, 
and again thereafter, the platinum electrodes were electrically ‘ gloweil-out ” 
each time in vacuo for 8 hours and then in 2 mm of oxygen for 3 hours, for 
the elimination of any trace of occluded hydrogen All other glass apparatus 
used during the experiments was similarly cleaned and dned 
Final Drying of the Experimental Mixtures —Finally the clean and dried 
explosion tubes, GG, into each expanded end of which a quantity of purified 
and redistilled P 8 0 5 had been introduced, were connwted through a suitable 
KOH- and P,0 4 -drymg train, ODE, and manometer, F, with tho gas burette 



A containing the experimental mixture, os shown in fig 1 An alternati\o 
connection was also provided, through the tap B, between the gas burette and 
the explosion tubes G' G' used in the comparative experiments with the corre- 
sponding “moist” mixtures, which were about half-saturated with water 
vapour at the room temperature (17° to 20°) The actual drying system 
comprised (i) a 60-om long tube packed with solid KOH followed in succession 
by two tubes 60 and 100 cm long respectively, filled with purified and re- 
distilled P f O, All joints throughout the apparatus were of fused glass, tho 
fusion being effected in a dust free and CaCl-dned CO — 0, blowpipe flame 
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Before transferring the gaseous mixture from the gas burette A to the explosion 
tubes, GO, the whole of the intervening apparatus was exhausted down to a 
pressure of 0 001 mm by means of a Hy vac pump which was kept continually 
running each time for at least 24 hours Finally the mixture was passed, at 
a rate not exceeding 1 and sometimes as low as 0 5 c c per minute, from the 
gas burette, through the “ drying system ’ into the explosion vessels The 
fillin g arrangements m the control experiments with the corresponding 
“ undned ” mixture were similar to the foregoing, except for the omission of 
the “ drying train,” and of P a O s in the explosion tubes concerned 

On completion of the filling at room temperature and the selected firing 
pressure (735 mm and 20" for the CgH 4 + 0 2 and 370 mm and 17° for the 
CgH a + O g mixture), the tubes were finally sealed off m the blow-pipe at a 
constriction previously made m the glass for the purpose 

The Dryttig Period —The subsequent ' drying period ” always extended 
over rather more than 300 days during which the expanded endB of each tube 
were frequently tapped to expose a fresh P 2 0 5 surface to the gaseom medium, 
and at regular intervals of 14 days the mam part of the tube between the 
expanded ends (but not the latter) was heated to about 150° in order to ensure 
the dispersion of any film of moisture that otherwise might have adhered to 
the inner walls 

Control Experiments — While the drying was in progress, two special control 
experiments were made as a precaution to ensure that prolonged exposure 
to the PgOg-drymg agent employed does not alter the composition of either a 
CjH 4 -f Og or a C 2 H a f- O a mixture— by some preferential absorption of one 
or other of its constituents In neither case, however, had a 7 months’ exposure 
any appreciable effect upon the composition of the mixture 

Photographic Investigations of the Explostons 
Two pans of “ dry ” and “ moist ” tubes (the latter for comparison) for 
each of the two experimental mixtures having been so prepared, and the 
drying period ended, arrangements were made for firing each pair of tubes in a 
horizontal position by means of a condenser discharge of 0 06 m f at 1000 
volts and photographing the resulting explosion on a film moving vertically, 
at constant velocity, in one of our Fraser high-speed cameras In this way 
comparative photographic analyses were obtained of the flame movements 
throughout each pair of “ dry ” and “ moist ” explosions, from which a senes 
of comparative flame-speods could be calculated, showing precisely what had 



Intervention of Steam tn Hydrocarbon Combustion 263 


been the effect (if any) of the intensive P,O a -drying It will, however, suffice 
to reproduce and analyse the relative photographs for one pair only of “ dry ” 
and “ moist ” explosions for each of the two experimental mixtures, and then 
merely to tabulate, as confirmatory evidence the relative flame speeds observod 
in the other pair of explosions with each mixture 
A The CjH* -J- O g Explosions — (1) The relative photographs for the 
first pair of “ dry ” and “ moist ” explosions (tube internal diameter = 20 
cm ) are reproduced in figs 2 and 3, Plate 11 
The film speeds were 33 0 for the 1 dry ” and 31 8 metres per second for 
the “ moist ” explosion, respectively The drying period m the former had 
been 316 dayB, and the gaseous pressure in both cases 736 mm On firing 
tho mixtures, in each an explosion ensued instantaneously the flame traversing 
the mixture much faster than the eye could follow and ultimately filling the 
whole tube, and while the tube itself always remained intact, its capillary end 
was fractured by the explosion 

The resulting photograph showed that the flame speed had been materially 
faster and the total duration of luminosity (T D ) also shorter m the “ dry ” 
than in the “ moist ” explosion Each photograph shows clearly (i) the flame 
starting instantaneously from tho igniting discharge and thonce spreading 
rapidly and symmetrically towards each end of the tube, (n) a continuance of 
luminosity for some time after the flame had completely filled the tube, during 
which the modium was traversed from end to end by compression waves, and 
(m) the production m the central region round the electrodes and also in the 
flamo front itself, of stri® of enhanced luminosity, all of which coalesced just 
as the advancing flame fronts reached the ends of the tube 

Particulars of tho flame-speeds deduced from the photographs are as follows — 

I («) I (<>) 

Average flame speed from “ Dry " explosion ' Moist explosion 

source to point (metros per sec ) (raotrts porseo ). 


68 6 64 4 

98 8 70 4 

70 0 SO 0 

(tniUisocs ) (miUtaecs.) 

Total duration of luminosity 6 3 7 7 

(2) The internal diameter of the tubes used m this pair of explosions was 
2 3 cm , otherwise the conditions were precisely the same as previously 


(I) 5 om. distant 

(II) 10 cm. distant 
(ill) To end of tnbe 
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Particulars of the flame-speeds deduced from the resulting photographs are as 
follows — 


Average flame-speed from 

(«) 

“ Dry " explosion 

(6) 

“ Moist ” explosion 

ignition to point 

(metres perseo ) 

(metres perseo ) 

(i) ft cm distant 

Oft 0 

63 8 

(ii) 10 cm distant 

89 4 

81 7 

(tii) End of tube 

8ft ft 

80 0 


It is thus seen that in each pair of explosions the average flame speed through 
the “ dry ” was decidedly (27%-42%) greater than through the “ moist ” 
medium 

B The C,!!, -f- O, Expioaum — (1) The relative photographs for the first 
pair of “ dry ” anil “ moist ” explosions (internal diameter of tube = 2 0 cm ) 
are reproduced in figs 4, B, Plate 1 2 The drying period m the former had 
been 314 days and the pressure in both cases 371 mm. 

In each case a deafening report immediately followed the passage of the 
discharge, the tube being shattered by the force of the explosion, although it 
had remained intact until completely filled with flame 

The film speeds were 79 7 for the “ dry ” and 74 0 metres per second for 
the “ moist ” explosion respectively The average flame speeds were very 
high, namely, 700 and 586 metres per second respectively, or about 20% higher 
in the “ dry ” than in the “ moist ” medium The fact that the total duration 
of lununoBity was apparently greater in the “ dry ” than in the “ wet ” ex- 
plosion is probably of no particular significance owing to the fracturmg of the 
tube after the flame had reached its ends 

Particulars of the flame speeds deduced from the photographs are - 


1 Dry ” explosion 
(metres per we ) 


(*) 

“ Moist '* explosion 
(metres per sec ) 


(i) 5 cm distant 
(li) 10 cm distant 
(til) End of tube 



(2) The internal diameter of the tubes used m the second pair of explosions 
was 1 8 cm , but otherwise the conditions were the same as previously Par- 
ticulars of the flame-speeds deduced from the resulting photographs are given 
in the following table 
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Flo 2 — " Dry ” 


C,H, + 0, explosion* 


Fig 3— “Mont” 







Intervention of Steam «* Hydrocarbon Combustion 265 


Aveng* fl*me-*peed from 

(a) 

“ Dry ’’ explosion 

“ Mailt "wplodon 

ignition to point. 

(metre* per tec ). 

(metre* per wo ) 

(1) 0 am. distant 
(li) 10 om dlatant 
(ill) End of tube 

! 312 

278 

| 434 

386 

1 

000 

It is thus Been that in both cases the flame-speeds were greater in the “ dry ” 


than ra the “ moist ” explosions Another point of mterest about the photo- 
graphs to which attention may be directed is the entire absence of any sign of 
carbon separation in the flame front, which accords well with the view that 
the primary reaction is CjH, + 0, -*• (CjHgO,) -*> 2C0 + H r 

Conclusion. 

(1) The results as a whole are, we think, decisive against any supposition 
that in general the combustion of a hydrocarbon is conditioned by the presence 
and chemical intervention of steam, as H £ Armstrong supposes, although 
in certain but not every case of slow combustion it may in some way assist 
the reaction Hence we conclude that the oxidation is, in general, direct 

(2) Nor yet do photographs of the + 0, and C,H t + O t explosions 
lend any support to the view (sometimes suggested) that the final production of 
substantially carbonic oxide and hydrogen only is nearly the resultant of the 
successive reactions CJH* -f O, -* 2C -j- 2H,0 ~*-2C0 + 2H,, and C,H t + 
O t -*CO + C + H,0 -*-2C0 + H, , for they show neither carbon separation 
m the flame front, nor yet any sign of carbon-steam reaction behind it 

We desire to thank the Trustees of the Walker Scholarship Fund, the Miners 
Welfare National Scholarship Scheme, and the D S I R for grants which have 
enabled one of us ( J B ) to participate in the research 

Summary 

The paper deals with the question as to whether m hydrocar bon-oombuataon 
the oxygen acts directly m hydroxylatmg the hydrocarbon or only indirectly 
(as H. E. Armstrong maintains) through the intervention of steam, as, for 

eX * mi>le C^ + H.OH + O 0 — CH,OH + H,O t 

CH t + H,O a -OH,OH + HOH, etc. 


TO t. GXuv, — A. 
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Existing evidence in regard to the effects of PjOj-drying upon the slow 
combustion of typical hydrocarbon-oxygen mixtures is reviewed, and new 
evidence in regard to its effects upon explosions of CjH, + 0, and + O a 
media is detailed The conclusion is reached that intensive PjOj-drymg if 
anything increases rather than diminishes the reactivities of hydrocarbon- 
oxygen mixtures, both in slow and explosive combustion, and therefore that 
steam does not intervene, the oxidation being direct 


The Bending of Marble 
By Lord Rayleigh, For Sec. R S 
(Received December 1, 1933 ) 

[Plats 13 ] 

§ 1 Introduction 

Cut slabs of marble are often noticeably bent An old marble mantelpiece, 
say 1 6 metres long, will always Bhow a depression in the middle when tested 
with a stretched thread This depression is often 1 to 2 mm , and I have heard 
of oases where it is much more My interest in this phenomenon was aroused 
by a conversation with the late Dr D W Dye, F R S , and a few preliminary 
experiments were made My first notion was that the marble bent by viscous 
flow, as a stack of sealing wax will do when loaded in the middle, and I even 
speculated as to whether it would be possible by the continued application 
of force to bend a piece double The well-known experiments of Adams and 
Nicholson* on the flow of marble under high pressures seemed at first glance 
to give this notion some plausibility 

Bent pieces of marble were obtained from a local marble merchant, Mr 
J B Blythe, of Witham. He was not able to say anything definite about 
their origin, except that they had been m his yard for many years. A bent 
strap was supported at the ends with the concave side up, and loaded at the 
middle with aa much weight as it was judged safe to put on A suitable index 


* • PUL Tram.,’ vol. 19C, p. 363 (1901). 
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was fixed at the middle and observed by a microscope with eyepiece scale 
There was noticeable motion the first day, but it rapidly diminished in amount 
from day to day, until it practically ceased after a few weeks. I then reversed 
it, thinking that if there were a limit to the bending it would at least be possible 
to restore its original straightness Again, there was noticeable motion at 
first, but it soon almost stopped, and calculation showed that decades would 
be required at the least to straighten the piece in this way, even under the 
favourable conditions of the experiment This made it improbable that the 
piece could have been bent cold It then seemed that it might have been bent 
by the application of force while hot A similar experiment was accordingly 
tried at a higher temperature A strip of nev, marble was placed on the hot- 
water pipes, similarly supported at the ends and heavily loaded in the middle 
It was covered with cotton-wool lagging, and thus maintained at from 45° 
to 60° C throughout the winter But tests with a spherometer showed that 
only very slight bending had occurred , and this was nearly all in the first 
week or two 

At this stage it was difficult to know what to think, the more so that Mr 
Slythe informed me that he had had pieces of marble which would gradually 
bend under their own weight when leaned against the wall, and would become 
straight again in course of time, if reversed I eventually succeeded m 
obtaining a slab, obviously an old mantelshelf, of very marked curvature, 
which showed this behaviour Careful observations were made on it The 
length was 182 4 cm , the breadth 15 cm , and the tluckness 2 cm It was 
geometrically supported at the ends, and loaded at the middle with weights 
amounting to 8 6 kg , and a suitable pointer and mirror glass scale provided 
The weights were removed for taking readings. The first tests were made with 
the smooth side up, t e , as used for a mantelshelf In seven weeks the index 
had sunk 6 1 mm , increasing the sagxita* of the arc from 16 9 mm to 23 mm. 
Towards the end of this period the motion had become very slow, though it 
could still be detected in a week 

Having got something near the maximum curvature in this way, the dab 
was reversed and replaced with the convex (rough) side upwards, in order to 
straighten it After reversal, when the Blab had been allowed to take up its 
position, most of the concavity of the smooth side had disappeared At first 
reading the sagitta was only 8 7 mm This great diminution of curvature 
had taken place immediately under the weight of the slab acting in the reversed 

* This convenient word for the msstmmn distance from the chord to the saw is used in 
Newton’s “ Prinolpls,” and is here revived. 



268 Lord Rayleigh. 

mom Leaving the slab tinder its own weight the sagitta was further diminished, 
to 6 7 mm. in 5 days The change had become very alow, and the same 
weights as before (8 7 kg ) were put on This resulted in a further change, and 
eventually the slab, as observed unloaded, became straight, and finally 
achieved a curvature m the opposite direction (sagitta — 2 5 mm.) The 
motion under the load had then become very slow, amounting to 1 7 mm. in 
77 dayB, and the experiment was discontinued 

It is noticeable that this specimen, unlike the previous one, is highly flexible 
within certain limits, and that these limits are unsymmetncal It can take a 
much greater concavity on the smooth side (i e , the top side of mantelshelf) 
than on the rough side This may be regarded as a combination of permanent 
curvature with flexibility 

Finally, a marble strip was brought to me which had been m a wooden 
shed burnt to the ground in an accidental fire, and which had presumably 
become considerably heated This had very marked flexibility without 
permanent curvature 

It appears therefore that flexibility and permanent curvature (warping) 
may appear either combined or separately, and that at all events m some 
striking cases the specimens which show cither have been subjected to a more 
or less high temperature * It was with this clue that some success was 
obtained in the further investigation 

Preliminary experiments on baking marble in a kitchen oven at about 300° C. 
showed that marked flexibility resulted from this treatment A demon- 
stration experiment was Bhown at the Royal Society source on June 21, 1933 
The strips exhibited were each gripped at one end in a wooden vice, and pro- 
truded some 30 cm The thickness was about 8 cm. The baked strip could 
be moved to and fro through a range of 2 cm between stops, by gentle pressure 
with the forefinger The unbaked strip provided for comparison was rigid 


$ 2 Systematic Observations on Flexure and Expansion , after Baking at 
Various Temperatures 

For a closer examination apparatus was arranged as in fig 1 The marble 
was vertical. It was gripped at its upper end in a cast iron vice of special 
construction, earned on the wall The lower end could be pulled to right 
or left by the attached threads By this method any complication from the 

• Mr Blythe wm inclined to think that old marble, » marble which had been long 
exposed to the weather, aa tombstone* and the like, often showed flexibility I have not 
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weight of the marble itself is avoided, and the force admits of easy reversal 
The threads passed over pulleys working on centres with a minimum of 
friction, and earned the scale pans. Weight in one or other of these pans 
provided a known force A brass piece carrying two separate index needles 



was clamped to the lower end of the marble quite independently of the attach- 
ment for the threads, which latter is not shown in detail One of the needles 
is the index for minute movement, and is read by a microscope with eyepiece 
scale [Microscope shown by the dotted circle ] The other needle is read by 
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a millimetre scale on mirror glass, and is used for indicating the larger move- 
ments. The use of two separate indexes is convenient since the microscope 
need not be removed when the millimetre scale is used The microaoope is 
useful m the early stages of the experiment to examine the small flexure of 
unbaked marble, or marble baked at low temperatures 
Any shift of the marble in the vice would make the results inaccurate for 
the smaller deflections To avoid crushing the marble, strawboard packings 
2 5 mm thick were used ou either side between it and the iron jaws, which 
latter were screwed up “ thumb tight ” by means of the three thumb screws 
[The details are shown in fig 2 The lower thumb screw shown is to be in- 
terpreted as representing two, one above, one below, the plane of the diagram 1 
As a test of the reliability of holding, a piece of flat 
bar iron of about the same dimensions was set up 
instead of the marble, and clamped in the same way 
After loading with 1 kilogram, and unloading 
again, the original microscope reading was exactly 
recovered It is concluded from this that the 
method of holding is satisfactory, and that the 
strawboard packings are unobjectionable 

For baking the marble strips an electrical oven 
was constructed An asbestos muffle received the 
atrip This muffle was wound with resistance wire, 
and surrounded with a thick layer of slag wool for 
heat insulation The furnace current was increased 
a definite amount for each experiment and the 
specimen heated for about 20 hours, the tempera- 
ture being taken at the end of that tune Some 
hours are required to reach a steady temperature, so that the baking was 
not under stnctly uniform conditions * 

As is known, marble undergoes a permanent increase of length on beating 
It was considered desirable for reasons which will appear later to observe the 
increment concurrently with the mechanical tests For this purpose fine 
■cratches were made at the two ends of the marble strip, about 400 mm apart 
The marble was laid on a planed iron slab, and a piece of sheet glass laid on 
the marble The glass had fiducial lines engraved upon it about 399 mm 

• It is possible that alternate besting to a given temperature and oooling might have 
mote effect than oontinuoua heating to the eame temperature Thu point has not been 
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apart, thus 1 mm. lew than the distance between the scratches on the marble. 
The engraved side of the glass was, of course, downwards, and weights were 
placed on it to keep the whole flat and steady The short distance at each 
end between the mark on the glass and that on the marble was measured 
with travelling microscopes In this way the small increments of length 
were determined The greater part of the length was taken care of by the 
glass standard, its exact absolute value being unimportant 
A strip of marble, believed to be from Carrara, was taken, measuring 78 mm 
broad, 9 mm thick, and a little over 400 mm long It was clamped in the 
vice, the protruding length being 34 cm and was carried through a cycle of 
changes, being first loaded up to +1000 grams (» e , 1000 grams on the right- 
hand pan) This was taken off 200 grams at a time, with readings at each 
step Weights were then progressively added on the other side to —1000 
grams, and so on until two complete cycles had been gone through , the mean 
of the two oycles being taken The discrepancies were small, particularly in 
the early stages of the experiment Having gone through this process with 
the marble in its initial condition, it was baked at a determined temperature, 
on cooling the increase of length was measured, and the mechanical tests 
repeated , and so on, increasing the baking temperature each time, until 
finally the specimen broke off under the standard force of 1 kilogram. 

The readings were always taken as quickly as convenient after loading or 
unloading There is a certain creep following on this, which goes on for a long 
time, becoming slower and slower, and perhaps never definitely ceasing But 
the initial movement is the important one, the creep being comparatively 
Bmall In the cyclic tests the creep was ignored, though it probably aocounts 
for any small outstanding lack of definiteness m the measurements * 

The most important part of the results is in the following table. 

The total flexure referred to is the difference between the extreme 
positions under load The inelastic flexure is the difference between the 
positions on unloading after pulling to the right and left respectively 
The small permanent elongation observed after baking at 66° is doubtful 
Definite elongation is first observable after baking at 77°, and at this point 
the change of mechanical properties also begins to appear 
It will be noticed that the inelastic flexure becomes a much larger fraction of 
the whole as the baking temperature is increased. With the load used (± 1 
• This creep wu the subject of observation in my earlier experiments already referred to 
I was slow in leoognizing that it was of seoondary importance, and not the main prooesa of 
flexure. Judgment was confused by the existence of permanently warped specimens 
see | 4 below 
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kilogram) it becomes ultimately comparable in amount with the elaatw 


flexure 


Temperature of 
baking, ° C 

Permanent 
elongation, mm 

Flexure by ± 1 kilogram 

Ratio 

Inelaitic 

total. 

Total 1 

Inelaitic 

Not baked 

0 

2 3 

0 16 

0 07 

65 

0 016 7 

2 2 

0 15 

0 07 

77 

0 03 

2 6 

0 28 

0 11 

114 

0 04 

3 1 

0 36 

0 11 

144 

0 14 

3 9 

0 60 

0 13 

182 

0 27 

6 5 

0 91 

0 17 

221 

0 45 

7 7 

1 7 

0 22 

266 

0 71 

11 0 

2 7 

0 24 

297 

0 94 

16 0 

6 3 

0 33 

338 

1 29 

26 8 

10 3 

0 40 

386 

1 68 

Broke 



While the table gives the flexure, elastic and permanent, due to the full load 
of i 1 kilogram, it does not show the effect of a progressive increase or 
diminution of the load. This is conveniently exhibited by a cyclic hysteresis 
curve, similar m form to the curve of magnetic induction A selection of 
three of these stress strain diagrams are shown in fig 3, which illustrate the 
progressive steepening and still more marked opemng out of the diagram as 
the baking temperature is increased To avoid confusion only the initial and 
final conditions, with one intermediate condition, arc included 

It will be noticed that the marble m its initial condition, as reoeived from 
the marble merchants, is capable of some inelastic flexure The amount is 
small, only 0 16 mm under the standard load, and would not come into 
evidence without special arrangements, hut there is no reason to doubt that 
it is genuine Inadequate holding might simulate this effect, but, as already 
explained, this source of error was tested for and excluded 
Other untreated samples of marble show this effect, and sometimes muoh more 
conspicuously A piece closely similar to the one used for the mam senes of 
tests gave an inelastic flexure of 0 38 mm under a load of ± COO grams, it was 
thus considerably more flexible than the foregoing 
I had also a sample of pale grey (dove) marble from Messrs Wilkins, which 
they had noticed to be flexible It was untreated by heat, and was as imported 
from Italy Unfortunately it broke under the load I applied before any 
definite tests had been made Evidently in this specimen mechanical weakness 
goss with flexibility, as in the heat-treated specimen 
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These oases of natural flexibility in untreated marble deserve further investi- 
gation In particular, it would be important to determine whether the speci- 
men may not have got heated in the process of sawing it up 

§ 3 General Discussion of Flexibility 

The marble used in these experiments consists of calcite crystal grains which, 
as viewed m a thin section under the microscope seem to fill practically the 
whole space The sire of these calcite grams is about 0 1 mm. and the edges 
are not infrequently fairly straight It is difficult to make out any very 
definite evidence of cementing material between the grains, and it seems 
possible that they are simply adhering by close contact * It would seem at all 
events that the structure cannot hold together as it does without some adhesion 
between the grams, for the individual gram have no obvious re-entrant 
angles, and therefore cannot be held together simply by interlocking 

Now calcite is known to expand by heat much more in the direction of the 
optic axis than m the perpendicular direction. Indeed this is an understatement 
for m the latter direction the thermal expansion is actually negative t The 
rhombohedron of calcite may be regarded as derived from a cube by shortening 
one of the diagonals, the edges which run up to one end of this diagonal becoming 
obtuse instead of right-angled Thermal expansion tends to reverse thiB 
process and to dimmish these obtuse angles Mitscherhch found, m fact, that 
the rhombohedral angle was 105° 4' at 10° C , but was reduced to 104° 56' at 
110° C J The aotual grams are not, of course, of rhombohedral shape, but 
their irregular shape similarly alters with temperature, and a gram which fitted 
accurately into the crystalline mosaic at ordinary temperature is no longer 
able to do so when the temperature is raised The result of this is a springing 
apart of the contiguous grams, necessarily involving a partial rupture of the 
adhesion between them In this way the whole structure is loosened, and 
progressive loss of mechanical rigidity results The known permanent 
elongation of marblef as recorded m the table, p 272, is m accordance with this 

* Mr F Twyman, F R 8 , has kindly informed me in answer to a question that it is 
possible though not easy for the practical optician to put flat calcite surfaces into adhesive 
optical contact 

t Benoit's values for the coefficient of expansion are parallel to axis 2 4908 X 10~* 
and perp e ndicula r to axis — 6 641 x 10~* These are in agreement with the earlier 
work of Fixeau. See Tutton, “ Crystallography and Crystal Measurement,” vol 2, p. 1829 

X See Tutton, vol 2, p. 1808 

| Hie permanent expansion of marble is described by Sohad, ' Phys Rev roL 10, 
p. 74 (1917) 
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general point of view and may be said decidedly to confirm it for the two effects 
become sensible at about the same temperature 

Two other indications of the general loosening of the structure may be 
mentioned First, jt is found that ink will “ run ” on marble that has been 
baked much more freely than on marble in its original condition Fig 4, 
Plate 13, shows the effect for Indian ink, and fig 5, Plate 13, for ordinary writing 
mk, which flows more freely than Indian ink In each of these pictures the 
marble on the left was baked for 24 hours at 365° C That on the right was a 
piece of the same, not baked. The linos are ruled with an ordinary drawing 
pen , to ensure equal treatment a line was drawn on each piece of marble 
alternately without any refilling or readjustment of the pen throughout The 
running of the ink is, of course, attributed to the increased porosity of the 
material ( cf blotting paper and writing paper) 

Secondly, it is noticeable at the higher temperatures, marble is extremely 
finable, and can easily be crumbled with the help of pliers, or even broken off 
with the fingers No measurements have been made on the ultimate strength 
after baking at various temperatures Such measurements would probably 
not be very definite , but the observations casually made suggest a progressive 
loss of ultimate strength, proceeding pan passu with the elongation and increased 
flexibility It is this which sets a limit to the temperature of baking (see 
table, p 272) 

At a high enough temperature marble, of course, loses carbon dioxide, and 
is converted into quicklime I was at one stage disposed to regard this change 
as conditioning the increased flexibility and tendency to crumble , but the 
experiments show marked increase of flexibdity at temperatures below 150° C , 
which would seem to be too low a temperature for serious loss of carbon 
dioxide to take place A special experiment clears up any doubt A strip 
of marble was weighed as carefully as the rough balance available would 
allow, baked in the kitchen oven to a high degree of flexibdity (temper- 
ature not determined), and weighed again The weight was 425 grams No 
loss of weight was indicated, and the loss, if any, was certainly less than 
0 2 gram. It is clear, therefore, that there was no appreciable loss of carbon 
dioxide 

Although the diminished rigidity of marble is generally accounted for on the 
above lines, more must be said to fill in the details We have to explain not 
only increased elastic flexure, but also the inelastic flexure which increases in 
relative importance the more the structure is loosened As to the increased 
elastic flexure the number of gram-contacts at which the internal stress is 
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taken must be diminished, and the stress at each increased, producing an 
increased strain 

As regards inelastic flexure, it is natural to turn m the first instanoe to the 
example of other crystalline aggregates, and metals are the most obvious. In 
these, inelastic flexure occurs by the individual crystalline grains changing 
their shape by the occurrence of slip or twinning on particular crystallographic 
planes, and the work of Adams and Nicholson* indicates that in the flow of 
marble under stresses of the order of 18,000 lbs per Bquare mch the process is 
in many respects similar to that in metals But in the present case the extreme 
forces to whioh the marble is subjected are only of the order of 400 lbs per 
square inch.t 

Both the elastic and the inelastic flexure of baked marble are to most 
observers very surprising and unexpected effects. Considering the way that 
they develop together as the baking temperature is raised (table, p 272) it 
seems probable that they are closely connected For reasons already 
given, the increased elastic flexure is connected with the loosening of contacts 
between adjacent grams , and if this is correct for the inelastic also, then any 
comparison with the metals is altogether wide df the mark It seems that a 
plausible explanation can be derived if we combine the idea of elastic flexure 
with that of solid friction The latter is supplied by the motion of the partially 
loosened grams one over the other When the bending force is removed, this 
friction prevents complete recovery of straightness, by opposing the elastic 
force of restitution The more the structure is loosened the greater becomes 
the friction and the less the elastic restoring force, and we are lead to anticipate 
the inelastic bending becoming a progressively greater fraction of the total, 
as observed If the structure is thought of as approaching complete disintegra- 
tion, the faction would become all important, and the whole bending would 
approach to being inelastic For obvious reasons we cannot approach very 
near the extreme case expen mentally 

According to the point of view explained, the elastic restoring force, and the 
friction which prevents it from fully asserting itself, are considered to exist 
alongside of one another in the structure As a rough model which may assist 
the imagination, consider a hinge working with some friction, and uniting two 

* Lac e*i , p 372 

t TUm figure is derived by treating the bent marble as perfectly elastio, so that the stress 
is proportional to the distanoe from the neutral axis This supposition oannot, of oonrse, 
be exact where Hook’s law is not followed, but alternative suppositions, such as that the 
whole stress due to bending is uniformly taken on an outside skin of 1 6 mm thickness 
would lead to a similar result 
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long anna Let these be straightened out, and let a flexible steel lath be tied 
alongside Then, on bending the model and releasing it agam, the friction of 
the hinge will prevent the fall recovery of straightness The effect of baking 
the marble at a higher temperature will be represented by making the elastao 
lath thinner This will diminish the force required to bend it, and increase 
the amount of permanent flexure 

It has been pointed out to me that the observed flexure of unbaked marble m 
the above experiments leads to a value of Young’s modulus much less than 
that found for single calcite crystals. These give a value of the modulus 
between 5 8 X 10“ and 11 X 10“ according to the direction of the specimen 
in relation to the crystal axes,* whereas the data on p 272 lead to a value of 
2 6 X 10 11 , and another sample, which I have examined, gave a value of 
only 0 79 X 10 11 From this it seems clear that the crystals are not firmly 
united all over as in a metal, and that in fact there is some looseness of structure 
even m untreated marble The same may indeed also be inferred from the 
varied behaviour of different samples as regards elastic flexure, and from 
the fact that they are all to some extent capable of permanent flexure 

§ 4 Warping of Marble 

We have seen m the introduction that some bent specimens of marble are 
incapable of being completely straightened by the external application of 
force 

Permanent bending or warping may be attributed to unsyrametrical heating 
The known permanent expansion, if it occurred at one side only, would 
necessarily have this result To illustrate the matter experimentally, the 
top surface of a piece of marble was made the bottom of an electric oven, and 
the under surface was kept cool by immersion m a shallow trough of running 
water It was found that as expected, the hot side became permanently convex, 
and the cool one concave The length of one piece used was 40 8 cm., 
thickness 1 9 cm. Heated to 300° C on one side, a marked curvature w«a 
developed The sagitta was 1 26 mm, and the radius consequently 16 7 metres 

Such bent slabs are not flexible owing to the rigidity of the side that has not 
been heated They imitate the bent pieoe of unknown ongin which was 
mentioned in the introductory section, and maintain their curvature when 
placed with the convex side up and heavily loaded Two such pieces, plaoed 
with the concave faces together, are shown in flg 6, Plate 13 

* Voigt, ' Ann. Physik ,’ vol 39, p 412, (1890) Quoted by Landolt and Bernstein, 
Tabellen, vol 1, p. 84 
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Unilateral heating has already been indicated by Kieetnnger* as a probable 
cause of the deformation of marble mantelpieces. As we have seen, however, 
these may become sufficiently baked right through to acquire flexibility In 
the present experiment, the bakmg right through is prevented by water 
cooling, and the curvature is very great compared with that ordinarily seen in 
mantelpieces. 

The curvature developed by unilateral heating is of the order of magnitude 
to be expected from the permanent expansion on the convex side Let us 
take the piece above mentioned With length 1, expansion dl, and thickness f. 


we should have 


l = r 

dl^ t 


1670 
1 9 = 


On the actual length of 40 8 cm this would mean an expansion of 0 466 mm. 
Actually the expansion of the uniformly baked strip for 300° C was somewhat 
larger than this, about 1 mm , see table, p 272 Unfortunately the warped 
piece of marble did not come from the same eouroe as the uniformly baked 
piece with which it ib being compared But even if they had been of identical 
texture, we must remember that with unilateral heating, while the temperature 
gradient may be regarded as uniform through the section, the permanent 
length increases much more rapidly at the higher temperatures (see p 272) 
Thu* the normal expansion (t e , that whioh would take place m the absence of 
constraint) is not able fully to assert itself on the convex side The warped piece 
is presumably in a state of stress, the convex side being in compression, and 
the concave in tension 


§6 Posnblr Geological Application 

The possible importance for geology of the permanent change of marble on 
heating should not be overlooked By examining a laboratory specimen we 
can determine a limit to the temperature to which it can have been heated 
since the time when the cal cite grams were formed into a compact aggregate 
as at present. Applying this criterion to the Carrara marble examined, the 
temperature cannot have risen so high as 77° C , for if this had oocurred the 
specimen should be incapable of showing the elongation and loss of mechanical 
stiffness which it does show when baked at this temperature But caution is 
perhaps necessary in applying such conclusions to material which has been 
at great pressures deep down in the earth’s crust. 


• M UnaohM,” voL 86, p. 436 (1931) 
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$6. Summary 

Marble which has been baked at a temperature of 100° C or even less has 
its rigidity diminished This effect becomes increasingly conspicuous up to 
temperatures of 360° C , when the bending under a given force may become 
10 times as great as at first Stress-strain diagrams are given showing 
hysteresis, the flexure being partly elastic, partly permanent The progressive 
change of mechanical properties is traced as the baking temperature is increased 
At the same time the marble becomes permanently elongated, its porosity is 
increased, as evidenced by the spreading of ink lines ruled on it , and its 
ultimate strength is diminished. 

These results arc interpreted as due to the unequal expansion of calcite by 
heat The expansion is a maximum along the optic axis, and actually negative 
m the perpendicular direction Thus the shape of each gram changes on heat- 
ing, and they are no longer able to fit into the initial oloseiy packed mosaic 
The structure is dislocated and loosened, with increase of volume, and this 
process is irreversible It is probable that with the moderate forces acting in 
these experiments, the individual grams are not deformed by slip or twinning, 
as when metals or marble are caused to flow, but that their elastic deformation, 
combine with friction in the loosened structure, will account for everything 
Experiments arc described on the warping of marble by unilateral heating, 
which are also brought under the same general point of view 

DESCRIPTION OF PLATE. 

Fro 4— Right Lines on marble in initial condition Left Lues on marble baked at 
366° C Indian ink used. Actual site 
Fw fi— The game Writing ink used. 

Fra 6— Two (trips of marble warped by beating the (eventually) convex faces to 900° C. 
and keeping the others at 16 s O., water oooled The ooooave faoes aie plaoed together 
One- third actual size. 



The Energies of Alpha and Gamma Rays 
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The energies of disintegration of the radioactive atoms, calculated from the 
alpha ray energies, may be arranged m pans having sums which are multiples 
of 3 86* The following table shows this for the disintegration energies of 
radium O' The values of the disintegration energies are those given by 
Rutherford, Lewis, and Bowdenf and the unit is 10* electron volts 


Pairs of Disintegration Energies. Multiples of 3 86 


78 29 + 91 12 = 160 41 
78 29 + 94 03 - 173 22 
78 29 + 102 60 - 180 98 
01 12 + 106 26 - 106 38 
92 41 -f 0 - 92 41 

94 93 + 105 26 - 200 19 
00 73 + 00 68 - 106 41 
96 73 + 103 42 ~ 200 16 
100 97 + 107 09 - 208 Ofl 
102 69 + 106 20 » 207 96 


3 86 x 44 u 169 40 
3 86 X 46 - 173 26 
3 86 X 47 = 180 96 
3 86 X 61 - 106 36 
3 86 X 24 - 92 40 
3 86 X 62 = 200 20 
3 86 X 61 - 196 36 
3 86 x 62 - 200 20 
3 86 x 64 = 207 00 
3 86 x 64 - 207 00 


The sum of all these pairs is 1826 16, which is equal to 3*8606 X 474 
The following table shows the same thing for pairs of disintegration energies 
of the other radioactive atoms. The values used are those given by 
Rutherford, Wynn- Williams, Lewis, and Bowden. J 


Rn.AcA 
Bn, AcCa 
R*Ca, H*Coj 
R*Ca„ AoCa, 
Ana., AoC' 
ThA, ThC' 
ThC', ThC' 
ThOa,, ThC' 
Po. Ana, 
ThCa 


Pairs of Disintegration Energies Multiples of 3 86. 


56 80-| 
56 80 H 
56 15- 
66 52 - 
66 05- 
08 07 - 
96 01 - 
62 04- 
64 06- 
61 64- 
69 37 - 


76 0 
67 39 - 123 19 
66 52 » 111 67 
63 83 - 119 36 
76 81 - 142 46 
96 61 - 168 68 
107 41 ~ 204 02 
107 41 - 169 46 
66 31 - 119 37 
0 -* 61 64 

0 = 69 37 


8 86 X 
3 88 x 
3 86 X 
3 86 X 
8 86 x 
8 86 x 
3 86 X 
3 86 x 
3 86 X 
3 86 X 
3 86 X 


- 130 90 
. 123 20 
-111 66 

- 119 36 

- 142 46 

- 166 66 
-204 06 

- 169 40 
-119 36 

- 61 60 
= 69 30 


The sum of these pairs is 1416 98, which is equal to 3 8606 X 368 The 
value 3 8606 agrees almost exactly with the value 3 8606 got from the pairs 
of radium O' energies. 


* A peslimin*?.? aocount of some of the remits given in this paper has been given in a 
fetter to the Editor of the * Physioal Review ’ (‘ Phy*. Bov ,’ Nov 16, 1938). 
t ‘ Proo. Boy. Soo*’ A, voL 14S, p. 347 (1933). 
fProe Boy Boo*’ A, voL 139, p. 317 (1933). 
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The following table gives similar pairs of disintegration energies, each pair 
containing one radium C' energy and an energy for another atom — 


R1C0 

AcC' 

AoC' 

Ana, 

Ana, 

Ana, 

R*A 

ThCa, 

ThC' 

ThC' 

ThC' 

ThCa 


Pairs of Disintegration Energies. Multiples of 3 86 

55 52 -r- 98 44 — 153 90 3 85 ^ 40 = 154 00 

75 81 \ 78 29 «s 164 10 3 85 x 40 -= 154 00 

75 81 + 105 26 -= 181 07 J 85 x 47 - 180 95 

66 85 + 91 IS - 157 77 3 85 X 41 - 117 85 

06 85 + 94 93 - 181 58 3 85 X 42 — 161 70 

60 65 + 102 89 = 169 34 3 86 X 44 =» 189 40 

61 09 + 96 73 — 117 82 3 85 x 41 - 157 85 

62 04 + 99 68 — 161 72 3 85 X 42 — 161 70 

08 61 (- 84 37 = 180 98 3 85 X 47 — 180 95 

96 61 + 99 68 -= 196 29 3 85 x 51 - 196 35 

82 04 + 107 41 «= 169 45 3 85 X 44 - 169 40 

01 64 + 92 41 - 154 05 3 85 X 40 = 154 00 

69 37 4 92 41 =. 161 78 3 85 x 42 = 161 70 


The sum of all these pairs is 2159 91, which is equal to 3 8501 x 5<51 
The sum of all the pairs is 5402 05, which is equal to 3 8504 X 1403 Thus 
it appears that the above three sots of pairs give values of this constant which 
differ from the mean value 3 8504 by + 0 0002, -f- 0 0001, and — 0 0003 
respectively, or by less than one part in twelve thousand 

The relative values of the disintegration energies are believed to be accurate 
to about one part m five thousand, but the absolute values may be in error 
by as much as one part in one thousand. 

The constant 3 8504 x 10* electron volts appears to have very exactly the 
same value for all the radioactive atoms so that it must represent some general 
atomic property 

The gamma ray energies of the different radioactive atoms may also be 
arranged in pairs having sums which arc equal to multiples of a constant a Inch 
is nearly equal to 3 85 This was shown for radium C' by the w riter m a paper 
recently communicated to the Royal Society 

The relative values of the gamma ray energies for any one Bubstance are 
known in some cases to about one in one thousand, but the absolute values 
may be in error by several parts in one thousand 

The following table gives tho values of the constant, multiples of which are 
equal to the sums of pairs of the gamma ray energies, for several radioactn e 
bodies — 
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It seems probable that the differences between these values and 3 8004 are 
due to experimental errors in the absolute values Since the alpha ray energies 
are believed to be correct to within one part in one thousand it follows that the 
earlier values of the energies of the RaC' and RaB rays are too large by 
about 1% 

An exact determination of the energies of any alpha or gamma ray would 
enable the energies of all the others to be corrected so that the errors m the 
absolute energies would be no greater than those m the relative energies 

A determination of the energies of several beta rays is now in progress m 
the writer’s laboratory, which it is hoped will give the absolute values to 
within one part in ten thousand 

The fact that the alpha and gamma ray energies can be arranged in pairs 
with sums equal to 3 85n shows that the energies are equal to 3 86» ± c m , 
where c m has a number of different values It has been shown by the writer* 
that the c’s for the alpha rays are approximately equal to the o’sfor radium C' 
It is also found that the c’a can be expressed as sums of multiples of the 
electronic energy levels The electronic energy levels for the different 
radioactive atoms do not differ much and the alpha ray energies are not known 
with sufficient accuracy to enable the small differences between the c’s, for 
alpha rays, due to the differences between the electronic energy levels of the 
different atoms to be detected 

A simple system of energy levels which explains the emission of gamma 
rays with energies 3 85» ± o m is shown in fig I Only four values of c m are 
shown for simplicity 

The fact that the c’s are independent of « suggests that the energy levels 
belong to two separate or only slightly coupled systems and since the c’s are 
related in a simple way to the electronic energy levels it is natural to suppose 
that the two systems are the nucleus and the electrons as previously suggested 
by the writer 

According to this, then, we have the remarkably simple result that the 
possible energies of any radioactive nucleus are equal to 3 85n, where 
» = 1, 2, 3, 

If a nucleus disintegrates emitting an alpha ray the disintegration energy 
must be 3 85 (n — n') because the energy before disintegration is 3 80n and 
3 85n' after In the same way when the nucleus emits a gamma ray the energy 
of the gamma ray will be equal to 3 85 (» — »') The observed energies 


‘ Phy*. Rev vol. 44, p. 868 (1938) 
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include the energy changes of the electronic system ± c m The energy 
transfer may take place, at the moment of emission, between the electrons 
and the nucleus or between the particle emitted and the electrons It is 
impossible at present to distinguish between the two possibilities , in fact, it is 
doubtful if there is any real difference between them. 

The simplest supposition we can make to explain the possible energies 
3 86n is that the nucleus acts like an elastic sphere which can vibrate with a 
frequency v given by Av = 3 86 X 10* electron volts The possible energies 
are then Av (n + $), if we suppose the vibrations are analogous to those of a 

u 55- rrmn 


7 70 


3 85 
1 89 


1 14 



-1 14 


-1 89 — * 1 1 

Pic 1 

one-dimensional harmonic oscillator The frequency must be supposed 
independent of the mass and charge of the nucleus 

If a nucleus contains only protons and neutrons, then when it emits a beta 
ray a neutron must be converted into a proton Possibly a gamma ray splits 
up into a beta ray and a positron which combines with a neutron. We should 
expect the beta ray to be emitted with energy 3 85n like the alpha and gamma 
rays and the observed continuous energy distribution of the nuclear beta 
rays must be attributed to some secondary action such as collisions with the 
electrons * It may be significant that the average beta ray energy per dig- 
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integration of radnun E is about 3 9 X 10* electron volts, which is nearly 
equal to 3 85 x 10* 

Another way of explaining the energies 3 85n is to roppoee that 3 85 is the 
energy set free when a neutron combines with a proton The uranium nucleus 
may bo supposed to contain 119 protons, 119 neutrons, and 27 electrons The 
combination of the protons and neutrons would give energy 119 x 3 85 = 458 
This is nearly equal to the total energy emitted m the uranium Benes of dis- 
integrations which is about 45 million electron volts The change of atomic 
weight corresponding to 3 85 x 10* electron volts is 0 00041, and this is a 
possible value for the loss of atomic weight when a proton and a neutron 
combine to form a deuton, but, of course, the masses of the protons and neutrons 
m a nucleus are not equal to their masses in the free state 

A theory of nuclear energy differences was suggested by Rutherford and 
Ellis * According to this theory there arc two main energy levels which, to 
explain the energy differences 3 85n ± e m , may be supposed here to differ 
by 3 85 If there are p l alpha particles m the upper level and p t in the lower 
level, the energy is 3 85pj -|-/(Pi, p t ), where / (p,, p t ) is a function of p l and 
p, which represents the energy of mutual action between the alpha particles 
If n alpha particles drop from the upper to the lowor level, the energy change 
is 

6 85 n +f(p v p t ) — /(pi — n, p a -f- n) 

The differences / (/>,, p,) — / (p, — n, p t -J- ») would then represent the c’s 
but we should expect these differences to depend on n, whereas the c’s in 
3 85w ± c„ are independent of « This theory, therefore, does not seem to 
be capable of explaining energy differences 3 85n ± r m with c’s independent 
of n 

In a recent paper by Rutherford, Lewis, and Bowdenf a scheme of 
energy levels for the radium C' nucleus is proposed This scheme gives a large 
number of the gamma rayB, but it does not seem as well fitted to represent 
energy differences equal to 3 85n ± c m as the simple scheme suggested 
above 

The nuclear energy constant 3 85 x 10® electron volts is equal to 6 122 x 10 7 
ergs. The corresponding wave-length given by 6 122 X 10 ~ 7 = Ae/X is 
equal to 3*21 X 10" 10 cm The corresponding wave-number is 3 12 x 10® 


• ‘ Proc. Roy Soc.,’ A, voL 132, p. 667 (1931) 
t * Proo Roy Soc.,’ A, vol 142, p. 347 (1933) 
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It seems dear that this constant represents some fundamental atomic quantity, 
the nature of which is as yet uncertain 

Summary 

It is shown that the energies of disintegration of the radios* tivc atoms may 
be arranged m pairs havmg sums equal to multiples of 3 8604 x 10® electron 
volts This constant must, therefore, represent some general atomic property, 
the nature of which is as yet uncertain 
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By R A Fisher, F R S 
(Received December 14, 1933 ) 

] Introductory 

To Thomas Bayes* must be given the credit of broaching the problem of 
using the concepts of mathematical probability in discussing problems of 
inductive inferenoe, in which we argue from the particular to the general , 
or, m statistical phraselogy, argue from the sample to the population, from 
which, ex hypothec, the sample was drawn Bayes put forward, with con- 
siderable caution, a method by which such problems could be reduced to the 
form of problems of probability His method of doing this depended essentially 
on postulating a j/rton knowledge, not of the particular population of which our 
observations form a sample, but of an imaginary population of populations 
from which this population was regarded as havmg been drawn at random 
Clearly, if we have possession of such a priori knowledge, our problem is not 
properly an inductive one at all, for the population under discussion is then 
regarded merely as a particular case of a general type, of which we already 
possess exact knowledge, and are therefore in a position to draw exact deductive 
inferences 

To the merit of broaching a fundamentally important problem, Bayes 
added that of perceiving, much more clearly than some of his followers have 
done, the logical weakness of the form of solution he put forward Indeed we 


‘ PhlL Trans,,’ voL 63, p 370 (1788) 
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are told that it was his doubts respecting the validity of the postulate needed 
for establishing the method of inverse probability that led to his withholding 
his entire treatise from publication Actually it was not published until after 
his death 


If a sample of n independent observations each of which may be classified 
unambiguously m two alternative classes as “ successes ” and “ failures ” 
be drawn from a population containing a relative frequency x of successes, 
then the probability that there shall be a successes in our samples is, as was first 
shown by Bernoulli, 


a ! (n — a) 1 


<i-*r 


( 1 ) 


This is an inference, drawn from the goneral to the particular, and expressible 
m terms of probability Wo are given the parameter x, which characterises 
the population of events of which our observations form a sample, and from it 
can infer the probability of occurrence of samples of any particular kind 
If, however, we had a pnon knowledge of the probability, / (x) dx, that x 
should lie in any specified range dx, or if, in other words, we knew that our 
population had been chosen at random from the population of populations 
having various values of x, but m which the distribution of the variate x is 
specified by the frequency element / ( x ) dr of known form, then we might argue 
that the probability of first drawing a population in the range dx, and then 
drawing from it a sample of n having a successes, must be 

*•(!-*)•-•/(*) « 

since this sequence of events has occurred for some value of x, the expression 
(2) must be proportional to the probability, subsequent to the observation of 
the sample, that x lies m the range dx The postulate which Bayes considered 
was that / (x), the frequency density in the hypothetical population of popula- 
tions, could be assumed a pnon to be equal to unity 
Ajs an axiom this supposition of Bayes fails, since the truth of an axiom 
should be manifest to all who clearly apprehend its meaning, and to many 
writers, including, it would seem, Bayes himself, the truth of the supposed 
axiom has not been apparent It has, however, been frequently pointed out 
that, even if our assumed form for / (z) dx be somewhat inaccurate, our con- 
clusions, if based on a considerable sample of observations, will not greatly be 
affected , and, indeed, subject to certain restrictions as to the true form of 
f(x) dx, it may be shown that our errors from this cause will tend to aero as the 
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sample of observations is increased indefinitely The conclusions drawn will 
depend more and more entirely on the facts observed, and less and less upon 
the supposed knowledge a pnort introduced into the argument This property 
of increasingly large samples has been sometimes put forward as a reason for 
accepting the postulate of knowledge a prion It appears, however, more 
natural to infer from it that it should be possible to draw valid conclusions from 
the data alone, and without a pnon assumptions If the justification for any 
particular form of f (x) is merely that it makes no difference whether the form 
is right or wrong, we may well ask what the expression is doing m our reasoning 
at all, and whether, if it were altogether omitted, we could not without its aid 
draw whatever inferences may, with validity, be inferred from the data In 
particular we may question whether the whole difficulty has not arisen m an 
attempt to express m terms of the single concept of mathematical probability, 
a form of reasoning which requires for its exact statement different though 
equally well-defined concepts 

If, then, we disclaun knowledge a pnon, or prefer to avoid introducing such 
knowledge as we possess into the basis of au exact mathematical argument, we 
are left only with the expression 


which, when properly interpreted, must contain the whole of the information 
respecting x which our sample of observations has to give This is a known 
function of x, for which, m 1922, I proposed the term “ likelihood,” m view of 
the fact that, with respect to x, it is not a probability, and does not obey the 
laws of probability, while at the same time it bears to the problem of rational 
choice among the possible values of x a relation similar to that which prob- 
ability bears to the problem of predicting events in games of chanoe From the 
point of view adopted m the theory of estimation, it could be shown, in fact, 
that the value of x, or of any other parameter, having the greatest likelihood 
possessed certain unique properties, m which such an estimate is unequivocally 
superior to all other possible estimates Whereas, however, m relation to 
psychological judgment, likelihood has some resemblance to probability, the 
two conoepts are wholly distinct, m that probability is appropriate to a class of 
cases in which uncertain inferences are possible from the general to the par- 
ticular, while likelihood is appropriate to the class of oases arising in the problem 
of estimation, where we can draw inferences, subject to a different kind of 
uncertainty, from the particular to the general 
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The primary properties of likelihood m relation to the theory of estimation have 
been previously demonstrated * In the following sections I propose to exhibit 
certain further properties arising when the functional properties of the specifica- 
tion of the population fulfil certain special, but practically important, con- 
ditions 

2 The Distribution of Sufficient Statistics 

The essential feature of statistical estimates which satisfy the criterion of 
sufficiency is that they by themselves convey the whole of the information, 
which the sample of observations contains, respecting the value of the para- 
meters of which they are sufficient estimates This property is manifestly 
true of a statistic T 1( if for any other estimate T, of the same parameter, 0, 
the simultaneous sampling distribution of Tj and T a for given 6, is such that 
given Tj, the distribution of T a does not involve 0 , for if this is so it is obvious 
that once Tj is known, a knowledge of T t , in addition, is wholly irrelevant , 
and if the property holds for all alternative estimates, the estimate Tj will 
contain the whole of the information which the sample supplies 
This remarkable property will be possessed when 


where L is the likelihood of 0 for a given sample of observations, is the same 
function for all samples yielding the same estimate Tj , for on integrating the 
expression above with respect to 0, it appears that log L is the sum of two 
components, one a function only of 0 and T x , and the other dependent on the 
Bample but mdependent of 0 If 

/(T„ T a , 0) rfT, rfT, 

is the frequency with which samples yield estimates simultaneously m the 
ranges dT, and dT„ it follows that 

/(Tj, Tj, O) = ^ (Tj, 0) <f) t (Tj, Tj) , 

where the first factor involves Tj and 0 only, and the second does not involve 
0 The distribution of Tj given T, will therefore be 

+.(T,.T,)<rr t /j*,(T„TJiT, 

* Fisher, ‘ Proc Camb Phi] Soc ,’ vol 22, p 700 (1926) 
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the integral being taken over all possible values of T a , and in this expression 
the parameter 6 is seen not to appear 
The condition that 3L/30 should be constant over the same sets of samples 
for all values of 6, which has been shown to establish the existence of a 
sufficient estimate of 0, thus requires that the likelihood is a function of 0, 
which, apart from a factor dependent on the sample, is of the same form for all 
samples yielding the same estimate T The sufficiency of sufficient statistics 
may thus be traced to the fact that in such cases the value of T itself alone 
determines the form of the likelihood as a function of 0 If a conventional 
value such as unity is given to the maximum likelihood for any sample, the 
likelihood is thus expressible as a function of 0 and T only, if T is the sufficient 
estimate Wo shall use this property in obtaining a general form for the 
sampling distribution of sufficient statistics 

2 1 It will help if we take an illustrative example of this problem. Let the 
element of frequency m a distribution be given by 


where the variate x can take any real value from 0 to oo , and 0 is an unknown 
parameter greater than — 1 Consider the problem of estimating 0 from a 
sample of n values of x 

If L is the likelihood of any possible value of 0, 

log L = — » log 0 1 + 0S (log *) — 8 (ar), 
and this is maximized for variations of 0, when 0 = T, where 
/(T) = l8(log*), 

and f(T) is the first differential of the logarithm of the factorial function 
This is the equation of estimation by the method of maximum likelihood It 
will be observed that apart from a constant factor the likelihood is expressible 
as a function of 0 and T only, that is 

L = A exp {— » log 0 1 + ndf (T)} 

so that T is evidently a sufficient estimate 
2 2 The sampling distribution of our estimate must evidently be derived 
from that of the mean of the logarithms of the several values of x in the sample 
Now the mean value of 
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By the familiar process of expanding the multiple integral in a product of 
single integrals, the mean value over all samples of 


and this is the characteristic function of 


from which its distribution inav be inferred 

To determine the probability function knowing the characteristic function 
M (W) we may use the property of the sine integral 


f*Mn« < j tt _7c 

Jo U 2 


writing Id for u it appears that 

7T Jo l 

when k is positive, and — J when k is negative , or that 
- j" (sin (x — a) t — sm (x — b) f} ~ 

where b > a, is unity when 6 > x > a, and zero when x is less than a or exceeds 
b. 

Consequently the Stieltjes integral 

jV(*)=-^ j J {sin (x — a) t — am (x — b) <} df (x) , 


|V(*) = ~ jj ^ {e- ut M (if) — ■ e**' M (— if) — e"" M(K)+««M(- if)}, 
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where/ (z) m the probability function of the variate z, and M is its character- 
istic function 

We may note that M (U) and M (— U) must be conjugate quantities, which 
may be written R ± ll, then 

— e~ M M (U) -f- e* 1 M (— tf) = 2»R sin bt — 2»1 cos bt 
so that the integral takes the real form 

- f — {R (sin bt — sin at) — I (cos bt — cos a/)} 

15 Jo / 


Where the probability function is differentiable so that 

df(r) — ydx 
hen 

df(T) = ydx = d £ £ {e-‘*‘ M (it) + e imt M (- K)} dt 
— — ( {R cos (tx) + I sin (te)} dt 


2 4 For the sufficient statistic T, the sampling distribution will therefore 
be given by 

(M)dt, 

2n 

but 


e -«fCTI M 



hence the distribution may be directly inferred from the nature of the likelihood 
function in the form 

d/ =m^r 

J..M "+;) 

s'^Lds?* - 

where / (T) stands for the second differential coefficient of log (T ') 

We may illustrate the use of this formula by deriving the limiting forms for 
extreme values of 6 

Near the limit 8 -» — 1 the general expression 

ndj/pjf- (8 + U) 1- rinlFm rff 
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may be rewritten, substituting 

T = - 1 f e~' 

0 = - 1 + e~ y , 

and, since, as will be apparent, when y is large, all important contributions 
will arise from small values of t, the limiting form of our distribution is 



Writing t for te y we then have 

*y~e <B-T ’ | (1 + it)~ n c‘-‘* (B_vl dl 

and writing z for 1 -j- it 

2m J 


where u stands for e , ~ y , and the integral is taken from 1— t ao to 1 -f » oo or 
in an open contour passing counter clockwise to the right of the singularity, 
2 = 0 Writing £ for nuz we have 

w ,(?«r ir '“J? (z-^dz, 

2m J 


where the integral does not now involve the variate «, and is evidently 
2«t/(n — I)' The distribution now appears as 


(n- 1)' 


n"«" 1 e *" du, 


in which may be substituted for ti 

The probability integral m this case is given by the y? distribution for 2 « 
degrees of freedom. Thus if a sample of 10 had been taken, we have 20 degrees 
of freedom, and the 5% values are at x‘= 10 861 and 31 410* Putting 
nu = Jx* the 6% values of u are 0 6426 and 1 6706, whence those of g — y can 
be obtained, showing that m 90% of samples g will he between y — 0 6110 
and y + 0 4614 For given g, therefore, the fiducial probability is 6% that 
y exceeds g + 0 6110, or falls short of g — 0 4614 
At the upper limit where 0->® we may write 


T = g», e=Y*> 

• Statistical Methods lor Research Workers,” Table III 
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and since g — y remains finite for finite values of the probability function 


log 


T 2 (g - y) 

9 y 


and tends to zero The general expression for the distribution, which is 


Jffljr (6 + *QI" j , 

‘in J-» 0!" 

tends to the limiting form 

or substituting for T and 0 

d/ = !i^ f “ «-»«' e **'>*•' dt 
ng J « 

= 'Y/— dg 


showing that g tends in the limit to be normally distributed about the 
population value y with variance 1 /4 n The 5% points of the distribution of 
g are therefore y ± 1 645/V4«, and for a given g the 5% points of the 
fiducial distribution of y are g ± 1 Gid/y/i n * 

2 5 The interest of this form lies in the possibility of generalizing it for all 
suflicient statistics For, let the equation of maximum likelihood have a 
solution 

^ (T) — A 


where A is a symmetric function of the observations not involving the para- 
meter 0 The expression for 3/30 log L must have been of the form 

C (0) — <f> (0) <K(0)} 

whore the possible factor C, if not a constant, must be a function of the observa- 
tions which is expressible as a function of A, if the likelihood is to be expressible 
as a function of 0 and T only 
The expression for log L then must be of the form 

CAiM6)-cJ*(6)ci<l»(e) + B 

* “ Statistical Methods for Research Workers,” Table I 
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where Bui function of the observations only That C a symmetric function 
of all the observations must be merely the number n in the sample appears 
from the fact that log L is the sum of expressions involving each observation 
singly Hence 

CA = S (X), B = S (X0, 

where X, X lt are functions of the individual observations x The likelihood 
is now the product 

e +e> »<\) e H<A,> 
and 

LW 

where Fj (<j/) is written for | <f> dty 
But the frequency function of the variate X was given by 
aX 

hence its characteristic function is 

M<U) =-<-»« 

while tliut of S (X) is the nth power of this expression, hence the probability 
that S (X) lies between S 0 and is 

f‘d/^ — [*-{«- M" (*/) - e t * ,e ‘ M" (it) + «•"•» M" (-it)} 

J 27cJ, U 

l [*dt( L(4>,8„) _ L (4*, S n ) L (^S,) L(iKS x n 
2ttJ. it lL(<H-t/,8 0 ) L(f-*f,S 0 ) L 8 X ) L (+— t/, Sjjj 

this being the general expression for the probability of any sufficient statistic 
falling within assigned limits , ^ and 8 0 being the limits of the known function 
n<f> (T) of the sufficient estimate T 

2 6 The property that where a sufficient statistic exists, the likelihood, apart 
from a factor independent of the parameter to be estimated, is a function only 
of the parameter and the sufficient statistic, explains the principal result 
obtained by Neyman and Pearson in discussing the efficacy of tests of signifi- 
cance Neyman and Pearson mtroduoe the notion that any chosen test of 
a hypothesis H 0 is more powerful than any other equivalent test, with regard 
to an alternative hypothesis Hj, when it rejects H, m a set of samples having 
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as assigned aggregate frequency « when H 0 is true, and the greatest possible 
aggregate frequency when H x is true 

If any group of samples can be found within the region of rejection whose 
probability of occurrence on the hypothesis Hj is less than that of any other 
group of samples outside the region, but is not less on the hypothesis H 0 , then 
the test can evidently be made more powerful by substituting the one group 
for the other Consequently, for the most powerful test possible the ratio of 
the probabilities of occurrence on the hypothesis H 0 to that on the hypothesis 
Hj is less in all samples in the region of rejection than in any sample outside it 
For samples involving continuous variation the region of rejection will be 
bounded by contours for which this ratio is constant The regions of rejection 
will then be required m which the likelihood of H 0 bears to the likelihood of Hj, 
a ratio less than some fixed value defining the contour 

The test of significance is temiod uniformly most powerful with regard to a 
class of alternative hyjjotheses if this property holds with respect to all of 
them This evidently requires that the contours defined by the ratio of the 
likelihood of Hj and Il 0 shall be the same as those defined by the ratios of the 
likelihood of any two hypotheses in the class If, therefore, T' is a statistic 
defining these contours, and 0 X , 0,, , are variable parameters defining the 

hypothetical populations, the likelihood of any hypothesis must be expressed 
in the form 

L = A/(T',e 1 ,e„ ) 

where A is a factor independent of the parameters 
The method of estimation by maximum likelihood, when applied to the 
form above, will yield equations for 0 X , 0,, , etc 

& (T\ Uj, 0 f , ) = (>, 

6i, 0„ ) = 0 , 

where 



and the solutions of these will give estimates of 0 X , 0„ , which we may 

designate T 1( T„ , in the form 

T 1 = <MT') 

T,= +,(T'), etc 

It is evident, at once, that such a system is only possible when the class of 
hypotheses considered involves only a single parameter 0, or, what oomee to 
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the same thing, when ail the parameters entering into the specification of the 
population are definite functions of one of their number In this case, the 
regions defined by the uniformly most powerful test of significance are those 
defined by the estimate of maximum likelihood, T For the test to be uni- 
formly most powerful, moreover, these regions must be mdependent of 0, 
showing that the statistic must be of the special type distinguished as sufficient 
Such sufficient statistics have been shown to contain all the information which 
the sample provides relevant to the value of the appropriate parameter 0 
It is inevitable therefore that if such a statistic exits it should uniquely define 
the contours best suited to discriminate among hypotheses differing only in 
respect of this parameter , and it is surprising that Neyman and Pearson 
should lay it down as a preliminary consideration that “ the testing of statistical 
hypotheses cannot lie treated as a problem m estimation ” When tests are 
considered only in relation to sets of hypotheses specified by one or more 
variable parameters, the effiiAcy of the tests can be treated directly as the 
problem of estimation of those parameters Regard for what has been estab- 
lished in that theory, apart from the light it throws on the results already 
obtained by their own interesting lino of approaoh, should also aid in treating 
the difficulties inherent in cases in which no sufficient statistic exists 

3 A Second Class of Parameters for which Estimation need Involve no Loss of 
Information 

In the case of sufficient statistics the likelihood function is, apart from a 
constant factor, the same for all seta of observations which yield the same 
estimate by the method of maximum likelihood A second case, of somewhat 
wider practical application, occurs when, although the sots of observations 
which provide the same estimate differ in their likelihood functions, and there- 
fore m the nature and quantity of the information they supply, yet when 
samples alike in the information they convey exist for all values of the 
estimate and occur with the 8a mo frequency for corresponding values of the 
parameter 

The nature of the correspondence may be stated as follows If * 1 , , x n 

stands for a sample of n values of a variate x, the distribution of which is 
conditioned by a parameter, 6, then for any value of 0, there will be a definite 
probability 

V (*» 6) 

of the ooourrenoe of a vans to less in value than x. 
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If, therefore, we take any other value of the parameter, say <f>, there will, 
with continuous vanates, always exist a senes of observational values, y, 
corresponding to the onginal senes x, such that 

P(», 4) =P(*, 6 ) 

The samples x and y will, however, only correspond m the sense required for 
our present purpose if corresponding to any possible value, 0, a value, <f>, can 
be found so that the relationship above holds for all values of * If, in fact, the 
equation were solved for y, in the form 

y =/(*, 0 . 4) 

it is required that / shall be of the form 

f(x, 0, ft) (3) 

where Q is a function of 0 and <f>, independent of the observations, and such 
that for any possible values of 6 and Q there exists a corresponding value 
<f> Stated symmetrically it is required that some function of x and y can 
equated to a function of 0 and </> 

The typical case of such a relationship occurs in parameters of location 
If the distribution of the variate x involves a parameter 0, such that the 
frequency with which x falls in any element dx of its range is a function of 
(* — 0), then 0 may be called a parameter of location In such a case the 
functional relationship (3) may be. written 

* — y = 0 - <f, 


and is clearly of the form required 

Let us take an example in which there is no sufficient estimate, and in whioh 
the loss of information in estimating the unknown parameter even by the 
method of maximum likelihood is considerable The distribution of x is a 
double exponential curve, the probability of x felling in the range dx, being 

dx 

The logarithm of the likelihood is 

-S|*- 8|, 

and this increases when 0 is increased only if more observations are greater 
than those less than 0 The likelihood is therefore maximised if the number of 
observations is odd, by equating 0 to the median observation , if the number 
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of observations is even the likelihood is constant when 6 has any value between 
the two central observations 

For a sample of an odd number, n = 2s + 1 of observations, the sampling 
distribution of the median is determinate, and the loss of information, if we 
use the median as an estimate, unsupplemented by the ancillary information 
which the sample contains, may be calculated. For, if the central observation 
lies at a distance u from the centre of the distribution, u being supposed positive, 
then the s highest values observed must each have fallen m a region comprising 
"“S' . 

of the total frequency, while the s lowest values have fallen m the remaining 
region comprising 

of the total Finally, the probability of the median itself falling in tho range 
du is 

i* - " du, 

so that compounding the independent probabilities into which the event has 
been analysed we have 

tf - • (K7 (1 - fc-T K" du 

as the probability of the median having u positive sampling error, u As * is 
increased without limit we may write 

uVn — t, 

and the distribution tends to the limit 




The amount of information derivable from a large sample of n thus tends to 
equality with n, as the size of the sample is increased Since the information 
supplied by the independent observations is additive,* each must supply one 
unit, and a sample of 2s + 1 observations must contain 2s + 1 units of mforma- 
teon The quantity elicited by using the median, t e , by replacing the 2s + 1 
observations from the distribution 


* Fisher, * Proo Csmb Phil Soc ’ vol 22, p 700 (1025) 
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by a single observation from the distribution 

«- (2 - 1 do, 
may be calculated from the mean value of 


When * exceeds unity the average values may be evaluated from the con- 
sideration that 


" (gj+1 )' 

, (a- 1) ! (« + !)• 2** +I 


i -du ^ e~ u du 


represents the probability that at least s + 2 observations have positive, and 
only s — 1 observations negative, deviations, and may therefore be equated to 


5 s' (s + 1) ! 2* ,+l 

The mean value of e -|u-8| /(2 _ e -l«-*l) 18 therefore found to be 


Similarly, the mean value of e *1**— *1/(2 — e - !•*— *!)■ 18 

(s + l)(s + 2) / 1 (2s + l)> (2s+l)l \ 

«(«-l) \ s's+1'2** (s - 1) ! (a + 2) ! 2**/ 

The amount of information provided by the median of 2s + 1 observations 
is therefore 

(. + l)'-2.(. + l) *- ±i + H 


j- 2(, ±i)i — 

^ { + r s l (s + 1) ! 2* 


s + !)(* + 2) _(2s + l)!_ 
s - 1 « ' (f + 1~) I a* 

•!)(» + 2) (2s + 1)1 

s - 1 (* - 1) ! (s + 2) 1 2* 
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(» + 1) <2s + 1) f. (2») 1 1 

(«-l) 1 (* !)* 

Jn the special case, s — 1, the general method fails, and a direct integration 
yields the value 

12 (log 2 i). 


which ib the limit to which the general expression tends as s -*• 1 

The median is an efficient estimate in the sense of the theory of large samples, 
for the ratio of the amount of information supplied to tho total available tends 
to unity as the sample is increased Nevertheless, the absolute amount lost 
increases without limit As s increases, this amount lost, 


2* + 1 

may be replaced by 


(f + l)(2» + l) f, , 2a 1 1 

« - 1 l (• !)• 2"-»J ’ 


2(2s + l)/ t + 1 
s — 1 (* + J) 


1) 


approximately, or by 4 (y/TJiz — 1) Thus with s = 314, for a sample of 629 
observations, the loss of information is near to 36 units, or the value of about 
36 observations 

It is a matter of no great practical urgency, but of some theoretical impor- 
tance, to consider the process of interpretation by which this loss can be 
recovered Evidently, the simple and convenient method of relying on a 
single estimate will have to be abandoned The loss of information has been 
traced to the fact that samples yielding the same estimate will have likelihood 
functions of different forms, and will therefore supply different amounts of 
information When these functions are differentiable successive portions of 
the loss may be recovered by using as ancillary statistics, in addition to the 
maximum likelihood estimate, the second and higher differential coefficients 
at the maximum. In general we can only hope to recover the total loss, by 
taking into account the entire course of the likelihood function 

In our particular problem the curve of likelihood is a succession of exponential 
arcs, having «i discontinuities at the values of the » observations of the sample, 
the exponent changing by —2, as each observation is passed in a positive 
direction For the same value of our estimate, the median observation, this 
function will have very different forms according to the length of the intervals 
which separate the median from its successive neighbours Any samples, 
however, in which these n — 1 intervals are the same will have the same 



301 


Two New Properties of Mathematical Likelihood. 

likelihood function. More explicitly the likelihood of the parameter having 
a value <f> as judged from the series of observations y v , y n will be equal to 
the likelihood of its value being 6 as judged from the senes x v , x n , if 

x — y= 6 — <f> 

for each pair of observations m the pair of samples 
We may specify the configuration of a sample by a senes of positive non- 
decreasmg numbers a lt , a, representing the positive deviations from the 
median of the « largest observations, and a second senes of positive non- 
decreasing numbers a\, , a', representing the excesses of the median over the 

s smallest observations, so that if T is the median value the n observations 
are represented by T - o'„ , T — a\, T, T -f o„ , T + o. 

The probability of occurrence of any senes of observations, the true centra 
of the distribution being 0, 

L dx lt , dx n 

may now be wntten 

"1 L ^ ^ 7\ dTdo, da,da\ da’, 

3 (T, a t a„ a\ a',) 1 

= n ! L dTda l da, da\ da', 
whore, if, for example, 0 lies between T — a'„ and T — o',-* 

T. — ; i. e -(*J>-l)(T-l)-S , l (•+•)+*(•,+ +•,-,) 

2 * 

Given the configuration of the sample, therefore, the probability that T 
lies m a range dT, between the limits 0 -f- o' p _ x and 0 -f- o'„ is 

if = !«»<•.+ +*r-.) e -(*r-M(T-«) < fr 

A 

of which the integral between these limits is 

L. ^<*1 + +*n) !>•») 

(2p-l)A <r h 

and A is equal to the sum of all such integrals 

+ 1 - «— + i («-> - «*•*“**•) + i («*'-*' - s**'-*- 2 -- 6 -) + 

Apart from the details of the analysis, however, it is apparent that if attention 
it confined to tamplet having a given oonfigurabon the sampling distribution of 
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T for a given 0 is found from the likelihood of 0 for a given T, the probability 
curve in the first case bong the mirror image of the likelihood curve in the 
second 


To evaluate the amount of information supplied by thiB distribution we must 
evaluate the mean square of 

! log Jr 

Now, if T lies between 0 -f o',_! and 0 + 


so that in this case 


= -(2p-1)(T-6) 

(55 1ob D' = (2 ' ,_1) ’ 


and the amount of information supplied by our estimate, tn conjunction with 
a specification of the configuration of the sample from which U was obtained, is 

^{1-e— + 3 + 5( 

+ 1 — «“** + 3 («-** ■— e 2 * 1-3 "*) + 5 ( } 

This value will differ greatly from sample to sample Thus, if a 1 and a\ 
were both large, so that the median lies in a considerable range otherwise 
unoccupied by observations, the amount of information approaches unity , 
at the other extreme if a, and a, were both so small that e~°« is near to unity, 
then 

A-* 2/(2* + 1), 

and the amount of information rises to (2* + 1)*, or »* 

To find the average value of the amount of information derivable from the 
median, in conjunction with the configuration of the sample, we may note 
that the probability for a given configuration that s + p observations shall 
exceed, and * — p + 1 fall short of the true value is 

(2p-l)A ( ^ ' 

and that the amount of information is obtained by multiplying this probability 
by (2 p — 1)* and adding for all values of p 
The average information for all configurations may, therefore, be found 
from the total probability for all configurations that exactly s + p observations 
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shall exceed the true value , since the probability of exceeding 0 is i inde- 
pendently for eaoh observation, the probability is 

J nj 

2 s (v + p) '(*-/> + 1) 1 

and this, multiplied by (2 p — 1)*, and added for all values of p, will give the 
average amount of information The probabilities are the terms of the 
expansion of (4 h I)*. 

and (2 p — 1) is twice the deviation from the mean corresponding to eaoh value 
of p The variance of the binomial is well known to be exactly \n, and the 
average amount of information used is consequently found to be exactly n, equal 
to the total amount known to be contained on the averago in the sample 
The process of taking account of the distribution of our estimate in samples 
of the particular configuration observed has therefore recovered the whole of 
the information available This process will seldom be so convenient as the 
use of an estimate by itsolf, without reference to the configuration, for instead 
of replacing the n observations by a Hingle value, we now have to take account 
of all their values individually A< tually, indeed, in this case only the central 
group of values matters greatly, but in general the theoretical process illustrated 
here uses the available information exhaustively, only at the expense of 
abandoning the convenience of disregarding all properties of the sample beyond 
the best estimate it can provide The reduction of the data is sacrificed to its 
complete interpretation 

The frequency distribution, which makes this t omplete interpretation 
possible, is the mirror image of the likelihood function Thus if T x is the 
estimate (the median) derived from the actual sample observed, and L (0 — T x ) 
is tho likelihood derived from this samplo of any value of 0, then the sampling 
distribution of T for any value of 0, in samples of the same configuration is 
P ven b y d/a L (0 — T) <£T 

This is an extremely simple derivation of the sampling distribution of tho 
estimate of maximum likelihood from the form of the likelihood function 

4 The Simultaneous Estimation of Looalum and Scaling 
In a very frequent class of cases not only tho origin but the scale of the 
distribution is also represented by a parameter to be estimated from the 
observations The frequency element is then of the form 

mdt. 
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In such cases it is obvious that the sample of values 5 in relation to any 
values oq and a, of the parameters corresponds in the sense of section 3 to the 
sample of values of x in relation to the values 0 t -f and 6^,, and a double 
senes of samples exists corresponding to any sample observed 
The samples will have all the same configurations in the sense that sup- 
posing any two observations of the sample, such as the lowest and the lowest 
but one in value, havo values a, a + b then the other members of the sample 
will be 

a bt, p = 1, , n — 2, 

where the n — 2 values of specify the configuration, and are the same for 
all samples of which the configuration is the same 
The frequency element 

Ldxj, dx n , 

giving the frequency with which the n observations fall within assigned values, 
may then be replaced by 

h - 3 ft’ **) fadbdl, dt n _ it 

d (a, b, t, " * 

where the Jacobian is simply 

10 0 0 

110 0 

1 <! 6 0 


I 1 U - 1 0 b | 

or h"~* The simultaneous frequency distribution of a and b is therefore given 
by 

d/oc L6 B “* da db 

Now, it is evident that the estimates of 0 X and 6 t from such a sample will be 


T x = a + Xi, 

T . = 1x6, 
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where X and p, depend only on the configuration of the sample Hence 


ag iil i), 

0 (a, 


X 


°l 

1*1 


= I* 


and the distribution of these estimates m samples of the same configuration 
will be 

4T« LT a s - a «r s *r a . (4> 

where ml.Tj-f- «,T, is substituted for x v , p — 1, , n, the n values of u 

being known for the configuration observed 

If, therefore, we choose to take into account not merely the sampling dis- 
tribution of our estimates for samples of all configurations, distributions which 
will involve, apart from the parameters of the population, only these two 
statistics, but rather the special simultaneous distribution for the particular 
configuration observed, we may obtain this special distribution directly from 
the form of the likelihood function 

Since, moreover, the whole course of the likelihood function is taken into 
account, it is, from this point of view evident that no information can bo lost 
An mdependent analytical proof of this is as follows , it is equally applicable 
to information m respect of 0j and of 6,. 

The information respecting 0 1 contained m a single observation from the 
distribution (4) is numerically equal to the average value of 


for all values of (T t — 0J from — oo to oo , or, otherwise, to the average value 

{ 4 S(1o8/) }‘ 


where /(* — is the frequency of an observation falling m the range dx 
The average for all values of is, for any particular observation, the average 
for all values of x Now the average value of 



is sero, for 

Ls5 h * // *'“L4; * 

which is sero, since the total frequency is unity, mdependent of 0 t But the 
average value for all values of (T x — 0,) and for all configurations including 
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variations of T,, ib the average value for all possible samples We may apply 
tlus principle to the expression 

S*(f 9 10 */) 

when all the values of r are independent Then the average value of the square 
of the sums of n terms, independent and all having a mean value aero, is » 
tunes the mean square of each of them, or n times the mean value of 

(W 

for all values of x from - ao to « , which is, by definition, the amount of 
information supplied by a sample of n observations. Henoe the average 
amount of information respeotmg 0 t supplied by (4) for all configurations is 
the entirety of that supplied by the data 
With respect to 0„, we require the average value of 

s ‘(4 10 ^ 

for all values of T, from 0 to qo The average of this for all configurations and 
for all values of T„ again reduces to the mean value of 



for all values of x from — so to <x> , and so to the average amount of informa- 
tion contained in a sample of n observations 

Summary 

(I) Reasons are given for the use of mathematical likelihood in problems 
of inductive inference 

(II) When a statistic exists, satisfying the criterion of sufficiency, the 
likelihood function involves only that statistic 

(III) An example is given of a sufficient statistic, and its sampling distribu- 
tion is expressed m terms of the likelihood function 

(IV) This property is generalized for all cases of simple estimation, where 
a sufficient statistic exists 

(V) It is shown that these oases and only these supply tests of significance 
of the land termed by Neyman and Pearson “ uniformly most powerful ” with 
regard to a class of alternative hypothesis 
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(VI) Where no sufficient statistic exists the precision of estimation may m 
general be enhanced by the use of ancillary statistics A class of cases is 
defined and illustrated in which the totality of the ancillary information supplied 
by the observations may be utilized 

(VII) This process gives a very Bimple derivation of sampling distributions, 
m which there is no loss of information, even for small samples. 


The Electrical Condition of Hot Surfaces during the Adsorption of 
Oases Part V — The Charginq up of Hot Surfaces 
By J C Stimson, Imperial College of Science and Technology 

(Communicated by W A Bone, F R 8 ~ Received July 31 — Revised 
December 16, 1933 ) 

Introduction 

The investigation into the electrical condition of hot surfaces has consisted 
mainly of measurements of (a) the steady equilibrium potentials acquired 
by such surfaces when heated in a vacuum or in contact with various gases, 
and (6) the rates at which these potentials build up after earthing The 
previous communications of this senes'* have dealt with the steady potentials 
exhibited by gold, silver, nickel, platinum, carbon, and copper surfaces under 
varying conditions During the course of these experiments the rates of 
attainment of the steady potentials were also observed and recorded, and are 
described below The results with the Bilvcr sheet, however, have been omitted 
for reasons whioh have already been given. Certain general regularities m the 
results have been distinguished, whereby much light is thrown on the nature 
and mechanism of the processes taking place at the interface between solid 
and gas phases It has now been found possible to advance a more complete 
explanation of the changes oocumng on the surfaces and which give rise to 
their electrical charging up as observed in these researches It also gives 
information, which is of fundamental importance, on the subject of the role 
played by hot surfaces m heterogeneous catalytic reactions. 

* ‘Proc Roy 800 ., ’ A, voL 116, p 879(1927), vol 120, p 288(1928), vol 124, p 3M 
(1929). and vol 182, p 192(1981) 
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Experimental 

The apparatus employed has been described for the most part m sufficient 
detail in the earlier communications The addition of a number of multi- 
vane variable air condensers, each of 0 001 microfarad capacity in parallel 
to the surfaoe-electrometer-earth Bystem made it possible to vary the capacity 
of any surface to earth within suitable limits The condensers, connecting 
leads, and switches were completely enclosed m an earthed metalho shielding 
as a protection against spurious electrical effects from external sources. The 



oondensers were calibrated against a Dubdier standard condenser, while the 
capacities of the surface-electrometer Bystems were determined by the method 
of mixtures, one of the variable air condensers serving as a sab-standard 
The Rate of Charging Up —The rates of charging up of the snrfaoes were 
calculated from the observed electrometer readings at suitable tame intervals 
starting from zero potential, t e., at the moment of re-insulataon of the surface- 
electrometer system after earthing The general type of the curves connecting 
the readings of the electrometer with time is shown m fig 1 These were 
obtained m the course of experiments with the nickel sheet in oontaot with 
oxygen at a constant capacity of 1020 cm (Part II, Senes C, and the present 
paper, Senes B), and they represent the general characteristics of the manner m 
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which the hot surfaces charge up to the equilibrium potentials The slope of 
such curves gives a measure of the current ( 1 ) flowing from the surface at any 
instant, and can be calculated by the equation 

t = C dvjdt, (1) 

a here C is the capacity of the surface-electrometer system, dt is the interval 
of tune between two electrometer readings, and dv is the corresponding incre- 



ment of potential The current thus obtained was taken to correspond to 
the potential at the middle of the tame interval This method of calculation 
was also used by Richardson and Brown* in their experiments on the kinetic 
energy of electrons and positive ions emitted from hot bodies by measuring 
the rate of charging up of a neighbouring electrode. Values calculated m 
this way using equation (1) for the nickel surface m contact with oxygen at 
680° C , from the charging up curve given in fig 1, have been plotted m fig 2 
* ‘ PhD Mag vol 16, p 353 (1908) , vol 17, p. 355 (1900) , and rol 18, p 649 (1909) 
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The relatoonship between the momentary current flowing from the surface (i) 
and the potential of the surface at the same time (v) is very nearly linear, and 
can be represented by an equation of the general type 

* = » 0 — av, (2) 

where t 0 is the value of t when v = 0, » e , the instantaneous value of the current 
flowing from the surface at the moment of insulation from earth, and a is a 
constant equal to the slope of the straight line These calculations have been 
applied to a large number of the experimental results and the approximately 
linear relation between the current from the surface at any time during the 
charging up process and the mean potential of the surface during the same 
tune has always been obtained Richardson and Brown also found that there 
was a tendency for the current to be a linear function of the potential, especially 
after a long period of heating in a vacuum, or at a high temperature The 
current flowing from the surface is zero when its potential has reached the 
limiting value, V, under the given experimental conditions. 

The rates of charging up in Senes A to E recorded below have been expressed 
as values of t the instantaneous maximum current flowing from a surface 
just as it is insulated from earth Two methods were employed in this investi- 
gation for the evaluation of * 0 (a) the straight line obtained by plotting t 

against in the manner outlined above was extrapolated to the axis of * to 
give the value of t 0 , (6) it could also be calculated from I the average or mean 
rate of charging up to a potential equal to half the limiting value (V/2) It 
can be shown that 

I = CV/2 1 = K 

where t is the tune in seoonds required to attain half the limiting potential, 
in volts, in an electrometer system of capacity C, m farads The values of » # 
are independent of the actual capacity of the surfaoe-electrometer systems as 
the rate of increase of potential on the surface was always found to vary inversely 
with capacity 

As the rate of charging up of a surface in any given experiment can be 
expressed m the form of an equation of the first degree, it follows that it 
has been completely and fully represented in terms of the equilibrium potential, 
V, and the maximum rate of charging up, i, 

Equation (2) can be rewritten in the form 

C dv/dt « o (V - v), 

where C is the capacity of the surface-electrometer system, V is the final 
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steady value of the surface potential, and v is the momentary potential at any 
tune t By integrating and re-arranging terms this beoomes 

« = V (1 - e~ atlc ) 

The fact that the variation with time of the potential acquired by a surface 
could be represented by a function of this form has also been indicated by 
independent work in those laboratories * 

Experimented Results 

It has been repeatedly confirmed throughout the course of this investigation 
that the magnitude of the steady surface potential m contact with a gas was 
independent, within the limits of experimental error, of the gaseous pressure 
between 100 mm and atmospheric pressure In a similar way it has been 
found that withm this range the rate of charging up of a surface to the steady 
potential characteristic of the given experimental conditions does not depend 
on the pressure The results given below have been confined to experiments 
with single gases, as those with reacting mixtures require more detailed 
examination especially in connection with their rates of interaction 

Senes A Experiments with flw Odd Sheet ~ The surface potential results 
of this senes of experiments have been previously described m Part I (Senes 
C) The rates of charging up, as expressed by t 0 , for this surface are recorded 
against temperature up to 860° C (»n vacua and in contact with hydrogen, 
oxygen, argon, carbonic oxide, and nitrogen) m fag 3 The dotted portion of 
the oxygen curve is that over which the potential was changing from a positive 
to a negative value and whore it is very difficult to obtain reproducible results 
On admitting a gas into contact with the heated gold sheet when it was 
exhibiting the appropnate in vacuo surface’ potential, it has been shown that 
the latter gradually gave place to the potential characteristic of the particular 
gas during a period of time which was dependent on the nature of the gas It 
has also been found that this change is accompanied by a gradual and similar 
alteration in the rate of charging up, while removal of a gas by evacuation 
produces the same type of change in the reverse direction This behaviour 
has been confirmed in the experiments with the other surfaces, the appropnate 
change in the rate of charging up always accompanying such an alteration m 
the experimental conditions 

Senes B Experiments with the Nxckd Sheet —The variations m the rates of 
charging up of the nickel sheet with temperature, corresponding to the surface 
* Bradford, “ Dissertation, Ph D ," London (1981) 
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potentials determined in Part II (Series C, D, and F), are given in fig. 4 The 
curves recorded are for hydrogen, in vacuo, carbonic oxide, oxygen, argon, and 
nitrogen 

Senes C Experiments with the Platinum Shed — The results correspond to 
the surface potential experiments described in Part III (Senes A, B, and C) 
In the expenments with the platinum sheet heated only to a maximum tempera- 



ture of 500° C the values of t 0 were very small, even at 500°, thus hydrogen 
(1), 0 04 X 10 -a amp , tn vacuo, 0 38 X 10“ J1 amp , and hydrogen (2), 
0 04 x 10~ u amp. In the senes up to 660° the rates of charging up at 660° 
were tn vacuo (1), 0 79 X 10 -11 amp , hydrogen, 0 80 X 10~ M amp , 
oxygen, 0 76 X 10 _u amp , and tn vacuo (2), 2 00 x 10 “ u amp Similar 
measurements were earned out during the senes of expenments up to 860° 
and are recorded in fig 5 

Senes D Expenments with the Carbon Rod — The rates of charging up of 
the carbon rod corresponding to the potential measurements recorded in 
Part IV (Senes A) are plotted against temperature in fig 6 Most of the values 
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copper sheet are recorded m fig 7 »* vacuo and hydrogen np to 520° , w 

vacuo and hydrogen up to 660°, and tn vacuo, hydrogen, nitrogen, and carbonic 
oxide up to 860° 

Senes F Experiments on the Hate of Leak of a Potential applied to a Hot 
Surface — A large number of experiments have been earned out with the 
surfaces so far examined under vanous conditions of temperature and gas 
pressure, in which the rate of leak of an applied potential was determined The 



cxpenmcntal procedure was as follows The potential of the surface-electro- 
meter system was brought to a known positive or negative value whereupon 
it was left insulated while electrometer readings at suitable tune intervals were 
observed It was found that the potential of the system always changed in 
a gradual and uniform manner, from the applied value to that characteristic 
of the surface under the given experimental conditions. The rates at which 
applied voltages of -f or — 1, 2, and 4 volts leaked away from a heated gold 
gauze in contact with oxygen, recorded m fig 8, illustrate the general nature of 
these ch^ft* 
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Bangham and Lewis* have investigated the effect of gases on the electrical 
charges developed by heated metals, and have found, m experiments mmilar 
to those described in this senes, that the mode of approach to the equilibrium 
potential was widely different according to whether equilibnum value was 
approached from the positive or from the negativo side In the latter method, 
they found that the rate of change was a highly sensitive function of the 
momentary potential , m the former it was markedly insensitive, the rate being 
nearly uniform It has not been found possible, dunng the course of the 
present investigation, to reproduce Bangham and Lewis’ results , m fact, 
smooth and regular changes of the type shown in fig 8 have been obtained in 
every experiment so far carried out It might be suggested that Bangham and 
Lewis had not been entirely successful in overcoming all the experimental 
difficulties to be met with m measurements of this nature 

Discussion of the Results 

The most important facts revealed by a study of the rates of charging up 
of the various surfaces arc as follows — 

(a) When the rates of charging up, expressed as values of » 0 , for the gold, 
nickel, and platinum surfaces at 850° C are tabulated as m Table I, it is seen 
that they fall naturally into a group exhibiting certain well-defined features 


Surface 

Platinum 
Gold 
Nickel 

This shows that the rates of charging up for the platinum sheet were larger 
throughout than those for gold or nickel except in contact with carbonic oxide 
where the order was completely reversed It is quite reasonable to suspect 
that the low rate for platinum under these conditions is probably connected 
with the well-known poisoning effect of carbonic oxide on platinum catalysts, f 
whilst the higher rate for nickel in contact with carbonic oxide is associated 
with the method of attachment of these molecules to the surface as indicated 
in Fart II For the gold and nickel sheets, beyond the fact that the rates in 

*‘J Own Soo.’p. 1140(10*9) 

f RkWl mod Tsyksr, “ Catalysis in Tbeoty and Practice,” p 188(19*8). 


Table I — (Multiplied by I0 U ) 



20 00 26 67 11 27 8 00 2 00 » 33 
17 60 13 33 6 33 4 03 2 63 200 
10 00 7 36 5 00 4 63 7 07 4 32 
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contact with hydrogen and in vacuo always exceeded those in contact with 
other gases, no general regularity seems to exist 

(6) In the experiments with the carbon rod the rates of charging up were 
very large compared with those considered m (a) Thus, with the carbon rod 
tn vacuo (3) i 0 — 93 3 X 10~ u amp at 600° and was rising extremely rapidly , 
m contact with hydrogen (3) t 0 = 86 7 X 10 -u amp at 700° and was Iikewiso 
rising rapidly , in contact with nitrogen t 0 = 62 0 X 10~ u amp at 860° 
Even this latter value was nearly seven times greater than the corresponding 
rate for the platinum sheet The apparent area of the surface of the carbon 
rod was almost of the samo order as that of the metal sheets, but the work of 
Bowden and Rideal* has shown that its accessible area, % e , that which could be 
reached by a reactant, might be over 300 times its apparent area Furthermore, 
there are a number of substances present m the type of carbon rod used in this 
investigation which might have had the effect of increasing the rates of charging 
up Thus it seems quite likely that the rapid rates of charging up of the carbon 
rod were due, at least m part, to one or other or both of these causes It has 
been pointed out in Part IV that previous heat treatment had a profound 
effect on the values of the surface potentials of the carbon rod tn vacuo, whereas 
the rates of charging up seemed to depend very little on heat treatment Thus, 
in fig 6 the tn vacuo curves (1), (2), and (3) were very close over the whole 
temperature range where accurate measurements were at all possible Similarly, 
the rates of charging up for the carbon rod m hydrogen heated to maximum 
temperatures of 520° and 660° respectively were very nearly identical Heat 
treatment at 850°, however, greatly influenced the results, eg , at 560° the 
rate of charging up was reduced from 93*3 to 6 7 x 10 u amp 

(c) The rate of charging up of the copper sheet in vacuo at temperatures 
above 760° was extremely high, but in contact with gases, including hydrogen, 
it was low compared with the other metals At the present time it is not 
possible to advance any explanation of this behaviour, but it is quite probable 
that on completion of an investigation now in progress m these laboratories 
further light may be thrown on this subject 

(d) In Part IV it was established that the steady potentials exhibited by 
surfaces under similar experimental conditions tend to approach to zero as 
the normalization temperature is raised The results with the platinum and 
copper sheets in Senes C and E indicate that this change is accompanied by a 
reduction in the rate of charging up, and this can be illustrated by the figures 
given in Table II. 

* ‘ Proc Boy Soo A, vol 180, p. 80 (1988) 
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Table II 


Suiftoe 

Temperature 

of 

normalisation 

Kxpenmental 

temperature 

(<• X 10“). 


"C 

•c 



000 

500 

0 £ 

Platinum 

860 

500 

0 07 






880 

1 660 

2 00 


850 

060 

0 27 


520 

520 

10 33 

Copper 

660 

520 

0 13 






660 

680 

2 24 


860 

660 

i 

0 00 


(e) Figs. 3 to 7 show that the rates of charging up of hot surfaces increase 
rapidly with temperature It has been found that the logarithm of the rate of 
charging up of a surface is a linear function of the reciprocal of its absolute 
temperature This relationship can be expressed by the equation 

log» 0 = logo — 6/T, (3) 

where a and 6 are constants. It follows that 


e being the base of the natural logarithms Fig 9 gives the results of plotting 
values of log (t 0 X 10“) as ordinates against values of 10*/T as absciss® for 
the carbon, nickel, platinum, gold, and copper surfaces respectively in contact 
with hydrogen, and for each log t 0 is seen to be a linear function of 1 /T 
The special significance of equation (3) can be seen when it is compared with 
the Arrhenius equation for the temperature variation of the velocity constant, 
k, for any reaction 

log k = C - A/RT (4) 

My thanks are due to the Department of Scientific and Industrial Research 
for a grant which enabled me to devote my full time to this research, and to 
Professor Q I Finch for his continued interest and assistance 

General Summary 

The rates at which the steady equilibrium potentials are built up on gold, 
nickel, platinum, carbon, and oopper surfaces after earthing have been studied 
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under varying experimental conditions The experiments have shown that 
the rate of charging up of a surface is a linear function of ita instantaneous 
potential The effect of the surface temperature is very marked, the lo garithm 
of the rate of charging up being a linear function of the reciprocal of the 



absolute temperature According to the evidence available it is extremely 
probable that the hot surfaces emit positive electricity over the temperature 
range investigated (up to 800° C ) When heated in a vacuum there is little 
doubt that the emission consists of positively charged metal ions, while in 
experiments earned out in contact with gases, the ions are positively charged 
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atoms or molecules of the gas. With oxygen at low temperatures, however, 
the ions appear to be negatively oharged. The ionic emission is preoeded by a 
partial separation of the atoms of the gas molecules by adsorption with the 
formation of hetero polar molecules When the free atom of one of the latter 
can acquire sufficient thermal energy, it is liberated as an ion, the sign of 
which depends on the orientation of the polarised molecule on the surface 


The Electrical Condition of Hot Surfaces Part VI — A Gold Surface 
Catalysing the Combustion of Carbonic Oxide 

By G I Finch and B W Bradford, Imperial College of Science and 
Technology 

(Communicated by Professor W A Bone, FRS — Received July 31 — Revised 
December 15, 1933 ) 

Introduction 

A study of the electrical condition of hot surfaces in contact with gases* 
has revealed the fact that m several important res poets a striking parallel 
exists between such electrical condition and the catalytic properties of the 
surfaces Thus, it has been found that, whereas at comparatively low tempera- 
tures the specific effect of a surface upon the potential it acquires in contact 
with a gas is highly pronounoed, with increasing temperature such specificity 
tends to disappear until, at a sufficiently high temperature, the value of the 
surface potential is almost wholly determined by the nature of the gas and is 
nearly independent of the nature of the surface itself This may be compared 
with the fact, established by Bone and his co-workers, f that the differences 
between the catalytic powers of various surfaces, which are often considerable 
at low temperatures, diminish as the temperature is raised, until they practically 
disappear Furthermore, it is now well recognized that the catalytic properties 
of a surface are intimately connected with its structure, and a close parallelism 
has been observed between the surface potential of a metal and changes m its 


* See footnote, p. 307 

t ' Howard Leoturee, Royal Society of Art*,’ I0U 
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superficial structure brought about by heat treatment * Finally, it has been 
found that the electric current which can be drawn from a heated metallic 
surface in contact with a gas increases rapidly with increasing temperature,* 
an observation which has its parallel in the well-known rapid increase m the 
catalytic activity of such a surface with increasing temperature 
The present investigation was undertaken with the object of determining the 
relationship, if any, between the role played by moisture in promoting the 
heterogeneous catalytic combustion of carbonic oxide with oxygen and the 
structure of the surface as revealed by its catalytic activity and electrical 
condition. 


BxpenineiUal 

In these experiments, moist or dry mixtures of carbonic oxide and oxygen in 
their combining proportions were circulated over an electrically insulated, 
heated gold gauze surface connected to a Linde maun quadrant electrometer 
The reaction velocity, the rate of charging up and the equilibrium potential 
of the surface were recorded We have found, inter alia, that (l) the structure 
of the surface most suitable for the promotion of the combustion of dry carbonic 
oxide differed from that required when steam was present, (u) tho reaction 
velocity was greater m the presence of steam than otherwise , with increasing 
temperature, however, the rates of reaction in the moist and dry systems 
converged until in the neighbourhood of 560° C they were nearly equal, and, 
finally, (in) changes in the activity of the surface wore paralleled by changes 
in the rate of electrical charging 

The Apparatus — The combustion of 200 + 0, mixtures in contact with a 
heated gold gauze was carried out in one or other of the two circulation systems 
shown in fig 1, according to whether the moist or tho dry reaction was being 
studied The gold gauze, G, was suspended on a quartz rod in the electrically 
heated transparent quartz vessel, S, which was joined into the circulation 
systems by graded seals at s and s A gold wire welded to the gauze led put 
of the combustion vessel through a quartz side tube, sealed off with sealing wax, 
to a Lindemann electrometer The CO t absorption and drying tubes were each 
5 feet long Fig 1 is self-explanatory so far as the remainder of the apparatus 
is concerned All parts of the apparatus were cleaned before assembly with 
hot mtnc-chromio acid cleaning mixture, and then steamed out with ammonia- 
free steam. The individual parts of the dry system were further dried and 
strongly heated while passing a current of dry oxygen. Precautions were 


loc. at., Part I, p 895, and Part V, p. 307 
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istion vobboI ending in graded quart* to glass seals. O — gold gauze C — water- 
f — thermocouple F — electric furnace, non inductively wound with mohrome 

1 be which, together with the electrical mid point of the winding, was earthed 
moist system circulating pumps respectively //,H, — earthed aluminium foils 

system absorption tubes, packed with 1 10 soda lime N — guard tube parti 
saturated baryta solution A — short absorption tube containing conoentrsted 

to dry gaa roughly before removal of CO, B was a device enabling the spent 
toed without allowing air to enter the apparatus. D — 1 -litre bulb containing 

and surrounded by heat-insulating material, to maintain constant water- vapour 
6. P — liquid-air 000 led trap for removal of 00, in dry system 
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taken to prevent the ingress of moisture to the dry system (luring assembly 
The purified tap-grease recommended by Baker* was used as lubricant through- 
out the apparatus , the grease was thoroughly out-gassed before use 

The Circulating Pumps f — In all the experiments to lie descnlied below the 
rate of circulation was such that the volume of gas, measured at the temperature 
and pressure of the apparatus, circulated in unit time was constant The time 
of one complete circuit, whether in the moist or dry system, was 13 minutes 
This uniform rate of circulation was obtained by maintaining a constant 
oscillation frequency of the mercury piston and controlling its amplitude by 
suitable weighting of the plunger 

The Gases — Carbonic oxi<l< and oxygen were prepared and purified m the 
manner previously outlined J The puritv of the gases was verified in two ways 
( 1 ) by analysis in a Bone-Newitt apparatus, and (n) by doti running both the 
insensitiveness to ignition by a condensed discharge and the dielectric Btrength§ 
of a rigidly dried equivalent mixture of the two gases, a procedure which 
afforded a stringent test for the absence of hydrogen and hydrogenous gases 
The dry system was filled with the equivalent mixture through three tubes l m 
long, containing redistilled phosphoric oxide 

The Gold Gauze — The history and other details of the gold gauze have been 
given previously || Since completion of Finch and Stimson’s ( xperiments, in 
the course of which the gauze was hist used, it hod >ie<n stored for a period of 
three years m dry air 

Experimental Procedun — The rate of catalytic rt action was determined 
first in moist, then in dry, and finally again in moist 2<’<) O* experiments 
being carried out m each series at sex ( ral temperatures The gauzo was never 
allowed to cool to room temperate r< during the i nurse of any of these three 
mam scries of experiments and was h<pt as far as practicable in contact with 
the circulating mixture, long periods of stagnation or evacuation being avoided 
The range of pressures employed was from 150 nun down to the lowest limit 
of effective circulation, approximated v 10 min The tune requiml for complete 
combustion in the case of either of the reaction systems over this pressure 
range varied from several weeks at the lowest to less than one hour at the 
highest temperatures Manometer readings were corncted for temperature 

*‘J Chem Soc,’ vol 128, p IttHt (1920) 
t Ibid., vol 127, p 2464 (1926) 

J * Proc Roy Soc ,’ A, vol 124, p 303 (1929) 

{ ' J Chem Soc ,’ vol 120, p 1640 (1930) 

|| • Proc Roy Soc,’ A, vol 116, p 379 (1927) 
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variations, standardized thermometers being placed at different parts of the 
apparatus for this purpose An additional correction was made m experiments 
m the dry system to allow for variation in the level of the liquid air surrounding 
the carbon dioxide trap In comparing rates of reaction at different tempera- 
tures, a small correction w as necessary m order to take into account correspond- 
ing changes in the mass of gas contained in the heated zone of the furnace at 
different temperatures Differences of volume had also to be allowed for in 
comparing rates of reaction in the moist and drv systems The rates of reaction 
were derived from the mean slopes of the graphs c onnecting the logarithms of 
the corrected partial pressures of the dry introgen-froo gas with time Samples 
of the gas entering the reaction vessel were frequently taken and analysed in 
order to test the efficacy of the C0 4 absorption tubes, and to verify the absence 
of leaks In the moist system, tests for the presence of hydrogen were also 
applud, but this gas was never found 

The rate of chargmg-up of tho surface on re insulation after earthing was 
found to proceed in accordance with the equation v = A (1 — e _pt ), where t> 
is the surface potential at the time, / , A, is the final equilibrium, and therefore 
maximum, value of the surface potential, and P is a constant for given con- 
ditions of temperature, gas pressure, and surface activity Hence, the product 
PC, where C is the electrical capacity of the surface system, afforded a measure 
of the rate of chargmg-up of the surface Iu what follows tho values of PC 
are expressed in terms of micro-micro-coulombs pei minute per volt 


The Rtstitii 

Fifteen senes of txperiments were carried out in the first two, moist 
(15 mm H,0) 2CO ) () 2 mixtures were circulated over the gold gauze at 245° 
and 334° respectively , in the next five senes, dry mixtures were employed, 
the temperature range being between 245° and 495° , finally, eight series were 
earned out in a moist system between 228° and 530" Throughout, the gauze 
was never in contact with any gas other tlian dry or moist 2CO + O a mixtures 
A fully detailed account of all the experunental results would occupy much 
space and is lwrdly necessary in order to elucidate the more important facts 
It will suffice to give m the first place a broad and general summary of the main 
experimental results, and then where necessary to set forth m sufficient further 
detail those results whereby such facts are established which cannot be brought 
out, or are insufficiently emphasized m the more general summary 
The results are set forth m summarized form m Table I and fig 2 
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These resalts establish the following facts — 

(1) On comparing the rates of reaction in the dry and moist systems it will 
be seen that (a) under similar experimental conditions, the reaction velocities 
were invariably higher in the moist than in the dry system. With increasing 
temperature, the difference between the rates observed in the two systems 
diminished practicallj throughout the range of temperature covered by the 
experiments These observations confirm the results obtained by Bone* for the 
rate of combustion of a P,0 6 -dnod 2CO -J- O s mixture on the surface of the same 



Moist 

Dry 


r-) Senes 0 to 13 "1 

J O Senes 1 and 2 /temperature raised throughout 
(.0 Series 14 to IB, temperature varied. 

/ ^ Senes 1 to 7, temperature raised throughout 
\ • Senes 8(a) and (fa) 


specimen of gold gauze at a temperature of 240° C , and give strong support to the 
suggestion made by that author that at sufficiently high temperatures the reaction 
of carbonic oxide and oxygen might prove to be independent of the presence 
of moisture At the highest temperatures, however, the reaction velocity 
in the moist system attained what appeared to bo an abnormally high value, 
whereas in the dry system, k showed a similarly abnormal decrease , ( b ) on 
changing from the moist to the dry reaction or nee versa, a long penod of tune 
elapsed before complete readjustment, % e , normalization of tho surface to the 
* ‘ Proo Roy Soc A, vol 112, pp 474-490 (1926) 
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new conditions, was attained (see Series 3 and 9) , (c) after drying, the efficiency 
of the surface in promoting the moist reaction was found to be permanently 
unpaired (cf Series 1 with 9, or 2 with 10 , see also fig 2) The apparentheat 
of activation of the moist reaction was not, however, altered as a result of 
drying, and, furthermore, the reduction in the value of k at a given temperature 
was practically equal to the total reduction in the activity of the surface at 
high temperatures in the dry system 

(2) On maintaining the surface at constant temperature for long periods of 
tunc, the catalytic activity did not in general remain constant , thus, (a) 
when first heated to 245 u in the moist system (Senes 1), the reaction velocity 
increased rapidly at first, and then more slowly Table II illustrates the rapid 
initial rise 

Table II 

Time after attainment of eon 

■tant temperature (hour*) 0 0 75 142 I H4 2 34 1 17 4 08 4 07 

Reaction velocity constant,! 1100090 0 00235 0 00248 0 00308 0 003118 0 00397 0 00437 

Afttr a further period of 18 hours the observed pressures and times gave a 
sensibly linear relationship between logy and t, the value of k being l) 00630 
The catalytic activity of the surface continued to increase slowly for 37 days, 
as shown in Table I (Senes 1) (6) At higher temperatures in both moist and 

dry systems, other effects became evident Thus, m the dry system over the 
range 300 o -400°, the values of k increased slowly with time, whereas, at 
temperatures above 450°, the values of k at constant temperature fell from the 
commencement of each series In the moist system, apart from the initial 
normalization referred to above, a slight decrease in the value of k was observed 
in Senes 2 at 334° and in Senes 10 at 317° In Spncs 11 at 40b u a gradual 
nse occurred similar to that at the same temperature in the dry system (Series 5) 

At 484° (Senes 12), k fell steadily, but, as will bo shown later, the fall could not 
be regarded as of the same nature as that which took place in the dry system 
At the highest temperature attained m the moist system (Senes 13 at 530°), the 
values of k passed through a maximum. 

(3) Slow changes in the value of A at a given temperature were not nocessanly 
aooompamed by permanent changes in the catalytio aitivity of the surface at 
other temperatures or in different conditions Thus, although the gradual 
decrease in it at the higher temperatures in the dry system led to an approxi- 
mately proportional decrease in the catalytic activity in the moist, it also 



328 


G I Finch and B W Bradford 


r eaulted in increased activity at low temperatures m the dry (see Senes 3 and 
8) Also, during the expenments in the moist system at 484° (Senes 12), the 
value of l decreased to 00% of its initial value Further changes took place 
at 630° (Senes 13), where, although k attained a maximum, its value at the 
close of the senes was lower than at the commencement In spito of these 
decreases, on returning to 470° (Series 14), l had practically the same value as 
at the commencement of Series 12, and at a lower temperature (373° , Senes 16) 
the value of k agreed well with that interpolated between Senes 10 and 11, 
previous to the high temperature treatment Hence it may bo concluded that 
the gradual decrease in k in Senes 12 did not entail a permanent decrease in the 
catalytic activity of the surface at other temperatures. 

(4) With few exceptions, on changing from a lower to a higher temperature, 
the value of k showed a rapid initial increase and, for tin rc verso temperature 
change, a rapid initial decrease These effects were, however, sometimes masked 
to some extent by the occurrence of other changes m the catalytic activity at 
c’onstant temperature The initial increase on passing from a lower to a higher 
temperature may be seen in Series 1 , similar effects in Series 3, 4, 5, 9, and 1 1 
may not have been due solely to temperature increase In Series 13 an initial 
increase was followed by a decrease The reverse effect is clearly shown m 
Series 8 Thus, immediately on reduction of the temperature from 665° to 
228°, the value of k was 0 0036 After cooling at room temperature for some 
time, k had fallen to 0 0026 The operation of both effects may bo seen in 
Senes 14, 16, and 16 Thus, the value of k at 470° on the first day after oooling 
from 630° was 0 0660, but had fallen by the second day to the normal value 
of 0 0660 On further cooling to 373°, k followed an analogous course, having 
the values 0 0226 on the first, and 0 0200 on the second day after such reduction 
ui temperature When the temperature was again increased to 485°, k had 
the abnormally low value of 0 0570 on the first day 

(5) The general facts relating to the electrical condition of the gauze estab- 
lished by the results recorded in Table I are as follows (a) The potentials 
acquired in the moist system differed from those m the dry at the same tempera- 
ture (see Senes 8 followed by 9, and tf also 1 and 3) , (6) the difference between 
the potentials w the moist and dry tended to decrease as the temperature was 
increased 

(6) The coefficient of charging rate, PC, did not, in general, remain constant 
at constant temperature (a) when the temperature of the surface had been 
increased from a lower value, PC diminished gradually at constant temperature 
At low temperatures in either system, the fall was rapid at first (see Senes 3 
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and 4), but PC soon attained a practically constant value At high tempera- 
tures, PC fell steadily throughout the period of heating, a decrease parallel 
to the decrease in the value of k m the same conditions (see Series 6, 7 and 12) 
In Senes 13 at 530°, the values of PC and k passed simultaneously through a 
maximum At low temperatures, however, a rise in k was m certain cases 
accompanied by a fall in PC (see Senes 1, 1 and 4), but these three may all lie 
regarded as anomalous in some particular In the only case where PC gradually 
rose to i onstancy (Series 5), it was accompanied by a parallel rise in the valuo 
of X (6) On reduction of the temperature of tho surface, PC at first rose 
rapidly (see Senes 14 and 15) In Series 8, the value of PC was abnormally 
low immediately after cooling to 228° from a higher temperature , after the 
surface had been cooled to room temperature, however, and then re-heated to 
‘228°, PC rose to tho exceptionally high value, 0 7, but on continued heating 
this fell to the normal value of 0 2 for that tempi rature (c) For a given 
temperature, the value of PC in tho moist system was lowi r after the pc noil of 
drying than before Tn both moist and dry systems, tho valuo of PC passed 
through a maximum at the temperature where the sign of A changed from 
positive to negative 

Further Erjterxnmttal Results rclaHiuj to the Catalytic Reaction 

Variation of the Reaction Velocity with the Gaseous Pressure — -Throughout 
the experiments, m either the moist or tho dry system, it was found that 
during the combustion of a given charge of tho gaseous mixture, the rate of 
reaction did not accurately follow a ummolecular law, tho rate of decrease of 
pressure falling oft loss rapidly than required by such a law In consequem e, 
the curves connecting log p and t were not linear except ovei small ranges of 
pressure Tho extent of the variation is shown in fig 3, where k (measuicd by 
the slope of the tangent to tho log p, t curve) is plotted against pressure 

Experiments were carried out on the rate of combination of 2CO | <) a 
mixtures on tho surface of a heated gold wire, in order to determine whetlu r 
tho form of the surface affected the type of variation of k with pressure, with 
negative results It is therefore clear that the effect of pressure cannot bo 
attributed to the operation of diffusion factors dependent on tho use of a 
(.atalyst in the form of gauze 

Effect of Evacuation on the Reaction Velocity — In either tho dry or the moist 
system, evacuation resulted in a reduction of the reaction velocity when the 
2CO -f- O f mixture was subsequently admitted Such reduction was, however, 
only temporary and the surface soon regamed its normal state of activity 
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corresponding to the conditions under investigation The recovery was 
oomplete within three hours at 260° in the moist system, m 24 hours in the dry, 
and within a few minutes in either system at 460° or above 

Catalytic Combustion on the, Walls of the Quartz Veswl -The rates of reaction 
m the dry and moist systems between 225° and 660° in the quartz vessel from 
which the gold surface had been removed are show n in Table III An important 
feature of these results is that they show that the value of k was throughout 
higher m the dry tlum in the moist system 



Table III 


220 

0 0000 


333 457 571 

I) 0000 0 0001 I 0 0047 


602 
0 0063 


Moot System 

Temperature °C 


225 350 

0 0000 0 0000 


502 
0 0001 


567 

0 0007 


The Equilibrium Potential of the Surface —For purposes of comparison, the 
electrical condition of the surface was examined in the individual gases CO, 
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0, and C0„ both moist and dry, throughout the temperature range covered 
by the experiments on reaction velocity, the results being summarized m 
fig 4 

The sign and magnitude of the equilibrium potential of the surface in the 
reacting mixture varied considerably in the moist system at temperatures 
below 400° (see Table I) No such variations were observed with any of the 
individual gases in the moist, or m the dry m any conditions The magnitude 
of A was found to be mdependent of the gaseous pressure throughout the range 



200 r>00 too soo 600°C 

Fio 4 


The following facts are evident from fig 4 — 

(1) All the curves showing the variation of A with temperature have a 
general formal similarity 

(2) In the dry system (o) The 2CO O, curve approximated more < losely 
to the CO curve than to that for 0, At lower temperatures, the value 
of A for the mixture had a higher positive value than that for either CO 
or O t or their sum, passed through zero at the temperature where the 
potentials in CO and 0, began to diverge considerably, became equal 
to the CO A-value at the temperature where the O, A-value was zero, 
and rose to a higher positive value than CO m the range of temperature 
m which both CO and 0* had negative A-values (6) The CO, curve 
followed the 0, curve closely throughout, the magnitude of A in CO, 
being, however, uniformly less than m 0 r 
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(3) In the moist system (a) The 2CO + 0* curve followed the O, curve 
in general form more nearly than that for CO (6) The CO, curve 
approximated to the CO curve at low temperatures and to the 0, curve 
at high temperatures 

(4) On comparing the curves for the individual gases m the moist and dry 
systems respectively, it will bo seen that (a) the curves for all three 
gases wero displaced in a negative direction by the presence of moisture , 
(b) tho CO and CO, curves were displaced more at low than at lugh 
temperatures , and, finally, (c) the 0, curve was displaced uniformly 
throughout, and showed signs of a change of form at high temperatures 
m the moist 

(fi) The values of 4 for the reacting mixture 2C( > + O, aero displaced 
uniformly m a positive direction by the lntroduc tion of water 

The Rate of Electrical Charging of the Surface - Tho rate of charging of the 
gold surface increased rapidly with decreasing pressure , the type of increase 
which occurred is shown in fig 5 A11 values of 1*0 quoted in tho present 

communication refer to a total gaseous pressure of 100 mm 

The experiments on the rate of charging (PC) in the reactmg mixture, and 
in the individual gases are summarized in Table IV 


Table IV 


Mout 


Dry 


Ic6 

1 CO, 
(_2C() 4 


200" C I 100° C I 350“ C j 400" C I 450"C | 500°(’ I 550"C 


1750 

8000 

0100 

210* 


The following facts are clearly brought out m Table IV — 

(1) Increase of temperature was not invariably accompanied by an increased 
rate of charging Thus, the value of PC for the dry, reactmg mixture 
2CO -f- 0, fell from 0 60 to 0 26 as tho temperature was raised from 
300° to 400° PC remained constant in the moist mixture while the 
temperature was raised from 250° to 320°, and in moist 0, over the 
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temperature range from 200° to 300° In all three cases the tempera- 
tures were in the neighbourhood of that at which the sign of A changed in 
the respective systems 

(2) In genera], the rate of charging in the moist was muth greater than in 
the dry system, but the differences became less marked as the tempera- 
ture was increased 



(3) CO w as an exception to the general rule that the rate of charging was 
greater in the moist than m the dry Over the range of temperature 
420° to 630°, PC was higher in the dry than in the moist, although at 
higher and lower temperatures the reverse occurred The PC values for 
the reacting mixture became identical at 480°, whilst diverging at higher 
and lower temperatures 

(4) The PC values for O t m either system were considerably less than those 
for CO and CO, although greater than those for the reacting mixture 
2C0 + O, 
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In order to exhibit the effect of moisture on the rate of charging more clearly 
the graphs of log PC plotted against temperature are shown in fig 5 In 
addition to those set forth above, the results incorporated in fig 5 establish 
the following facts — 

(1) The slopes of the curves for the individual gases and the reacting mixture 
m the moist system increase steadily with increasing temperature, while 
those for the dry system pass through one or more points of inflexion 

(2) The mean rate of increase of PC with temperature is throughout higher 
in the dry than in the moist system, an observation which may be 
compared with the higher rate of increase of reaction velocity, k, with 
temperature in the dry, compared with that in the moist system 

Variation of Reaction Velocity with Temperature 
In fig 2 the values of log k are shown plotted against the reciprocals of the 
corresponding absolute temperatures The dry and second moist series give 
linear relationships over the greater part of the temperature range In the 
former senes, deviations occur at the higher temperatures where the gradual 
decrease of activity previously noted took place (Senes 6 and 7) In the 
second moist senes, the points representing Senes 9 and 13 both lie above 
the lino joining the remainder of the points The former may represent a 
change in the heat of activation at low temperatures, but is more probably to 
be asenbed to the other changes m the surface brought about by the long period 
of drying The latter deviation appears to represent a change in the course of 
the reaction at the highest temperatures attained The results for the reaction 
on the surface of the quartz vessel (Table III) show that it cannot be due to a 
change from heterogeneous to homogeneous reaction 
The slopes of the graphs give values for the apparent heats of activation of 
12,000 and 8730 cal per gm mol for the dry and second moist senes respec- 
tively The slope of the line joining the points corresponding to the two senes 
of experiments in the first moist series give a value of 8600 cal per gm mol 
It may therefore be concluded that the period of drying did not change the 
mechanism of the moist reaction on the gold surface 
The apparent heat of activation of a heterogeneous reaction such as that under 
consideration is a composite quantity, representing not only a true heat of 
chemical activation, but also additional energy factors connected with the 
processes of adsorption and desorption on the surface In the absence of 
sufficient data relating to the adsorption of CO, O, and CO, by gold in moiBt 
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and dry systems, the differing heats of activation in the moist and dry cannot 
be taken as direct proof that the mechanisms of the two reactions are dis- 
similar It cannot be supposed, however, that the present o of moisture would 
modify the processes of adsorption and desorption of gaseous molecules on the 
surface and leave the chemical reactions unaffected 

Ihscmmm 

The results set forth above establish the facts that under tho conditions of 
our experiments the heterogt neons catalytic combustion of carbonic oxide by 
oxygen in contact with a gold surfat o approximates more closely to a reaction 
of the first, than to one of any other order, and that the reaction is not retarded 
by the presence of carbon dioxide Bone and Andrew* have, however, 
previously shown that, under conditions similar to those employed by us, 
neither carbonic oxide nor oxygen an* strongly adsorbed by tho catalysing 
surface The conclusion may, therefore, bo drawn that thi order of reaction 
found experimi n tally is also, m fact, the true order, and that the rate of com- 
bustion of a 2CO 1 mixture m contact with gold is directly proportional 
to the concentration of one of the two constituents of the mixture, probably 
carbon monoxide The fact that k increased with falling pressure can then lx 
re asonably asc nbed to an increase m the value of the ratio of adsorbed to fit o 
gaseouB carbon monoxide 

Tho remarkable deactivating effect of evacuation upon the i atalytic powers 
of the gauze, also previously observed by Bone and Andrew (for ctf ), appears 
to have its parallel m a recent observation by Finch and co-workersf to the 
effect that the catalytic activity of a sputtered platinum film may be completely 
destroyed by drying or by evacuation It would seem that drying results in 
the growth of larger crystal aggregates with consequent closing up and elimina- 
tion of Smekal cracks The fact that the activity of the previously dried 
gold surface can be relatively rapidly restored by heating in contact with 
2CO -f- Oj strongly suggests that activation of, and interaction between these 
gases at the surface resulted in a reopening of fresh Smekal cracks 

The anomalous increase in the reaction velocities at tho highest temperatures 
m tho moist Bystem occurred withm the temperature rango where the rate of 
the dry reaction closely approached that of the moist reaction In view of 
the above considerations this fact suggests that at sut h temperatures both the 
drj and moist reaction mechanisms occurred simultaneously and independently, 

* ' Proc Roy Soc A, vol 109, p 4S9 (19215) 
t * Proc Roy 8oc A, vol 141, p 414 (1933) 
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and, furthermore, that the nature of surface structure most favourable for 
promoting the dry reaction differed greatly from that suitable in the combustion 
of the moist mixture Thus, on changing from the dry to the moist reaction or 
nee verso, a more or less prolonged period of induction, amounting, in one 
case, to 28 dap, elapsed before the surface liad become completely normalized 
to the changed conditions of reaction These facts strongly suggest that the 
mechanisms of the moist and dry reactions differ, and it may be reasonably 
supposed that in the dry reaction adsorbed oxygen is burnt directly by carbonic 
oxide, whereas, in the presem-e of moisture the carbonic oxide reacts with 
adsorbed steam, the hydrogen thus liberated reacting with adsorbed oxygen 

The close connection between the structure and catalytic properties of a 
surface has been previously recognized by Bone, Langmuir, Rideal, Taylor and 
othirs, and the above experiments enable us to discriminate between two 
processes resulting in profoundly different i lasses of surface structural change 
Of these, normalization towards a specified reaction or temperature is one 
type, the other being a process of sintering whereby the activity of the surface, 
as measured m terms of the rate of a standard reaction, was permanently 
unpaired 

Reaction and temperature normalization of the surface differed in themselves 
in that normalization at an elevated temperature left the surface m a temporardy 
abnormally active condition on return to a lower temperature after sufficiently 
prolonged promotion of the reaction, howevir, the activity of the surface 
returned to the normal value These facts in conjunction with those previously 
discussed suggest that heating, or the promotion of eitlu r the moist or the dry 
reaction all lead to the formation of different types of surface structure Sinter- 
ing, on the other hand, which must be regarded purely as a temperature effect, 
produces structural changes deleterious to catalytic action from which complete 
recovery was not possible under the conditions of our experiments 

The electrical properties of the gold gauze in different conditions show clearly 
that the influence of water cannot be regarded as merely additive, since, if 
such were so, its effect, as revealed by the values of A and PC, would be the 
same for the three individual gases as for the reacting mixture, whereas the 
experiments have shown the effect to be specific This is particularly m 
evidence in the values of A for the reacting mixture, in which a positive dis- 
placement of potential occurs on introduction of water, contrasted with the 
negative displacement brought about in all the individual gases It ib clear 
that, during the progress of chemical reaction, some molecular complex or typi 
of configuration was present on the surface of the metal which was not capable 
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of being formed by contiguous adsorption of water and eitliei (JO, 0, or CO, 
While this fact alone does not prove that water partu ipated m the reaction, 
the close relation which was found to exist between the late of electrical 
charging and the rate of i heimcal reaction makes it difficult to resist such a 
conclusion 

Further support for the view that water plays an essential part in the surface 
reactions mav lie derived from the observations on the rate of charging It 
has been shown that the introduction of water not only changed the general 
type of functional relationship between the rate of charging and temperature, 
but that the different gases were not affected to the same extent In both 
moist and dry systems, the rate of charging during chemical reaction was 
considerably less than in any of the individual gases Sim e, in general, the 
energy necessary to ionize a molecule is less than that required to excite it to 
a state of chemical activity, it may be supposed that the probability of ioniza- 
tion of molecules adsorbed on the gold surface was substantially reduced by 
the occurrence of chemical reaction The product of such reaction (CO,) 
must, at least for a short, time after its formation, have been m a favourable 
condition for ionization Of all the individual gases, CO, had the lowest 
rates of charging m the dry, ami the highest in the moist It would, therefore, 
be anticipated that the differences between the rate of charging in the reacting 
mixture and that in either CO or 0, would be less in the moist than m the dry, 
a conclusion which is borne out by the experiments 

In only one case did the rate of charging attain a higher value in tho dry 
systi m than m the moist, namely, in CO over tho temperature range 420“ to 
520° This anomaly may bo attributed to the occurrence of tho water gas 
reaction in the moist system and a consequent reduction in the rate of charging 
The marked resemblance previously pointed out between the electrical properties 
of the surface in CO and in the reactmg mixture over this range of temperature 
lends further support to the view that oxidation of CO m the moist system bikes 
place indirectly through the intervention of adsorbed water 

The experimental results sot forth above have show n that, in general, w hen 
the surface was fully noi realized at a constant temperature, gradual changes 
m the value of the reaction velocity constant, A, were ac< ompamed by parallel 
changes in the coefficient of charging rate, PC When, on the other hand, the 
surface of the metal was passing through readjustments resultmg from changes 
in temperature, k and PC were no longer parallel In particular, the rapid 
initial rise or fall in the value of k following increase or decrease of temperature 
was usually accompanied by change of PC m the contrary sense, decrease m 
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rate of charging resulting from increase of temperature and vice versa Following 
the view of structural changes of the surface put forward above, it is clear that 
the extent to which activation or ionisation of molecules adsorbed on the surface 
occurs must depend upon the simultaneous operation of two factors, definable 
as accessibility and suitability respc< tively Sintering of the surface, which 
has been characterized m the foregoing as an irreversible decrease m catalytic 
activity, is to be regarded as reducing the accessibility of catalytic surface, and 
in the present ixpenments lod to decrease of both the rate of chemical reaction 
and the rate of electrical charging Fat tors, other than sintering, upon which 
the catalytic activity of the surface depends, may be classified as suitability 
factors, distinguishable by the period of time n quired for thur operation which 
was short compared with the long and gradual process ot sintering Two such 
factors have been elucidated m the present experiments, namely, reaction and 
temperature normahzation Reaction normalization the occurrence of 
which is seen most clearly m the moist Series 13 undoubtedly affects rate of 
reaction and rate of electrical chargmg in the same way The operation of 
temperature normalization, on the other hand, which is made t vident in the 
behaviour of the surface immediately after increase or decrease of temperature, 
leads to opposite changes m K and PC It is therefore cleai tint while, in 
general, the rate at which chemical reaction occurs on the snrfac e is parallel 
to the rate at which the characteristic electrical mterfare potential is estab- 
lished, the magnitudes of the two rates are determined to some extent by 
forces which act m contrary directions 

We are carrying out further investigations on the naturt of these forces 

One of us (B W B ) wishes to thank the Department of Scientific and 
Industrial Research for a grant and also the Trustees of the Beit Fellowship 
Fund for a Fellowship dunug part of the tenure of which this work was carried 
out 

Summary 

Previous experimental study of the electrical condition of heated metals 
having indicated the existence of a striking analogy between such electrical 
condition and the catalytic properties of the surfaces, a series of experiments 
with a gold gauze surface was carried out in such a manner tliat the catalytic 
and electrical activities of the metal could be simultaneously observed and 
followed The reaction selected was the heterogeneous combination of carbon 
monoxide and oxygen , m view of the well-known influence of water on this 
reaction, senes of observations were made m both moist and dry systems, with 
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the further object of elucidating the function of water in the reaction The 
electrical condition of the metallic surface was expressed in terms of the 
magnitude and sign of the equilibrium potential which it acquired in given 
conditions, and its electrical activity was measured by the specific rate at 
which that potential was approached on insulation at zero or other standard 
potential 

In similar experimental conditions, the reaction velocities were invariably 
higher in the moist than m the dry reaction system , with increasing tempera- 
ture, however, the differences between the rates observed m the two systems 
diminished practically throughout the range of temperature covered by the 
experiments Several types of gradual change in the catalytic activity of the 
surface were observod, some reversible, others permanent Such changes wpre 
ascribed to alterations m the superficial structure of the metal and were 
correlated with the effects of temperature, evacuation of the catalyst, and the 
presence or absence of moisture on the surface 

In general, throughout the experiments, clianges m the rate of eloctricaf 
charging of the metal followed closely the corresponding changes in the 
catalytic activity, increasing with rising temperature or with the introduction 
of water, and undergoing similar variations to the rate of reaction when the 
surface was maintained at constant temperature The equilibrium potential 
of the metal gave further evidence of the close connection between the electrical 
and catalytic properties of the surface-, being affected by the presence of 
moisture and by the occurrence of chemical reaction The evidence derived 
from the electrical properties of the surface indicated that water played an 
essential part 111 the changes which occurred in the layer adsorbed on the 
metallic surface 
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The Crystal Structure of the Heusler Alloys 

By A J Bbadlky, D Sc , Royal Society Warren Research Fellow , 
and J W Rodofrs, B Sc 

(Communicated by W L Bragg, F R S - -Re< cived October 4, 1933 ) 
Beginning in the year 1898 Heusler* discovered a series of ferromagnetic 
alloys the most important containing copper, manganese, and aluminium 
They are characterized by remarkable magnetic properties, because although 
composed only of paramagnetic or diamagnetic elements, they become ferro- 
magnetic after suitable heat treatment f Various explanations of this property 
have been advanced, but it was usually considered to be due to the formation 
of a series of solid solutions of the type (CuMn) # Al, m which the proportions 
of copper and manganese may be varied within fairly wide limits 

The Heusler alloys have been repeatedly investigated by means of X-rays 
Young , % using molybdenum radiation examined alloys of two different com- 
positions He found that one was face-centred cubic, while the other was a 
mixture of face-centred and body-centred cubic structures The mixed 
alloy was the more magnetic 

A more detailed investigation was made by Leiv Harang,§ using copper 
radiation He found three structures, face-centred cubic, body-centred cubic, 
and a structure similar to that of y brass, which correspond respectively to the 
a, (S, and 8 phases of the copper-aluminium system || They are successively 
produced by mt reusing the proportion of aluminium in the alloy Harang did 
not find it possible to trace any relation between the magnetic properties and 
the crystal structure, and therefore could not ascribe them to a single lattioe 
These conclusions arc not in agreement with recent investigations f 

Later, Elis Persson investigated these alloys by means of chromium radiation 
In a preliminary note** he showed that the structure of a ferromagnetic alloy 

* Heusler, Stark, and Haupt, ‘Verb deuts phya Cee ,’ vol 5, p 219 (1903), Heualor 
and Kicharr, ‘ Z anorg Chein ,’ vol 61, p 269 (1908) 
t Take, ‘ Inaug duo Marburg ’ (1904) 
t ‘ l’hil Mag vol 46, p 291 (1923) 
i ‘ Z Krutallog ,’ vol 66, p 261 (1927) 

I Tette, Weatgren, and Phragmfcn, ‘ J Inst Metala,’ vol 31, p 201 (1924) , Obinata, 
' Mem Ryojun Coll Eng ,' vol 31, pp 3, 286, 296 (1929) , Bradley and Jonee, ' J Inst 
Metals,’ vol 61, p 131 (1933) 

1 Knngs and Oatmann,' Z anorg Chem ,’ vol 163, p 164 (1927) , Heusler, ‘ Z anorg 
Chem voL 171, p 126 (1928) 

** * NatnnHss,’ vol 16, p 613 (1928) 
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corresponding to the formula Cu > MnAl was body-centred cubic, with the 
aluminium atoms forming a face-centred superlattioe The structure was 
therefore like that of Fe,Si*, or that of Fe s Alt discovered later The unit 
cell is built up of eight small body-centred cubes, and therefore contains 16 
atoms, of which four are aluminium, four manganese, and the remainder 
copper The aluminium atoms form a face-centred cube with double the 
dimensions of the small body-centred cube No attempt was made to find 
the position of the manganese atoms by means of X-rays 
PotterJ made an X-ray examination of single crystals using copper radiation 
He believed that the Mn atoms occupied special positions like the A1 atoms 
On account of the resemblance between the magnetic properties of this alloy 
and nickel, he concluded that its ferromagnetism was duo to the manganese 
atoms being arranged on a face centred cubic lattice 

In contmuation of his earlier researches, Persson§ came to the same con- 
clusion The senes of alloys (CuMn),Al is only ferromagnetic when the 
manganese content exceeds 19% (atomic) This is mdependent of the arrange- 
ment of aluminium atoms, which is apparently the same whatever the amount 
of manganese present, within wide limits Persson beheves that the presence 
of 19% of manganese is required m order to produce a regular arrangement 
of manganese atoms 

Persson attempted to find whether the special CugMnAl typo of strui turo 
was alono responsible for the ferromagnetic properties of the copper-manganese 
aluminium alloyH Ho examined a whole senes of alloys of the composition 
(CuMn) a Al, varying the proportions of copper and manganese An X-ray 
examination was made after heat treatment of the powdered alloy In one 
senes of expenments the alloys were quenched in water from a temperaturo 
only 60° below the melting point In another senes the alloys were tempered 
for 360 hours at 210° 

The quenching experiments showed that four different types of structure 
occurred Face-centred cubic, body-centred cubic, and ' Gamma ” structures 
corresponded to the a, (3 and 8 phases of the copper-aluminium system, and a 
fourth phase possessed a structure like that of [3 Mn Contrary to Haraug 
Persson concluded that only the body-centred cubic (3 phase was ferromagnetic, 
the ferromagnetism of the alloys increasing with the amount of the (3 phase 
present 

* Phragm&n, ‘ Tekn Tidsknft ’ (Stockholm), vol 58, p 81 (1028) 
t Bradley and Jay, ‘ Proo Roy Soc A, vol 136, p 210 (1032) 

$ * Proo Phys Soc ,’ London, vol 41, p 135 (1020) 

{ • Z Phyaik,’ vol 57, p 115 (1020) 
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The tempering experiments showed that the p phase was decomposed by 
tins form of heat treatment The alloy splits up into two or more phases 
If the Mn oontent is less than required for the formation of the alloy CujMnAl, 
th<* phases are Cu 3 A1 with lattice spacing 5 833 A , and Cu a MnAl with lattice 
spacing 5 950 A If the Mn content is greater, a structure of the (1 Mn type 
with lattice spacing 0 370 A is formed, together with Cu s MnAl with lattice 
spacing 5 950 A Maximum ferromagnetism corresponds to the greatest 
amount of Cu a MnAl 

Whether the alloy is quenched or tempered the lattice spacing of the (3 body- 
centred cubic phase never exceeds 5 950 A For quenched alloys the lattice 
spacing increases linearly with increase of manganese content between Cu a Al 
and CiijMnAl and ferromagnetism is the greater the greater the lattice spacing 

An alloy of the composition CuMnAl, has the CsCl type of structure and is 
non-magnetic The property of ferromagnetism is thus associated m a peculiar 
degree with the spocial composition Cu a MnAl The closer the alloy attains to 
this composition the more marked is its ferromagnetic character Persson 
concludes that the property of ferromagnetism is due to the nature of the 
crystal structure of Cu a MnAl, and is lmked up with the mode of distribution of 
the manganese atoms 

The object of the present paper is to fix the position of the manganese atoms 
in the magnetic alloys by direct experiment, and to test whether a change of 
structure without change of composition will destroy the ferromagnetu character 
of the alloy This should decide whether structure or c omposition is the more 
important condition for ferromagnetism 


I Present Experiments 

Eight alloys of the approximate composition Cu a MnAl were prepared by 
melting together 50 gm. of copper, manganese, and aluminium in slightly 
different proportions m an alumina lined crucible* in a high frequency induction 
furnace, under a low pressure of hydrogen In order to remove coring, and to 
make the alloys homogeneous, they wore heated for 6 hours at 760° C in an 
electric furnace and allowed to cool slowly down to room temperature Drillings 
were then taken by means of a special drill, f kindly supplied by Mr Gardiner, 
of Easterbrook Allcard & Co , Sheffield The drillings gave small particles 
which could be ground in an agate mortar The fine powders so obtained were 


* Jay, * J Iron and Steel Inat voL 126, p 427 (1932) 
t Edgar Allen’s Stag Major 
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sieved through a mesh 250 to the inch, and then subjected to further heat 
treatment 

A portion was heated in hydrogen at 500° C for 6 hours, and then allowed to 
cool slowly down to W0° (' over a period of a few hours At this point the 
nirrent was switched off, and the powders were allowed to cool to room 
temperature m the furnace X-ray powder photographs of these alloys 
were tahpn using radiation from an iron anticathode Thoy show that the 
bulk of each alloy consists of a phase of the y brass type* like Cu, Al 4 f aud that 
at hast one other phase is present 

Very different photographs were obtained from the second portions of the 
jiowders These were heated in hydrogen to a temperature of 800° C and 
afbr about half an hour quenched by allowing a stream of cold water under 
pressure to inter the furnace The structure is now body-centred cubic with 
a super lattice of the typical Heusler alloy type, as described by Persson and 
Potter These photographs were repeated using radiation from copper and 
from rim anticathodes There are differences between the relative intensities 
of the fainter lines of the three photographs, which we shall explain later 

In the alloy selected for detailed investigation the proportions of the 
lngredu lits did not correspond exactly to the theoretical values for the com- 
position CujMnAl Analysis J of the alloy showed that the approximate 
composition was Cu 67 5%, Mn 17 5%, A1 15% corresponding to the atomic 
< oiuposition Cu 2 2, Mn 0 65, A1 1 15 The deficit of manganese was therefore 
made up partlv bv copper and partly by aluminium This particular alloy 
was chosen because it was the only one which showed an almost complete 
change of structure with the two methods of heat treatment After annealing 
at 500 ' and slowly cooling down to room temperature, it gave an X ray powder 
photograph corresponding to the 8 copper aluminium structure (Cu,AJ 4 ), 
with only a faint trace of lines belonging to another pattern In this state 
the allov was found to be practically non-inagnetic On the other hand, the 
same powder after quenching from 800° showed only a body-<outred cubio 
structure with face-centred superlatticc The alloy was now strongly ferro- 
magnitic 

* Westgren and Phragmin, ‘ Phil Mag ,’ vol 50, p 331 (1025) , Bradley and Thewlis, 
‘ Proc Roy Soo A, vol 112, p 678 (1926) 

t Bradley, ‘Phil Mag,’ vol 6, p 878 (1928), Bradley and Jones, ‘ J Inst Metals,’ 
vol 51, p 131 (1033) 

X The alloys were analysed by Mr J W Cuthbertson of the University, to whom 
the authors are indebted for his kindness. 
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The above facts show conclusively that the magnetao properties of the alloy 
are dependent on the type of crystal structure, as Persson suggested The 
composition of the alloy after heat treatment was oheoked by chemical analysis, 
and found to be unaltered * There is therefore no doubt that the ferro- 
magnetism of the alloy is not a matter of chemical composition but of atomic 
arrangement 

The arrangement of the atoms in the annealed and slowly cooled alloy can 
be fixed to some extent from a visual inspection of the photograph Its 
resemblance to the powder photograph of Cu s A 1 4 is extraordinarily close In 
Cu 9 AJ 4 , the unit cell is cubic and contains 52 atoms of which ‘16 are copper 



Fro 1 — Annealed Housler alloy (non magnetic) , • A, Q B, (§) C, (S) D 

and 16 aluminium The copper and aluminium atoms each occupy dehmte 
positions in the lattice From considerations of symmetry tho 52 atoms can 
be divided into eight sets which may be called A x , A a , B lf B t , C x , C a , D x , 
D a respectively Four A x , 4 B x , 6 C x , and 12 D x constitute a cluster of 26 atoms 
which are grouped symmetrically around the centre of the unit cell, fig 1 A 
second cluster of 26 atoms, not shown m the figure, is grouped symmetrically 
about each comer of tho cell, so that the whole structure would be body- 
centred cubic, except for the fact that there are more copper atoms and fewer 
aluminium atoms m one cluster than in the other The aluminium atoms are 
concentrated m A x and D a Tho copper atoms occupy the remaining positions 


•The 


of the quenched and annealed speounena agreed to 0 1%. 
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The similarity of the powder photographs of the annealed Heusler alloy 
and that of Cu»A 1 4 shows at once that the atomic co-ordinates are almost 
identical in the two Further, it can be concluded that tho aluminium atoms- 
again occupy positions A 1 and D t The remaining positions are filled chiefly 
by copper atoms, but about ono-fourth of these are replaced by manganese 
The formula of the annealed alloy can therefore bo written as (CuMn), Al 4 
The proportions of al uminium are not quite sufficient to satisfy this formula, 
which may possibly explain the slight admixture of the second phase, shown 
by tho powder photograph Without a more detailed investigation, it ih 
impossible to say whether the manganese atoms occupy special positions m the 
lattice, or whether they are mixed up with tho copper atoms in a purely random 
manner, but there is no doubt about the aluminium atoms 



The ferroraagnctu quenched alloy has a unit cell containing 10 atoms, 
fig 2 These consist of four sets of atoms (A, B, C, D) each correspond mg to 
a face-centred cubic lattice Tho superlattico linos are caused by tho segre- 
gation of tho aluminium atoms into one of the four sets of positions (say B) 
Both Persson and Potter suggest that the ferromagnetism of these alloys is 
due to the manganese atoms occupying a special position as in hg 3 It was 
our object to test this hypothesis Tho question is whether tho manganese 
atoms are mixed up at random with the copper atoms or whether they keep to 
then: own positions Tho difference between the scattering powers of copper 
and manganese for X-rays is so slight that this might at first sight appear to 
be a matter of some difficulty, but, m fact, the problem has been solved by means 
of accurate photometer measurements of powder photographs taken with X-rays 
of different wave-lengths, making use of the anomalies m atomic scattering 
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factor which occur when the frequency of the radiation is close to the character- 
istic absorption frequency of the element 
The powder photographs of the quenched alloys taken with iron, copper, 
and zino radiations were photomotered by means of a Cambridge micro- 
photometer This instrument employs a null method, the blackening of the 
film being balanced against an Ilford wedge Each film was calibrated by 
means of a rotating sector wheel, giving 10 uniform increments of intensity 
On comparing the blackening of the film corresponding to each of the 10 steps, 
it is possible to trace the relationship between intensity and blackness character- 
istic of the film For the films used m the present senes of experiments the 
blackening curve is practically linear, so that the wedge readings may be 
taken as true measures of the intensity, some slight correction being applied 
to the strongest peaks where the calibration curve showB a slight departure 
from the linear law 


Table I —Observed Intensities Arbitrary Units 


L,no 

Iron K« radiation 

A - 1 934 

Copper K« radiation 

A - 1 639 

Zino Ka radiation 

A 1 434 

Ih* 

m 

Observed 

values 

Corrected 

for 

absorption 

Observed 

Corrected 

for 

absorption 

Observed 

values 

Corrected 

for 

absorption 

3 

in 

110 

06 

119 

171 

123 

168 

4 

200 

330 

236 

172 

198 

162 

161 

8 

220 

4730 

2040 

4041 

2760 

3663 

2490 

11 

311 

78 

20 

92 

48 5 

67 

30 

12 

222 

171 

63 

71 

34 a 

49 

24 

16 

400 

1181 

288 

896 

342 

768 

303 

16 

331 

31 

6 6 

47 

16 6 

29 

10 

20 

420 

272 

54 

111 

38 

63 

16 

24 

422 

3074 

604 

2111 

603 

1616 

462 

27 { 

611 \ 
333 / 

68 

8 5 

36 

8 6 

43 

11 

32 

440 

2811 

349 

697 

142 

497 

111 

36 

631 

106 

12 

47 

9 

— 

— 

36 { 

000 \ 
442 / 

867 

94 6 

62 

11 




For each line wedge readings were taken at intervals of 0 1 mm., and the 
blackening values so found plotted against the distance along the film. The 
areaB included under the peak curve and above the general level of the back- 
ground intensity were computed, and tabulated in Table I Corrections for 
the effect of absorption m the powder specimen were made by the method 
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of graphical integration described by Claassen * The values of the absorption 
factor depend on the product of the absorption coefficient ( (x) and the radius 
of the specimen (r) 

As a convenient method of support during the exposure, the specimen is 
diluted with Canada balsam and mounted on a hair The effective value of 
pr is thereby reduced The appropriate value of pr is most easily obtained 
from the following equation — 



The weight of the spenmeu (in) was 0 0024 gm., the length (1) 0 49 cm , 
and radius (r) 0 0266 cm The values of pt/p were calculated with the help 
of Jonsson’s tables, f for each of the elements Al, Cu, and Mn with each of the 
radiations Fo, Cu, and Zn The results are summarized in Table II 


Table II 


Radiation 

X 

| fi/p values : 


Al 

Cu 

Mn j 

Cu,MnAl 

Cu.MnAI 

FeK. 

1 934 

93 9 

100 

04 

89 8 

6 3 

Cu K. 

1 639 

SI 2 

SO 4 

283 

113 

6 7 

Zn K. 

1 434 

41 8 

42 6 

234 

93 0 

5 6 


Applying these values of pr to the data given by Claassen, the values of the 
absorption factor wero found for glaucing angles 0°, 22 J°, 46°, 67£°, and 90° 
Curves wore then drawn giving the absorption factors for all angles between 0° 
and 90°, for each of the three radiations From these curves were obtained 
the absorption factors by which the observed intensity values wero divided 
The corrected intensity values in Table 1 are proportional to theoretical 
intensity values given by the equation 


I 


1 + cos 1 29 
sm* 0 cos 0 


pF*, 


where 0 is the glancing angle, p the number of co-operating planes, and F the 
structure factor at room temperature With the help of this equation the 


* ‘ Phil Mag.,’ vol 9, p. 67 (1930) 

t JOnsaon, ‘Uppsala Uatv Anskr’ (1928) , Siegbahn, “ Spektrosoopie dor Rontgea 
strahlen," Julius Springer, Berlin (1931) 
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relative F values in Table III were obtained They were reduced to a com- 
parable scale by putting F220 = 100 for each radiation 

This table shows some interest mg features On account of their smaller 
intensity, the superlattice lines EA* = 3, 4, 11, 12, 19, 20, 27, 35, 36 are easily 
distinguished from the body-centred lines 8, 16, 24, 32 The Buperl&ttice 
lines themselves may be divided into two senes, the odd reflections 3, 11, 19, 27, 

35 being definitely weaker than the corresponding even reflections 4, 12, 20, 

36 This distinction is to some extent obscured in Table I owing to the com- 
plications introduced by the 6 factor and the planar factor It is Bhown better 


Table III — Observed F Values for Three Radiations 



by the figures given in Table III for the differences between the F values for 
neighbouring odd and even lines The table shows that the distinction between 
odd and even superlaUux lines m far more marked with won radiation than with 
copper or zinc radiation We shall now discuss the explanation of this 
phenomenon 

It will be shown that the differences with different radiations are due to the 
relation of the atomic scattering factor (J) to the wave-length X /is usually 
given as a function of am 6/X which is independent of the wave-length, but 
this is not strictly correct. 
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II The Atomic Scattering Factors of Aluminium, Manganese, and Copper 
It has been shown in a number of experimental investigations* that the 
atomic scattering factor (/) of an element for X-rays depends upon tho wave- 
length of tho radiation, or to put the matter more precisely, the atomic scatter- 
ing factor of an element is depressed by the use of radiation whose frequency lies 
close to the critical K absorption frequency of the scattering element This fact 
was to be expected on theoretical grounds, and is analogous to anomalous 
dispersion in the optical region It has been explained with the help of a 
combination of classical theory and quantum mechanics by K allmann and 
Mark, Kromg, and Prins f According to Coster and Knol.t the theory of Pirns 
may be expressed in the following way 

The atomic scattering factor / of an element may be regarded as consisting 
of two components / K due to the K electrons, and / H due to tho L, M, etc , 
electrons Now in the present experiments, the factor / E may as a first approxi- 
mation be considered to be independent of the wave-length, because we are 
using radiation much harder than the critical L, M, etc , absorption edges 
On the other hand, for copper and manganese, the value of f K is very sus- 
ceptible to changes in wave-length, since all three radiations used are close to 
the K absorption edges of these elements 

According to Coster and Knol, for radiation on the short wave-length side of 
the absorption edge, there is a phase-change in the contribution of the K 
electrons to the atomic scattering factor This may bo expressed by writing 
/ K as a complex quantity, thus 

/k=/'k + */"k, (2) 

where t = V— 1, and /' K and /" K are two components with a phase difference 
of tt/ 2, the resultant of which is f K Tho component f' K either has the same 
phase as / R or differs from it by an amount n The component f" K has a 
phase difference n/2 compared with /' K and / g . 

* Made and Sullard, ‘ Z Physik,’ vol 33, p 688 (1025) , Armstrong, ‘ Phys Rov ,’ 
▼ol 34, p 931(1029), Wyokoff, ‘ Phys Rev,’ vol 35, pp 215,583,1116(1030), Morton, 
‘ Phys Rev ,’ vol 38, p 41 (1031) , Coster, Knol and Prins, ‘ Z Physik,’ vol 63, p 345 
(1930) , vol 75, p 340 (1932) , Glooker and Schifer, ‘ Z Physik,’ vol 73. p 280 (1931) . 
Bradley and Hope, * Proo Roy Soo ,’ A, vol 136, p 272 (1032) 
t Kallmann and Mark, * Ann Physik,’ voL 82, p 586 (1927) , Kromg and Kramers, ‘ Z 
Physik,’ voL 48, p 174 (1028) , Prins, ‘ Z Physik,’ voL 47, p 479 (1028) , Kronig, * Phys 
Z ,’ vol. 30, p 521 (1029) 

t ‘ Z Physik,’ vol 75, p 340 (1032) , ‘Proo Roy Soo ,’ A, voL 139, p 460 (1933) 
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/'k u given by the equation 

= + ! 2&i g - ‘I }. (3) 

where x ~ ~ , X K being the critical absorption wave-length of the scatterer, 

and X the wave-length of the radiation 
f" K is given by the equation 

r k=^« k w 


In each of the above equations n K represents the full effect of the K oscillators 
away from the region of anomalous scattering According to Prins the most 
probable value of 1 % is 1 3, though Kromg and Kramers gave 0 86 

For radiation on the long wave-length Hide of the absorption edge there is no 
change of phase angle, and the expression for f K therefore simplifies to 

/k — [l -f (5) 

where n K and x have the same meaning as before Taken as it stands, 
equation (5), like equation (3), gives values of/ = — » at the absorption edge, 
but Glocker and Schafer have shown how this may be moibfied by the intro- 
duction of damping terms 

The change of phase angle on the short wave-length side of the absorption 
edge was verified qualitatively by the experiments of Coster, Knol, and Prins 
with zinc blende, and the general nature of the depression of the / values near 
the absorption edge is well verified by all the experimental work done m this 
region , but no satisfactory quantitative check has yet been obtained Accord- 
ing to moat experimenters, the scattering factor is depressed on the short wave- 
length side considerably more than is demanded by theory On the contrary, 
Bradley and Hope found that the scattering power of iron for copper K, 
radiation was very little depressed Coster and Knol have recently pointed 
out that a correction must be made to this result to allow for the effect of a 
change in phase angle However, this correction does little to bridge the 
difference from the results of other investigators, as may be seen from the 
following table 

We have chosen what we consider to be the most probable values of the 
scattering factors of copper and manganese, based on the experimental work 
of Bradley and Hope They compared the values of the atomio scattering 
factor of iron for different radiations at the same value of sin 0/A For both 
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Table IV — The Atomic Scattering Factor of Iron (/ n# ) 


Radiation 

A/A* 

Glookor and Sohiier* 

Wyokoff f 

Bradley 
and Hope 

Calculated 

from 

equations 

(3). W. (8) 

Mo K. 

0 41 

16 3 

(17 I) 

16 3 

17 2 

17 66 

CuK. 

0 89 

9 4 

(11 6) 

11 8 

16 1 

(oo rooted) 

16 3 

Ni K. 

0 96 

8 0 


10 1 



Co K. 

1 01 




14 1 

12 6 

Ke K. 

1 10 

11 9 

(13 0) 

n 8 

16 7 

I 14 5 

Cr K« 

1 31 

12 7 



17 2 

16 26 


* Ulocker and Schifcr have recently amended these values, and in a private communication 
to ono of the authors they give values more nearly in agreement with those of Wyokoff These 
are given in brackets 

t Corrected for temperature factor 

cobalt and iron radiations the scattering factor was found to be depressed 
below tliat for molybdenum radiation by an amount which was almost inde- 
pendent of sm 0/A Tins is to be expected on theoretical grounds The 
depressions are due to changes in the contributions of the K electrons to the 
atomic scattering factor for different values of X/X K These depend only on 
n K which is almost independent of sm 0/X 

For copper K, radiation, according to Coster and Knol, the difference in 
scattering factor should be greater as the value of sm 0/X increases, owing to 
the fact that f K is a complex quautity However, we may split up the atomic 
scattering factor into its two components, a real component (/ u -f- f’ K ) and 
an imaginary component, /" K whuh differs m phase by rr/2 At all values of 
sm 0/X, (/ R + f' K ) should be depressed by the same amount It is therefore 
possible to obtain for ca< b radiation a characteristic value of the depression of 
the “ real ” component of the / curve of iron, winch is independent of sm 0/X 

The depression in f in the neighbourhood of the K absorption edge is duo to a 
variation in the contribution of the K electrons to the total / value of tho atom 
Whether we use a combination of classical theory and quantum theory (as 
Prins has) or a purely wave-mechanical theory,* the variation m the con- 
tribution of the K. electrons to the total value for the atom is a function of 
X/X K 

It follows from this result that the anomalous dispersion by different elements 
can be deduced from experiments on one element only, provided the results 

• We are indebted to Dr Williams of this University for discussing this matter with us 
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are expressed m terms of X/X K Experiments are now being undertaken to 
test the validity of this generalization, the results of which will be communicated 
in due course 

In fig 4 the depressions m the observed / values for iron are plotted against 
tho values of X/X K , X being the wave-length of the radiations used (Mo, Cu, 
Co, Fe, Cr characteristic K. radiations), and X K the wave-length of the K 



Kid 4 — Depression of / curve* in the region of the K absorption edge o Points from 
experiment* on FeAl (Bradley and Hope) giving the difference between the normal 
/ values and the values found near the absorption edge For Cu radiation the value 
plotted ia not / but/ K +/' K /'V 18 calculated separately from the formula 

/ k = n K 

absorption edge of iron The values for molybdenum radiation arc taken as 
zero In this figure the values of the depression at some distance from the 
absorption edge approach zero, and the biggest values of the depression are 
m the immediate neighbourhood of the K edge Plotted as a function of 
X/X K , theory indicates that tho values represented on this curve should be 
universal They represent the amounts to be subtracted from the normal / 
values where the frequency of the radiation is comparable with tho critical 
absorption frequency 

In order to obtain the value of tho atomio scattering factor for a given 
element with a givon radiation for a given value of sin 6/X, we first take the 
“ normal ” value of the atomic scattering factor of the element for the required 
value of sin 6/X, and then subtract an amount read off from this curve, fig 4, 
to allow for the anomalous effects of the K absorption edge on f K Then we 
calculate the amount of f" K from equation (4), assuming n K = 1 3, and intro- 
duce a separate term into the calculations to allow for the effect of /" c when 
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X/X K < 1 An illustration will show how simple the procedure can be. To 
find /,(„ — /u for copper K* radiation we have 

F = Viftnn normal — depression — f u )* + /'V (6) 

Table V contains the necessary data for the evaluation of this expression, 
for the Heusler alloy 


Table V — Depression in / Curve, due to Anomalous Dispersion 


Scattering 

elements 

A k ^ 

Zinc Ka radiation 

Copper K« radiation ■ 

Iron K a radiation 

A = 1 484 

A -= 1 639 

A ~ 1 934 

A1 13 

7 936 

0 

0 

0 

Mn 25 

1 892 

1 0 

l 0 

3 

•Cu 20 

1 377 

2 5 

1 5 

0 


Substituting in equation (6), 

F — V(fun normal —f M — 1 0)* + 2 7* 

The normal / curves of aluminium, manganese, and copper were obtained 
from a paper by James and Brindley * The aluminium values wore calculated 
by Hartree's method of self-consistent fields , for copper an approximate curve 
was obtained by the same method , for manganese, the Thomas values were 
used It was shown by Bradley and Hope that the Thomas curve for iron 
gave an excellent agreement for molybdenum radiation, and since manganese 
js the next element to iron and does no differ greatly in atomic volume, it 
seems fairly safe to use the Thomas curve here, though, of course, it is probably 
less accurate than the other two calculated by Hartree’s method 

It is now possible to understand the differences in the powder photographs 
taken with zinc, copper, and iron radiations As Table V shows, the atomic 
scattering factor of manganese with iron radiation is three units less than 
normal, whereas that of copper with iron radiation is practically normal 
Hence the difference m scattering power between copper and manganese is 
three units greater than normal On the other hand, with zinc radiation the 
scattering power of copper is depressed more than that of manganese, so that 
the difference m scattering power between copper and manganese is now 
1 5 units less than normal Thus iron radiation emphasizes the difference 
in scattering power between copper and manganese, whereas zinc radiation 

* ‘ Phil Mag.,’ vol 12, p 81 (1981) , ‘ Z KrwUllog.,’ vol 78, p 470 (1981). 
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minimizes the difference This fact naturally leads to differences in the 
intensities of the weaker reflections, where copper and manganese work m 
opposite directions As we shall see later, the figures given in Table V provide 
not merely a qualitative explanation, but ultimately give a perfect quantitative 
explanation of all the observed intensities (Table VII) 

On the other hand, if wc had used the data of Glocker and Schafer or of 
Wyokoff, we should have been led to the conclusion that the scattering powers 
of copper and manganese with iron radiation ought not to be appreciably 
different from those with copper or zinc radiation The different results 
obtained with different radiations prove that this is impossible The theoretical 
expressions (equations (3), (4), and (5) ) prediot a difference between the scatter- 
ing powers of copper and manganese for the different radiations employed, 
but do not explam the observed numerical values as well as our empirical 
values from the iron-aluminium experiments Possibly more accurate results 
would be obtained if this theory took account of the variation m the contribu- 
tion of the L electrons as well as the K electrons The empirical curvo, given 
in fig 4, automatically makes this allowance, and partly for this reason should 
give accurate / values, if the experiments of Bradley and Hope are a sufficient 
basis for the curve It is expected that now data will shortly become available, 
giving more points on the curve 


III Possible Structure for the Hewsler Alloy 
The unit cell contains 16 atoms with the co-ordinates — 


A 0 0 0, 

B Hi 

c Hi 

d 2 12. 


OH. 

Hi, 

Ho 

if 2. 

Hi 

Hi 

\ 0 0, 

0 i 0, 

0 0 i 

ill. 

Hi 

Hi 


Symmetry considerations divide the atoms into the four sets A, B, C, D, as 
shown m fig 2 The problem is to find which of these positions are occupied 
by copper, aluminium, and manganese atoms respectively The data of 
Table III point the way to a solution 
Three facts must be explained — 

(1) The existence of three series of reflections, one strong senes of lineB 
[(1) 220, 400, 422, 440], and two weak series of superlattice lines 


f 442 1 I” 333 1 

L(2) 200, 222, 420, 600 J, L(3) 111, 311, 331, Dll, 63IJ 
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(2) The superlattice lines of senes (3) are definitely weaker than those of 
senes (2) 

( 3 ) The difference in intensity of the two senes of superlattice lines depends 
on the wave-length of the radiation, being greatest for iron radiation 
and least for zinc radiation 

Let the scattering powers in the four groups be/„, and f d respectively 

Then the structure factors for planes of typos (1), (2), (3) may be written in 
the following way — 

(!) /=/• +ft +f 0 +fd 

( 2 ) /=(/. +/.)-(/» +/„) 

(3) /=- V (/ 0 -/«)* + (/„ -/*)* 

From these equations it may be seen that the presence of reflections of both 
types (2) and (3) requires ono group to be appreciably different m scattering 
power from the other throe Since copper and manganese are not very different 
in scattering power, this condition is equivalent to a requirement that most 
if not all the aluminium atoms should be sorted out into one group, say B 

If the atoms in groups A, 0, D were equivalent m scattering power, reflections 
of types (2) and (3) would bo equally strong This is not so Tho greater 
intensity of type (2) reflections shows that the scattering power of D groups is 
intermediate between those of A and C on the one hand and B on tho other 
This admits of two interpretations either manganese atoms go into D 
positions, or the aluminium atoms arc not completely sorted out into B positions, 
a minority of the aluminium atoms being found m D positions 

The second alternative would be analogous to tho iron aluminium alloys* 
containing a little more than tho correct amount of aluminium to satisfy the 
formula FegAl Here most of the aluminium atoms occupy position B, but a 
certain proportion movo over to position D, leavmg B without its full com- 
plement of aluminium atoms 

To distinguish between the two alternatives, it is necessary to make urn of 
the fact that tho intensities of the two sets of superlattice lines differ con- 
siderably with different radiations (sec Table III) This could not be explained 
by a partial distribution of aluminium between positions B and D It can, 
however, be explained by placing manganese atoms in D and aluminium atoms 
m B This distribution gives structure factors 2Cu — (Mn + Al) and 
(Mn — Al) for types (2) and (3) respectively The difference is 2 (Cu — Mn) 
As we have shown m a previous paragraph, tho scattering power of copper 
* Bradley and Jay, * Proo Roy Soo A, vol. 136, p 210 (1932) 
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exceeds that of manganese more with iron radiation than with copper and zinc 
radiations With this structure, wo should therefore expect that the intensity 
differences between reflections of type (2) and (3) would be greatest with iron 
radiation and least with zmc radiation, which is in complete accordance with 
the facts 

The above arguments show that most of the aluminium atoms are in position 
£ and most of the manganese atoms are in position D, but tho sorting out of 
the atoms cannot be complete, because the composition of tho alloy does not 
correspond exactly to tho formula Cu,MnAl In order to decide the exact 
arrangement, a quantitative test is necessary Before comparing the observed 
intensities with the calculated values for the most probablo arrangement, we 
Bhall first give calculations for three different arrangements of manganese atoms 
with the ideal composition Cu,MnAl It will be seen that the differences 
between the intensities of the superlattice lines m the three cases are so large 
that it is possible to be quite sure of the ultimate solution 
The three arrangements considered first are — 

(l) Mn in D, Cu m A and C, A1 in B 
(u) Mn and Cu at random in A, C, and D, A1 in B 
(iu) Mn in A, Cu in C and D, A1 in B 


Table VI— Comparison of Observed and Calculated Intensities for Three 
Different Structures 


Line 

Iron K« radiation 
, A - 1 934 

Copper K« radiation 

A- 1 539 



Observed 1 Calculated 

Observed 

Calculated 


... 

with 


with 




Hkt 

temperature 


temperature 





correction 1 n 

in 

correction 

i n 

lit 

3 

in 

14 10 27 

48 C 

33 

28 43 

69 

4 

200 

36 49 14 

6 

39 5 

51 27 

14 

8 

220 

340 354 354 

354 

600 

593 593 

593 

11 

311 

4 8 2 10 

22 

11 

9 5 17 

26 

12 

222 

9 5 12 d 

0 5 

8 

12 6 

3 

ie 

400 

57 56 56 

66 

88 

90 90 

90 

19 

331 

16 1 4 

9 5 

4 

3 5 6 

8 5 

20 

420 

116 17 4 

0 5 

10 

12 6 

2 5 

24 

422 

156 148 148 

148 

173 

167 167 

167 

27 { 

511 

333 

} 2 1 45 

11 

2 5 

3 4 

5 5 

32 

[ 440 

97 95 95 

95 

51 

64 54 

54 

3ft 

S31 

3 5 2 5 12 5 

30 

3 5 

3 5 4 

6 6 

36 { 

600 

442 

j. 29 46 10 

2 

4 6 

5 2 5 

2 
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In order to make the observed intensities comparable with the calculated 
values, they must be reduced to the same scale This process is complicated 
because the observed values are found at room temperature, whereas the 
calculated values apply only at tho absolute zero of temperature This causes 
the observed intensities to fall off too quickly with increasing values of sin 0/X 
The observed values should be related to the calculated values in the following 
way 

J B nln* » 

logical, K>-— , 

where X is tho wave-length and 0 the glancing angle B is a physical constant 
which is the same for all radiations K is arbitrary and differs for each experi- 
ment, depending on the experimental conditions The scales of the observed 
values are adjusted by choosing values of K and B to give tho best measure of 
agreement between the observed and calculated reflections for planes 220, 
400, 422, and 440, the values of which are independent of the atomic arrange- 
ment It was found that the best agreement between observed and calculated 
values was obtained by putting B == 3 

Table YI includes results from iron and copper radiations The zinc values 
are not included us the difference in the scattering powers of copper and 
manganese is too small to give decisive results It can be seen from this table 
that almost all the observed intensity values of the superlattice linos he between 
the calculated values for structure (i) and structure (u) Structure (in) is, 
therefore, ruled out 

The obvious interpretation of this result is that structure (i) is essentially 
correct, but since there are too few manganese atoms to fill the whole of the D 
positions some of the manganese has been replaced by copper This has the 
effect of reducing the difference in scattering power betwoen A and C on the 
one hand and D on the other The formula for the alloy may bo written 
as Cu,(MnCu)Al It must, however, be taken into account that there is a 
small proportion of aluminium atoms in excess This must either replace 
copper m A and C or manganese in D Good agreement with the observed 
intensities can only bo obtained if it is supposed that the excess of aluminium 
is equally distributed between positions A, C, and D The most probable 
atomic distribution is as follows — 

A atoms 0 95 copper, 0 05 aluminium 
B atoms All aluminium. 

C atoms • 0*96 copper, 0*05 aluminium 
D atoms 0*3 oopper, 0*65 manganese, 0 05 aluminium 
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Tho calculated intensities for this structure are compared with the observed 
values in Table YII The scale has again been fixed to give the best agreement 
for the strong reflections, which depend only on the composition and not on the 
manner in which the atoms of different lands are distributed. The intensities 
of the superlattice lines are thus obtained on an absolute scale, and the close 
agreement with the calculated values can therefore be taken as a conclusive 
proof that both the structure is correct and also that tho empirical rule for 
calculating / values m the neighbourhood of the K absorption edge is reliable 


Table VII —Comparison of the Observed and Calculated Intensities for the 
Most Probable Structure 


Line 

Iron K, radiation 

A — 1 934 

Copper K a radiation 

A — 1 039 

Zino K« 
A -m : 

radiation 

I 434 


Ml 

Obaervod 

Calculated 

Observed 

Calculated. 

Observed 

Calculated 

3 

111 

10 

10 

32 0 

30 

37 

40 

4 

200 

37 0 

37 

38 0 

39 

39 

30 


220 

303 

304 

687 

689 

066 

047 

11 

311 

0 

0 

11 

11 6 

10 

11 

12 

222 

10 

8 5 

8 

9 

7 

8 

18 

400 

09 

07 

80 

87 

90 

95 

19 

371 

1 0 

2 

4 

4 

3 

4 

20 

420 

12 

12 

9 5 

9 6 

0 

7 

24 

422 

101 

103 

109 

164 

172 

171 

27 { 

Oil 

333 

} * 

2 

2 0 

3 

4 

3 

32 

440 

101 

98 

50 

62 

40 

00 

30 

031 

3 5 

0 0 

3 0 

3 

— 


38 { 

000 

442 

} 30 

32 

4 0 

3 0 




In conclusion, the authors thank Professor W L Bragg, FES, for his 
kind interest in the work, which was earned out m the Physical Laboratories 
of the University of Manchester 


Summary 

In ao investigation of the ferromagnetic alloys of copper, manganese, and 
aluminium an alloy was found which showed an almost complete change of 
crystal structure due to heat treatment Drillings of this alloy, which had 
been annealed at 500° for several hours and cooled slowly to room temperature, 
were found to have the 8 copper aluminium (CujAl*) type of structure. The 
formula may be written as (CuMnj^Al^ the atoms occupying the same positions 
as in CUfAli The annealed and slowly cooled alloy ib non-magnetao, but on 
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quenching from 800° C it becomes strongly ferromagnetic The structure is 
now entirely body-centred cubic, with a face -centred superlattice 
A quantitative X-ray examination of the ferromagnetic alloy Bhowed the 
utility of a new method for distinguishing between elements of almost equal 
scattering power On comparing X-ray powder photographs of the same 
specimen made with radiations from iron, copper, and zinc anticathodes, it was 
found that the relative intensities of the weaker reflections varied with the 
wave-length of tho radiation This fact made it possible to distinguish the 
manganese atoms from the copper atoms, which would not have been possible 
if results from only one radiation had been available. The difference between 
the atomic scattering factors of copper and manganese which is very small with 
zinc radiation becomes fairly large with iron radiation 
The ideal structure of the ferromagnetio alloy would be — 


Cu 

000 

on 

i 0 i 

Ho 


Hi 

\ 0 0 

0 & 0 

oo i 

A1 

Hi 

in 

Hi 

Hi 

Mn 

Hi 

Ui 

Hi 

i H 


In the specimen examined there was a deficit of manganese atoms The 
alloy was nevertheless homogeneous, some copper taking the plaoe of the 
missing manganese atoms The aluminium atoms in excess were distributed 
equally in the positions normally occupied by copper and manganese 
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The Dtffractton of Electrons *» the Halogens 

By F L Arnot, PLD , Lecturer in Natural Philosophy, The University, 
St Andrews. 

(Communicated by H W Turnbull, PRS — Received November 2, 1933 ) 
Introduction 

Although the complete theory of the scattering of electrons by gas atoms 
must take into account the distortion of the incident and scattered waves by 
the atomic field, the exchange of electrons between the atom and the incident 
beam, and the disturbance of the atomic wave functions by the incident and 
scattered waves, a satisfactory explanation of the diffraction effects observed 
in the angular distribution of the elastically scattered electrons is obtained 
simply by considering the distortion of the incident wave by the undisturbed 
field of the atom * The scattering at large angles will then mainly depend upon 
the nature of the atomio field at the point in the atom where the potential 
energy of the incident electrons is equal to their kinetio energy 

Now the magnitude and gradient of the field at any point within the atom 
at a distance r from the centre is determined mainly by the nuclear charge 
and the screening constants of the electrons within the radius r, and hence the 
nature of the field at a point well within the outer electron shell will be Bimilar 
for atoms whose electronic structures differ only in the constitution of the 
outer shell 

Thus, if the energy of the incident electrons is large compared to the ioniza- 
tion energy of the outer electron shell, we should expect that those elements of 
adjacent atomic number, which differ only m the structure of the outer shell, 
such as a rare gas and the adjacent alkali metal or halogen, would give similar 
diffraction patterns 

Some experimental evidence for this was recently obtained by Mohr and 
Nicollf who showed that the angular scattering curves for argon, sulphur and 
phosphorus were very similar Further evidence is provided by some previous 
results of mine} for CH 4 , N a , CO and Ne, the diffraction patterns of which are 
all very similar, as one would expect, since the scattering m these gases is 

* Except for very slow electron* and for the lightest gases when excha n ge effects become 
important 

t ‘ Proo Roy Soo ,’ A, vol 138, p 469 (1932) 

X Arnot, ‘ Proo Roy Soo ,' A, vol. 133, p 616 (1931) 
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mainly due to the C, N, 0 and Ne atoms which all occupy the same row of the 
Periodic Table and differ only in the structure of the outer electron shell 
In this paper 1 present somo results for iodine, bromine, bromoform and 
carbon tetrachloride It will be seen that these results are very similar to 
those which I obtained some time ago for the rare gases * 

Apparatus 

The apparatus used in this work, and the experimental procedure adopted, 
have been fully described m previous papers f It consists essentially of ail 
electron gun producing a narrow homogeneous beam of electrons which can 
be set at different angles to a system of collecting slits, between which potentials 
are pla< ed so as to separate the elastically scatter! d electrons from those which 
have excited or lomzcd the atom and from the positive ions so produced 
Th< apparatus was thoroughly baked out, the filament flasln d and then run 
for about 15 minutes until the pressure road on a MiLood gauge fill to about 
10 'mm ofHg Mercury vapour was excluded from the apparatus by having 
a trap on the outlet tube immersed in a mixture of solid C0 a and alcohol 
During a run the pumps were kept going and the vapour of the various sub- 
stances was allowed to flow continuously through the apparatus, being admitted 
through an adjustable leak The vapour pressure was measured by a Pirani 
gaugo situated in the scattering chamber itself The Piraiii gauge was cali- 
brated against the McLeod gauge with air, and it was then assumed that 
the calibration constant so obtained was approximately corror t for the vapours 
used During a run the pressure was kept constant at a value between 1 X 10 -3 
and 3 X 10~ a mm , of Hg Over this range of pressure the relation between 
the scattered current and the pressure is known from previous work* to be 
linear for argon The linear relationship was again tested m this work with 
CC1 4 and with CHBr 3 and was found to hold, consequently it may be concluded 
that the results presented here are due to single stuttering 

The substance m the vapour of whit h t ho scattering was to 1m measured was 
contained in a small bulb which communicated with the apparatus through a 
tap and the adjustable leak 

Iodine — About a gram of solid iodine was placed in the bulb which was 
then surrounded with cotton wool and kept at room temperature The 
vapour pressure behind the leak was thus about 0 15 mm 
* Amot, ‘ Proo Roy Soc ,’ A, vol 133, p 615 (1031) 

t Arnot, 4 Proo. Roy Boo,* A, vol 129, p 361 (1930), vol 130, p 665, vol 133, p 616 
(1931) , vol 140, p. 334 (1933) 


VOL CXLIV — A 



F L Arnot. 


Bromine — The bulb containing about 1 cc of bromine was immersed m 
alcohol at a temperature of about — 60° 0 contained m a vacuum flask. The 
temperature of the alcohol was reduced by adding solid CO a until the vapour 
pressure behind the leak was about 0 3 mm The bromine was supplied by 
The British Drug Houses, Ltd , and was of their A R standard. 

Bromoform — About 1 c c of bromoform was placed in the bulb which was 
then immersed in a mixture of crushed ice and water giving a vapour pressure 
behind the leak of about 2 mm The bromoform was supplied by The British 
Drug Houses, Ltd , as free from alcohol 

Carbon Tetrachloride — The bulb containing a few cubic centimetres of CC1 4 
and a lump of anhydrous calcium chloride w as surrounded with cotton wool and 
kept at room temperature The vapour pressure m the bulb was thus about 
70 mm 

The iodine and bromoform were dried by inserting a small glass tube con- 
taining PjOj into the bulb containing the substance with its open end above 
the surface of the substance No drying agent was used with bromine as the 
vapour pressure of ice at — 60° C is negligible compared with the vapour 
pressure of bromine in the bulb In each experiment durmg the evacuation 
of the bulb the substance was frozen with solid CO a and alcohol 

After completing the work on one substance the apparatus was dismantled 
and thoroughly cleaned except after doing bromoform, which was the second 
last vapour to bo used When the work on bromoform was completed the 
bromoform was replaced by bromine, and the apparatus baked out at 400° C 
for about 2 hours After the apparatus had cooled down, and with the fila- 
ment on, the vapour pressure road on the Pirani gauge was less than 10 4 mm 
The reason for not dismantling the apparatus (and for not renewing the 
filament) was so as to have the conditions for scattering m bromoform and 
bromine as identical as possible, bo that the magnitude of the scattering in 
CHBr s and Br a might be truly comparable 

Discussion of Results 

The results, which have all been reduced to a common pressure and a common 
value for the intensity of the electron beam, are shown graphically m figs 1 
and 2, and the experimental values usod in constructing these curves are 
given in Tables I and II As the results for all electron energies in any one 
vapour, except carbon tetrachloride, were obtained in a single run on the same 
day, the values for different energies in the same vapour should be strictly 
comparable Owing to the precautions taken not to disturb the alignment of 
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elite and filament between the experiments with bromoform and bromine (see 
above) the values for these two vapours should also be strictly comparable. 


Table I — Carbon Tetrachloride and Iodine 



Carbon lelraihlnndo ((J01 4 ) 


Iodine (1,) 

V, 

15 

30 

42 

50 

84 

100 

Vo 

15 

42 

80 

122 

r 

I, 

U 

h 

I. 

* 

h 

6° 

Is 

I« 

I* 

1« 

25 

224 

103 

_ 

112 

_ 

76 0 

18 

_ 

_ 

81 0 

93 0 

30 



113 


60 0 


23 



27 5 

38 0 

35 

08 0 

70 0 


50 0 


25 3 

28 


52 l 

18 0 

34 0 

40 



78 5 


24 9 


33 


30 5 

21 5 

41 7 

45 

79 0 

57 0 


20 5 


11 6 

38 

274 

16 8 

20 1 

37 9 

50 



23 7 


10 9 


43 


11 4 

23 4 

30 3 

55 

00 5 

25 5 


9 4 


0 15 

48 

155 

0 45 

17 7 

22 5 

00 



12 7 


7 23 


53 


9 65 


10 0 

65 

44 0 

12 8 


7 1 


0 20 

58 

108 

10 8 

0 85 

4 38 

70 



10 5 


5 85 


63 


12 1 



75 

31 4 

12 0 


7 9 


5 40 

08 

08 2 

12 0 

2 57 

4 70 

80 



10 9 


5 00 


73 


10 9 



85 

31 2 

15 1 


11 3 


0 54 

78 

51 7 

9 15 

5 41 

15 3 

90 



16 4 


6 40 







05 

33 4 

10 0 


12 0 


5 65 

88 

40 7 

7 50 

6 25 

18 1 

100 



16 8 


0 00 


98 

35 6 

10 0 

5 30 

7 22 

105 

1 32 3 

20 7 


12 0 


4 82 

108 

35 3 

20 0 

6 90 

3 23 

110 



15 0 


5 45 


118 

35 0 

20 0 

10 6 

3 40 

115 

31 6 

17 2 


11 3 


4 30 

128 

35 0 

22 6 

9 90 

0 60 

120 



13 0 


4 87 


138 

32 0 

14 2 

4 99 

4 73 

125 

33 1 

12 8 


10 2 


0 00 

148 

29 2 

11 5 

5 35 

5 08 

130 



11 0 


5 62 







135 

39 0 

11 6 


10 0 


9 80 






140 


12 1 

12 3 

11 0 

8 82 







145 






15 0 






150 

1 

13 7 

14 3 

15 3 

14 7 








The curves in figs 1 and 2 have all been displaced in a vertical direction, 
the ordinate zero for each curve being shown by the short horizontal Lines at 
the side of the curves The curves for 16- and 30-volt electrons m CC1 4 have 
not been displaced relative to each other, and consequently have a common 
base line The ordinates of the 16-volt curve m iodine, bromine and bromo- 
form have all been reduced by half The number at the side of each curve 
represents the energy V 0 of the mcident electrons in volts 

In fig 1 some curves for xenon and krypton, taken from an earlier paper,* 
have been given for comparison. The ordinate values of the xenon ourvea 
(which are comparable for the different energies) have been adjusted so that the 
* Arnot, ' Proo Roy Soc A, roL 133, p 615 (1931). 
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maximu m at 90° in the 122-volt curve fits the corresponding maximum in the 
122-volt curve for iodine The krypton values, which are also comparable, 
have been adjusted so that the maximum at 70° in the 80-volt curve fits the 
corresponding maximum in the 80-volt curve for bromine 


Tablo II — Bromoform and Bromine 



In fig 2 my argon results for 42-, 83- and 124-volt electrons have been 
reduced so that the maximum at 105° in the 42-volt curve fits the corre- 
sponding maximum m the 42-volt curve for CC1 4 As my results extended 
only to 120° I have used the results of Mohr and Nicoll* to extend these curves 
to 156° The 30-volt curve for argon and the four curves for H,S are also due 
to Mohr and Nicoll. These five curves have all been fitted separately to the 
CCl t curves at the maxima 

• • Proo Roy Soo A, vol 188, p 460 (1082) I hare not used their oomplete curves 
beoauae their value* for different energies are not oomparable The ex t ensi on of the 
124- volt curve is not very aooarate as it was obtained by interpolation be t ween the ordinate 
values of Mohr and NioolTs 160-volt curve and Hughes and McMillen’s 100-volt curve 
(‘ Phyi. Rev ,* vol. 80, p.686 (1088)). 



Scatter'd current in arbitrary units 
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Referring now to the curves for iodine and xenon, and remembering that the 
xenon curves extend only to 120° (t e , up to the broken line in the iodine 
figure), we notice the remarkable similarity that exists not only m the shape 
of the curves but also in the relative magnitude of the scattering at the different 
energies The various maxima and minima, occur at approximately the same 



0° SO 5 100° ISO * 0 ° ~so° loo' ISO* 0° 50* JOO° ISO 1 

Scattering angle 


Fid 2 — Angular distribution of elastically scattered electrons in carbon tetrachloride, 
with curves for hydrogen sulphide and argon given for comparison 

angle in both sets of curves, but the first minimum in the iodine curves is not 
quite so pronounced as it is m the xenon curves 
The same general similarity is shown by the bromine and krypton curves, 
but it is not so marked as for those of iodine and xenon 
The vapour of iodine and bromine at room temperature consists of diatomic 
molecules, but Massey and Mohr* have shown that the scattering produced 
• ‘ Proc Roy Soc A, vol 135, p 258 (1932) 
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by a homonuclear diatomic molecule is practically the same as that caused 
by the two separate atoms These results, therefore, provide further evidence 
that the scattering produced by atoms that differ only m the structure of the 
outer electron shell is practically identical for electrons liaving an energy 
greater than tho ionization potential of the outer shell 
It is interesting to notice tho rcmarkablo similarity of the bromine curve for 
41-volts and the iodine curve for 42-volts In both curves there are maxima 
at 70° and 120°, the latter being higher than tho former Tho interesting and 
important point is that these curves m bromine and iodine are so very similar, 
whereas the two corresponding curves (40-volt curves) in krypton and xenon are 
not nearly so similar , neither aro the curves for higher energies m bromine 
and iodine or in krypton and xenon so s imil ar 
In view of the recent work of Childs and Massey* it might be expected that 
curves for the same energy in krypton and xenon, or in atomic bromine and 
iodine would be similar, for they have shown that cadmium gives curves 
very similar to those found for mercury, which lies in tho same c olumn of the 
Periodic Table They explain this by showuig that the outer held of the 
cadmium atom is simil ar to that of mercury, since the two outermost shells in 
the two atoms have respectively the same number of electrons and approxi- 
mately the same ionization potentials, and the same radu 


Table III 




Xenon 

Krypton 

Shell 

Sub shell 

Ionization 

! 

Ionization 





Radius m A 

potential 

Radmil in A 



mvolU 


in tulU 


K 

1*» 

33500 

0 010 

14300 

0 015 

L 

(2», 2p)* 

4800 

0 041 

1800 

0 067 

w l 

<3*. 3j>)> 

047 

o 112 ; 

160 

0 194 

V 

3<P« 

018 

0 146 

74 B 

0 324 

* i 

(4*. 4p )• 

4#* 

150 

0 280 

13 04 

0 885 

27 4 

0 490 



0 ^ 

<«». np)* 

12 08 

1 04 




This, however, is not so for xenon and krypton In Tablo III arc given the 
ionization potentials and the radii (defined as the distance from tho centre at 
which the charge density of tho shell electrons is a m axi m um) for the various 


‘ Proo Roy. Soc.,’ A, voJ. 141, p. 473 (1933) 
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shells in xenon and krypton The number of electrons in each shell is denoted 
by the superscript on the symbol giving the total and azimuthal quantum 
numbers of the shell The values (except the ionizations potential of the 
outer shell for which the experimental value is used) have been calculated by 
Slater’s rules * 

It will bo seen from the table that the 42-volt electrons m xenon will be 
scattered mainly by the field at about the centre of the N shell of 18 electrons 
In krypton the 41-volt electrons will be scattered by the field between the N 
shell of 8 electrons and the M shell of 18 electrons We should therefore not 
expect these curves in xenon and krypton to be very similar The same will, 
of course, apply to scattering by atomic, lodme and bromine since the fields 
of those atoms will be much the same os those for xenon and krypton 

In diatomic iodine and bromine, however, the ionization potentials of the 
outer shells will be different from those m the atom owing to the redistribution 
of the outer electrons Owing to the striking similarity of the 40- volt curves 
in iodine and bromine the portion of the field that is mainly effective in scatter- 
ing electrons of this energy must be very similar in nature in the two molecules 
— far more siuulur than it is in the atoms 

The energies of the inner shells will not be very different from those of the 
atom, and hence the scattering curves for fast electrons will be practically the 
same as those for the atom 

Considering now the curves for bromine and bromoform we see that the 
curves for corresponding energies are on the whole of a similar nature, the 
main difference being that the first maximum m the CHBr 8 curves is not so 
pronounced as in tho Br 2 curves, while the minimum at about 90° is more 
marked in the CTIBr a curves 

The theory of the scattering by a molecule of CHBr 8 is complicated by the 
fact that smee the molecule has a permanent dipole moment the scattering 
will depend upon the orientation of the axis of the molecular field relative to 
the incident and scattered waves f However, tho general similarity of the 
curves given here for CHBr a and Br a shows that the scattering in CHBr 8 
is mainly due to the relatively heavy bromine atoms constituting most of 
the outer portion of the molecule 

• ‘ Phys Rev ,’ ioI 36, p S7 (1930) 

t When the molecule has no permanent dipole moment the treatment is considerably 
simplified for we can then consider the axis of the molecules to be orientated in random 
directions This allows us to average the scattering over all orientations to obtain the 
experimental conditions (see Massey, * Proc. Roy Soc ,’ A, vol 129, p. 616 (1930) ) 
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We can explain the increased prominenoe of the minimum at 90° in the 
curve* for CHBr, as being due to a contribution from the carbon atom to the 
total scattering, for the field of the central carbon atom will be fairly exposed 
over the portion that is screened only by the light hydrogen atom If we 
“ uncover ” more of the field of tho central carbon atom by replacing the heavy 
bromine atoms by relatively light hydrogen atoms we obtain a scattering 
curve consisting solely of a minimum at 90° as is shown by tho results* for CH^ 
It is clear from the above considerations that the scattering produced by a 
complicated molecule such as CHBr,, which would be difficult to obtain 
theoretically, can be explained qualitatively by simply summing the con- 
tributions to the total scattering coming from the separate atoms of the 
molecule, assuming that these scatter independently and paying duo regard 
to the fact that the field of an atom may be effectively screened on one or 
more sides by relatively li< avior atoms Thus it appears that a suggestion whioh 
I originally put forward some time ago* in explaining the results obtained for 
the scattering of low energy electrons in methane, namel) , that we might be 
able to examine the structure and field of complex molecules by analysis of 
the diffraction patterns exhibited in the angular scattering curves, may prove 
to bo of definite value 

Since the scattering by bromoform is mainly due to the bromine atoms we 
should expect that the scattering produced by carbon tetrachloride would 
be even more truly representative of the scattering by chlorine, for not only 
has the CC1 4 molecule no permanent dipole moment but also the field of the 
central carbon atom is now practically completely screened by the four chlorine 
atoms (assuming the tetrahedral structure of the molecule) 

The results given m fig 2 support tins conclusion, for ae see that tho CCI 4 
curves are similar to those of argon, and are intermediate m form between 
those of argon and hydrogen sulphide, just as the position of chlorine m tho 
Periodic Table is intermediate between argon and sulphur The fact that the 
maximum at aliout 90° m the CC1 4 curves is not appreciably depressed shows 
how effective is the screening of the carbon atom by the four chlorine atoms 

General Lhscusston 

The elastic scattering of electrons by a spherically symmetrical field is 
given byf j (0) = 1 I « (2 , + 1} ^ _ x] P| (cos 0) I S f ( 1) 

j _ o I 

• Amot, ‘ Proc Roy Soc A, vol 133, p 616 (1931) 
t Mott and Massey, “ The Theory of Atomio Collisions,” chap II 
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where I (0) is the scattered intensity at an angle 0, A = 27t/X, where X a the 
wave-length of the incident electrons, and the P, (cos 0) are Legendre poly- 
nomials having the values — 

P 0 (cos 0) - 1 

P, (cos 0) — cos 0 

P a (cos 0) — J (3 cos a 0 — 1), etc 

The form of these curves is shown in fig 3 (c) 

The mcident electrons are resolved into beams of different angular momentum 
VTJ+T) h/2n For each value of l a value of the wave function is found 
which is zero at the origin and has the asymptotic form 

am (At — Ir.l -f 8,), 

wluch becomes 

sin (Icr — 

in the absence of a scattering field 

The phases 8 { m (1) are thus the phase differences between the asymptotic 
value of the wave function and its value when there is no atom situated at 
the scattering centre for each of these beams of different angular momentum 
These phases for the various values of l determine the form of the angular 
scattering curve 

Now 8, decreases monotomcally as l increases, and the series in (1) converges 
more rapidly the lighter the atom and the lowpr the energy of the incident 
electrons Thus to represent the scattering of low velocity electrons by light 
atoms we require only the first few phases , and when this is so the predominant 
harmonic in (1) is that for which the corresponding phase has a value most 
nearly equal to k/ 2 This is clearly seen by separating the complex expression 
(1) into its real and imaginary parts We then obtain 

1 («) “ -p [ i (2* + 1) (cos 28, - 1) P,J* + ^ £ (21 + 1) Bin 28, P,J 

Thus if 8, = J7c then the angular scattering curve will be of the form 
| P, (cos 0)|* For example, for 30- volt electrons m argon the calculated 
phases are* S 0 = 2it + 0 885, 8 X = tc + 1 689, 8, = 1 938, 8, = 0 374, 
8 4 = 0 169, and the scattering curve closely resembles the curve | P a |* 

Now as the velocity is increased the number of phases which have an 
appreciable size and which must therefore be taken into account in (1) increases 

Holtwnark, ‘Z Phyaik,’ vol 66, p 437 (1929) In Table II of his paper 8, should 
be replaced by 8, — ir 
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and when there are a large number of phases effective it is difficult to see 
from the above formula which harmonic (if any) will mainly determine the 
shape of scattering curve, for the effect of the higher harmonics will be increased 
by the weight factor (21 + 1) However, even when a largo number of terms 
must be taken into account in (1) it can be shown that the form of the curve at 
large angles is still due to the lower order harmonics, for all the higher harmonics 
interfere to form a curve which falls off monotomcally to a small value at 
largo angles To see this we write the equation (1) in the form 

I (6) = ^ |S (21 + 1) 2t8',P t (cos 6) + 

Z (21 + 1) [e*«i - 1 - 2tS'j] P, (cos 0) | 2 (2) 

Now the first senes on the right is ]ust Bom’s first approximation to the 
exact formula (1) where 8', are the Bom phases which for small values aro 
equal to the exact phases 8, 

It is well known that for all atomic fields the scattering given by Bom’s 
formula falls off monotomcally* to a small value at large angles, and therefore 
the shape of the scattering curve at largo angles will be determined by the 
second series on the right for all velocities less than that for which the Bom 
approximation is valid , and it is clear that this senes will contain only the 
lower order harmonics for which the phases have a value greater than about 
0 D 

Thus for electrons of high energy 8, = 8' { < 1 for all values of l Then the 
term in square brackets in (2) is zero, and the scattering curve is given by the 
Bom formula As the energy of the incident electrons is decreased the phases 
increase, 8 0 first becoming appreciable, then 8 lt then 8 t , and so on , and con- 
sequently deviations from Bom’s formula will be noticeable a$ large angles 
through contributions coming m from the first few harmonics Thus when the 
energy is decreased until 8„ ~ 1 the term in square brackets becomes effective, 
and at large angles the scattering curve is of the form |P 0 | 2 On further 
decreasing the energy 8 0 increases and passes through the value 7t/2 after 
which its effect on the scattering becomes less marked, but now 8j is approaching 
the value w/2 and so the scattering curve takes the form | P 2 1 8 

For example, in helium, when the energy of the mcident electrons is greater 
than 600 volts, all the phases are very much less than unity, and the scattering 

* The first senes of harmonics when summed forms a smooth curve since for no value 
of { does S' i become strictly zero owing to the fact that the field of an atom has no finite 
boundary 
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curve is given accurately by the Bom formula When the energy is reduced 
to 340 volts the zero order phase increases to the value S 0 = 0 696 which 
makes the term in square brackets m (2) appreciable and so gives the scattering 
curve at large angles the form |P 0 |*, te, the curve remains practically flat 
instead of falling off uniformly with angle On further decreasing the energy, 
S 0 -*-tc but S x -+0 and consequently 8 t never becomes great enough to give the 
scattering curve* the form | |* We might, however, expect to find the 

Bom curve changing to the form |P 0 |* and then to the form | P t [* in a heavier 
atom, and tins is found to be the case m neon, as an examination of the curves 
in fig 2 of a previous paperf clearly shows For argon we see from fig 3 (a) 
of this paper that as the velocity is decreased the scattering curve, which is 
of the form |P 0 |® at 780 volts, changes to |P, |* at about 330 volts, and finally 
to | P,|® at about 80 volts 

Now in order that the scattering curve should pass from the Bom curve 
successively through tin forms | Pol 1 * [ Pj | 2 , | P t | s , etc, aB the energy is 
decreased, the phases of these low er harmonics must not be too close togethor 
in magnitude, for if they arc, tin contributions coming from these lower 
harmonics will be conipaiable, and so the scattering curve will be the result 
of the superposition of several lower harmonics { For light atoms the lower 
order phases are probably sufficiently far apart in magnitude (over the range 
of energies up to that for which the Bom approximation is valid) for the form 
of the curve to pass successively from one linrinomc to the next, and the 
results for helium, neon and argon described above strongly support tins view 
But for heavy atoms such as mercury this may no longer bo true, and the 
scattering curves will then be more complicated 

As the energy of the incident electrons is reduced from the value at which 
the Bom approximation is valid all the lower order phases at first increase 
We have seen how this accounts, with light atoms, for the scattering curve 
passing successively from tho Born form through the forms |P 0 | 2 , | P x | a , |P a |*, 
etc Now as the energy tends to zero all the plumes do not continue to 
increase In helium 8 0 increases to tz, but all the other phases pass through 
a maximum and then tend to zero as k -*-0 In argon 8 0 -►37t, 8 X ->-2 k and 
the higher phases tend to zero In krypton 8 0 8 t -+37T, 8 9 >it and the 
others tend to zero , and m mercury 8, and the higher phases tend to 
zero Therefore, as the energy is decreased from the value at which the Bom 

* The minimum in the curve observed at lower energies u due to eleotron exchange. 

t Amot, ‘ Proo Roy Soo ,’ A, vol 133, p 015 (1031) 

1 1 am indebted to Dr C. B O Mohr for drawing my attention to this point 
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approximation is valid we should expect the scattering curve to take the form 
of successively higher harmonics down to a certain energy, and then to reverse 
the order and pass back to the form of the lower harmonics 
That this actually does occur is seen by an examination of tho curves for 
argon * We have already seen above that the curve passes successively 
through the forms |P 0 |* at 780 volts, 1 |* at 330 volts, to |P a | 2 at 83 volts 

It maintains the form |P a |* down to 30 volts at which value S a is close to 
7 t/ 2 On further din reasrng the energy the phase 8, goes to zero rather rapidly, f 
and the curve changes back towards the form | Pj |* At 10 volts the curve has 
almost precisely the same form as it had at 167 volts 

Now for any one atom the phases at first increase as the energy is decreased, 
and tho same wall oc< ur if we keep the energy constant and mcrease the atomic 
number of the sc attenng atom We might, therefore, obtain a series of curves 
by scattering electrons of a constant energy in various gases of increasing 
atomic number wluch show the same variation in form as curves obtained by 
scattering electrons of decreasing energy in a single gas A senes of such 
c urves is shown m fig 3 In hg 3 (a) a set of scattering curves for electrons 
of decreaHsmg energy in argon is shown , in fig 3 (6) is given a series of scatter- 
ing curves for 83-volt electrons in various gasesj of increasing atomic number , 
and m fig 3 (c) the form of the harmonics jP 0 | 2 to |P 6 | 2 
Wo have already described the curves in fig 3 (a), and have explained their 
chango of form from |P 0 |* to |P X | 2 and finally to |P a j 2 os being due to the 
phases 8 0 , 8! and 8 a increasing and passmg through the value tt/ 2 in turn as 
tho energy of the electrons is decreased The same reasoning applies to the 
curves in fig 3 (6) As the atomic number of the gas is increased the phases 
8 0 , 8 X and 8 a increase and pass in turn through the value w/2, so giving the 
curves the form | P 0 1 a , | P x | a , and |P a | 2 
The agreement between the two sets of curves is very striking, and this 
together with the internal consistency of each set provides strong evidence 
in favour of the fundamental correctness of the interpretation of scattering 
curves as given m this section We see that at large angles the shape of a 
scattering curve for any energy up to the energy at which the Born approxi- 

• A set of ourves for energies from 780 volts to 1 1 volts is given by Mott and Massey 
in “ The Theory of Atomic Collisions,” p 136 
f Holtsmark,’ Z Physik.’ voL 65, p. 437 (1929) 

t The ourves for sulphur, phosphorus and carbon are due to scattering in HJ9, PH, and 
CH, The H,S and PH, carves were obtained by Mohr and Niooll (foe. at) , the other 
curves in fig. 3 are the author’s 
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motion is valid depends upon the first few harmonics, and that in light atoms, 
where the phases of low order are well separated in magnitude, the form of the 
curve is given approximately over the whole of the above range of energies, 
by the harmonic whose associated phase has a value numt nearly equal to tc/2 
From figs 3 (a) and 3 (6) we see that the order of the phase which determines 
the shape of the scattering curve at first increases as the energy is decreased 
from the value at which the Bom approximation holds, and that it also increases 



Fra 3 — (a) Scattering curves for electrons of v anous energies in argon (6) Scattering 
curves for 83 volt electrons in carious gases of decreasing atomic number (c) iorm 
of the curves )P 0 | a to |P t |» 

with the atomic number of the scattering atom Thus the phase whose 
liarmomc gives the form of the curve is the same for fast electrons m a heavy 
gas as it is for slow electrons in a light gas This suggests that we may be 
able to determine the shape of the curve from the relation between the radii 
of the electron shells of the atom and a certain parameter r 0 dependent upon 
the energy of the incident electrons If r„ is defined a8 the distance from 
the centre of the scattering field to the point in the field at which the 
potential energy of the incident electron is equal to twice its initial kinetic 
energy, it is found that r 0 must be approximately equal to the radius of the 
same shell for the scattering curve to have the same form in neon, argon 
and krypton. 
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The value of r 0 can be found from the Hartree* curves giving the effective 
nuclear charge for potential Z„ at various distances r from the centre of the 
atom Tables of Z„ for various values of r are given by Holtsmarkf for argon 
and krypton, and by BrownJ for neon The values of r 0 for various energies 
for which scattering curves have been obtained in krypton, argon and neon 
liave been found from curves constructed from these tables In fig 4 those 
\ allies of r 0 have been marked on the curves showing the radial distribution of 
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r nt atomic units 

Fio 4 — Showing, for electrons of various energies, the position of the incident electron 
with respect to the atomic shells when its kinetic energy is equal to hi If its potential 
energy in the atomic field 

charge in the atoms For argon and krypton I have used the charge dis- 
tribution curves for the Cl - ion and the Rb + ion respectively given by Hartree, 

* ‘ Proo Camb Phil. Soc ,’ vol 24, pp 89 and 111 (1928) 
t ‘Z Physik,’ vol 66, p 437 (1929) , vol W), p 49 (1930) 
t ‘ Phys Rev ,’ vol 44, p 214 (1933) 
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since Holtamark does not give values of — dZ/dr These curves should be 
practically identical with those for argon and krypton 

The number at the top of the short vertical line marking the point r 0 at 
which the kinetic energy of the incident electron is equal to half its potential 
energy in tho atomic field, is the energy of the electron in volts, and below is 
marked the harmonic giving the approximate form of the scattering curve for 
electrons of this energy * 

We see from fig i that, for these three rare gases, when r 0 is approximately 
equal to tho radius of the K-shell the mattering curve has the form | | 2 , and 

hence it is S 0 which most closely approximates to ir/2 When r 0 is equal to the 
radius of the L shell the curve has tho form | P, | a , and when r 0 is approximately 
equal to the radius of the M-shell the curve has the form | P 2 1 2 or | P 3 | a 

It also appears that we cannot expect tho Bom approximation to be valid 
at large angles unless the energy of the electrons is greater than tho ionization 
potential of the K-shell In mercury this potential is givui bv Slater’s rulest 
as 75 f>00 volts A rough extrapolation of the phase curves for mercury given 
by llennebc rgj shows that S„ does not fall to the value it/2 until the energy is 
increased to about 135,000 volts 

Calculations are in progress to determine the phases and theoretical scatter- 
ing curves for the halogen atoms and molecules The experimental work is 
also being continued in other molecular gases and vapours 

I w ish to thank the Carnegu Trustees for a grant towards the cost of 
apparatus 

Summary 

The angular distribution of the elastically scatti red electrons m the vapours 
of iodine, bromine, bromoform and carbon tetrachloride lias been measured 
for several different energies of the incident electron beam Diffraction effects 
are observed in all the curves The curves for iodine, bromine and carbon 
tetrachloride are similar respectively to the curves previously obtained by 
the author for xenon, krypton and argon The curves for bromoform show 
the same diffraction structure as do those for bromine 

These results, together with some previous results obtained by tho author 
and other investigators, are then discussed from the theoretical standpoint. 

* P, — P* means that the form of the scattering curve is intermediate between |Pj| a 
and |P t |* 

t ‘ Phys Rev voi 36, p 67 (1930) 

x • Z Physik,’ voL 83, p. 655 (1933) 
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Evidence is put forward to show that at large angles the shape of a scattering 
curve for any energy up to the energy at whtch the Bom approximation ts 
valid depends upon the first few liarmomcs, and that in light atoms, where 
the phases of low order arc well separated in magnitude, the form of the curve 
is given approximately, over the whole of the above range of energies, by 
the harmonic whose associated phase has a value most nearly equal to n/2 


On Metallic Dispersion m the Near Infra-Red 
By V Hurst, Af A , D Phil , Christ Church, Oxford 
(Communicated by F \ Lindcmann, F II S — Received November 9, 1933 ) 

Kroiug* has recently attempted to derive a quantum theory of dispersion 
in metallic conductors, using as a basis the Bloch theory of the metallic state , 
a more rigorous formulation of the same lme of thought has been given by 
Fujioka f In particular, Kxomg has developed explicit formulae for the 
coefficients of reflection and extinction and for the index of refraction of a 
metal in the so-called “ transitional ” rc gion of the Bpectrum, where the penod 
of the incident radiation is comparable with the moan time between two colli- 
sions of an electron with the metallic lattice In order to obtain reasonable 
agreement with the room temperature measurements of Forsterhng and 
Fr4edeneksxt in the near infra-rod, it is necessary to assume a value for the 
electrical conductivity of the metal which is very much less than the value 
obtained by direct measurement Kroiug has suggested thut tins result may 
be due to the fact that the optical constants depend upon the properties of a 
thin surface layer of the metal, in which layer it is possible that the conductivity 
is diminished on account of boundary imperfections of the metallic lattice 
It has already been shown, however, that even though this additional hypothesis 
be allowed, the formulae m question are not consonant with the results of 
recent measurements! on the high-temperature cmissivitaes of metals in the 
near infra-red 

* ‘Proo Roy Soc A, vol 124, p 499(1929), vol 133, p 266(1031) 
t ‘Z Physik,’ vol 76, p 637 (1932) 
t ‘Ann Phywk,’ vol 40, p 201 (1918) 

| Hurst, * Proo Roy Soc A, vol 142, p 406 (1933) 
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The inadequacies of the quantum theory of the transitional region are more 
readily appreciated when it is realized that the formulae for the optical constants 
derived therefrom are identical in scope with tho formulae of the dispersion 
theory of Drude,* published m 1 900 Kromg himself mentions that his formulas 
tend, in the limit of zero frequency, to the classical, phenomenological relations 
which Drudef derived m 1894 , but it does not appear to have boon pointed 
out hitherto that the Kromg formulae are, in fact, identical with, and not merely 
asymptotic to, those of tho later disjjorsion theory of Drude 
In the latter theory, it was imagined that the free electrons in a metal were 
acted upon by a frictional force, proportional to their velocity, which represented 
the effect of their collisions with bound electrons and ionB If e and m are 
respectively the charge and mass of an electron, and N is the number of conduc- 
tion electrons per umt volume, such an assumption leads to equations of the 


' (2ronv) 2 \ 6* ’ 


v{0kmv)» + 6V 


for the refractive index, n, of tho metal and its absorption coefficient, k, at 
frequency v 6 is the coefficient of the frictional force in the equations of 
motion of the free electrons, and is connected with the electrical conductivity. 


<r 0 , of the metal by the relation 

b 


Ne* 

<T 0 


111 the derivation of the formula, Drude assumed that the region of the 
spectrum under consideration is so far from the free periods of bound electrons 
and ions that th< ir influence (IT 1 ) on the index of refraction is constant and on the 
coefficient of absorption may be neglected 
Drude (he nt 1904) himself came to the conclusion that this type of equa- 
tion, with a constant value of b, would not suffice to represent tho dispersion of 
metals, and pointed out that 6 might bo expected to increase with tho frequency, 
v, owing to stronger radiation losses at tho higher frequencies To explam tho 
fact that the values of electrical conductivity given by the formulte were too 
low, ho, like Kromg, suggested a diminished conductivity of the surface layers 
of the metal Forster lmg and FrScdericksz compared their experimental 
results m the near infra-rod with those given by the Drude equations, and 
failed to find agreement , they, too, put forward the hypothesis of an 
abnormally low surface conductivity 


* ‘ Phys Z ,’ vol 1, p 161 (1900) ‘ Ann Thymic,’ vol 14, p 936 (1904) 

t * 1’hymk den Athene’ 1st Ed., p 674 (1894) 
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On Metallic Dispersion m the Near Infra-Red 

It is one of the great advantages of the modem conduction theory that no 
distinction need be made between free and bound electrons Accordingly, 
Kromg (loc cit ) has applied the Schrodinger dispersion theory to a metal 
lattice, regarded as a periodic field of potential, and has shown that, for suffi- 
ciently high frequencies, when the interaction of tho electrons with the lattice 
may be neglected, the behaviour of an electron in a given stationary state, r, 
in an elementary cube of side, L, may be replaced, as far as its mathematical 
behaviour is concerned, by a fictitious system of harmonic oscillators, whose 
strengths are expressed in terms of the matrix elements of the linear momentum 
of the electron As far as the near infra-red region is concerned, tho most 
important oscillator (of strength f r ) has a natural frequency zero In other 
words, the spectrum of an electron, r, consists of the resonance frequency, 
v — 0, and a number of discrete absorption lines Since the electrons m the 
metal are distributed over various stationary states, the equivalent spectrum 
of the electrons in the cube, in the absence of interaction, consists of the sliarp 
resonance line and practically contmuous absorption bands In the visible 
region of the spectrum, the influence of the bands is predominant, while m 
tho infra-red the resonance frequency is the more important From about 
1 5 p. onwards into the infra-red, the metal may be treated as though it had 
only tho pseudo resonance frequency at v — 0, and the effect of the interaction 
of the electrons with the lattice may be introduced by discussing the broadening 
which this line undergoes thereby Calling 8 tho half-breadth of the repre- 
sentative line, v = 0, Rronig obtains the formula! 

, IS - gg , 8 - -| ™L_) 

v V^Ts* v* + s*/ v [ vT+T* v 2 + 8tl 

These equations are, however, identical m content with the Drude equations 
above (when the terra II* is omitted), provided that 

*-*=-=;• (1 > 

or, since 8 is connected with the sum of the strengths, E f / P , of the fictitious 
resonators of frequency zero (where the summation is taken over all stationary 
states m which there are electrons) by the equation 

^ 2irm<T 0 L 3 

provided that 

NIj 3 = S r f T 
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Thus the only equation necessary for a complete correlation of the Drude and 
the Kromg dispersion formula is the trivial one expressing the foot that the 
zero frequency resonators are playing a role identical with that of the free 
electrons of the classical theory 

That the results obtained by Kromg for the spectral range in question are 
precisely the same as those given by the classical treatment is not surprising 
as soon as it is realized that his method is closely analogous to that employed 
by Drude Just as it is assumed m the older derivation of the formula that 
the influence of the free periods of the bound electrons and ions may be 
neglected, it is assumed in the quantum derivation that the contribution of 
the fictitious oscillators of non-zero frequency to the current induced in the 
metal by the incident light- wave is of little importance so long as the frequency 
under consideration is sufficiently low , the only excited electron states which 
are allowed to occur are therefore those which have slightly higher translational 
energies in the field-direction than usual Again, when Kromg postulates that 
the effect of the interaction of the electrons with the metallic lattice is to 
cause a broadening of the remanent resonance-frequency, ho is really making 
the assumption that the effect of tho lattice vibrations is a shortening of the 
mean hfe-penod of the excited electron states , and, as the electrons in excited 
states give their energy up to the lattice in the form of vibratipnal energy, 
which is ultimately distributed over all frequencies, the result is equivalent 
to the introduction of a dampmg factor, connocted with tho half-breadth of 
the resonance line by the relation (1) 

Just as Drude regarded a 0 and his damping factor, 6, as arbitrary para- 
meters, so Kromg adjusts o 0 and 8 to make the values of n and k denvod from 
the dispersion formulae fit the experimentally observed values of Forsterling 
and Frfedencksz As would be expected, tho value of 8 computed for various 
wave-lengths for any one metal is not constant, but showB a tendenoy to 
decrease progressively with increasing wave-length, thus confirming tho experi- 
ence of Drude, already mentioned, concerning tho behaviour of the dampmg 
factor, b The comparison with experiment given by Kromg is, of course, 
superfluous, since Forsterling and Frfedencksz (loo cU ) had already tested, 
in a slightly different manner, the same dispersion formula by means of their 
results 

As has so often occurred in the interpretation of other phenomena, the 
quantum-mechanical treatment of the problem of metallic dispersion in the 
near infra-red has proved to be nothing more than a new and rather more 
pleasing representation, m a different language, of classical concepts Not 
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until an electron statistics which takes adequate account of the mutual potential 
energy of the electrons in a metal is developed, does there seem much hope of 
formulating a theory of the optical properties of metals in the near infra-red 
which will agreo bettor than the classical theories with experimental data 

In conclusion, I should like to thank Professor F A Lindemann, F R S , 
and Dr F London for their kind and helpful criticisms 

Summary 

It is shown that the equations for the index of refraction and the coefficient 
of absorption of a metal in the near infra-red, which have been developed by 
Krotug on a quantum-mochamcal basis, are formally identical with the 
dispersion equations obtained by Drude in 1900 by classical methods The 
close analogy between the underlying assumptions of the two derivations is 
indicated 


Photographs of Fluid Flow Revealed with an Ultramicroscope 

By A Faoe, A R C Sc 

(Communicated by G I Taylor, F R 8 — Receivod November 14, 1933 ) 
[Plates 14-151 

1 Introduction — When an intensely bright beam of light from an ultra- 
microscope is passed through moving water, minute impurities which are 
always present and which cannot be seen m ordinary light, even with a micro- 
scope, become visible provided that they are seen against a dark background 
These illuminated particles reveal the internal motions of the water without 
any interference with the flow, Buch as might bo caused if extraneous particles 
or colouring matter were introduced into the water 

The ultramicroscope has recently been used to examine turbulent flow in 
pipes,* and to obtain information on the flow m the wakes behind bluff 
obstacles f An attempt has now been made to take photographs of some of 
the views seen when this earlier work was in progress These photographs 

* Fage and Townend, ‘ Proc Roy Soc ,’ A, vol 135, p 656 (1932) Also ‘Aero Rea 
Ctee,' RAM 1474 

t Fage, * Aero Rea Ctee,’ R. k M. 1510 
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are given in the present paper * Photographs of the flow around a long 
circular cylinder at low Reynolds’ number are also given All the photo- 
graphs, with the exception of those of fig 4 (c) and (d), Plat< 14, are of water 
direct from the main It is perhaps of interest to mention that the number 
of particles (probably mostly mmute air bubbles) in the water appeared to differ 
appreciably from day to day 

2 Photomicrographs of the Brownian movements of ultramicroscopic 
particles m soap solutions have been taken by Darke, McBam, and Salmon f 
These authors found that the finer details of the movements were not recorded 
It appeared doubtful, therefore, whethir satisfactory photomicrographs of 
moving water under a high magnification could bo obtained, when, as in the 
present experiments, the particles in the water moved much faster than those 
which show the Brownian movement in a stationary fluid Nevertheless, an 
attempt was made to take photographs with a Leitz photo-mierographic 
camera Two makes of fast plate were used Ilford Hypersensitive Pan- 
chromatic and Ilford Double X- Press Orthochromatie A few streaks made 
by exceptionally bright particles were recorded, but details of the flow were not 
portrayed The next steps possible were to increase the intensity of the light 
beam, or to decrease either the speed of flow or the magnification The last 
of these steps was the most convenient to take, and it w'ns decided to attempt 
to obtain photographs at a reduced magnification, and if these were satisfactory 
to enlarge the negatives A small camera with an f/.i lens (/ = 2 inches) and 
a Compux shutter was constructed Photographs taken with tins camera are 
given in figs 4-7, Plates 14, 15 The views were taken under a magnification of 
about 4 to 1 (except those for the prism, magnification 2 to 1) and the prints 
used for reproduction purposes were obtained from negatives enlarged 2 3 
times Ilford Hypersensitive Panchromatic and Ilford Double X-Press 
Orthochromatie plates (4J X b cm ) were used, and they were found to give 
closely similar results The exposure times varied from about 1 to 6 
seconds. 

3 Turbulent Flow tn a Ptpe — Photographs of turbulent flow in a square 
pipe of internal side 1 372 inches at a section situated 57 8 inches from the 
entry are given in fig 4 The mean rate of flow (U 0 ) was about 0 7 ft per 
second The corresponding value of U jin/v, where tn is the hydraulic mean 

* The photographs were taken in the Aerodynamics Department of the National Physical 
Laboratory, and permission to communicate them was kindly granted by the Aeronautical 
Research Committee 

t * Proo Roy Soo A, vol 08, p. 395 (1920-21) 
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depth, was about 1700 As described in the earlier work,* the illuminated 
particles appeared as bright streaks inclined at vanouB angles to the mean 
direction of flow, and these streaks appeared to intersect each other, owmg to 
the persistence of vision The maximum obliquity to the pipe axis of the 
streaks at a point in an axial plane XOY normal to a wall of the pipe increased 
slowly with the distance y from the axis, and reached a maximum at about 
j-0 8 1 , where 2s is the side of the pipe The obliquity then fell to zero at 
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the wall (y = s), so that particles view<*d along and very close to the wall 
appeared to be movmg in lamrnoe parallel to the wall Fig 4 (6) and (c) 
illustrate these features of the flow 

The maximum obliquity of particles viewed on a plane parallel to a wall 
increased continuously as the wall was approached, fig 4 (d) Cerebos salt 
was added to tho water before taking photographs, tig 4 (c) and (d), to increase 
the number of bright particles near the wall, and so to improvo the views 

The most interesting viewB seen in the earlier work were obtained when the 
microscope (magnification 200) was focused on the inner surface of a wall 
Particles withui a surface film of about 0 001 inch thick were then m focus 
The view obtained showed all the particles to be moving in sinuous paths and 
occasionally paths of several wave-lengths were seen It was also observed 
that the slowest particles, which were estimated to be about 1/40,000 of an 
inch from the surface, often moved in short jerks An attempt was made to 
photograph with a Leitz photo-micrographic camera the details of this interest- 
ing motion, but without success One of the difficulties experienced was that 
the intensity of light falling on the photographic plate from the illuminated 
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particles was greatly reduced by the high magnification necessary to obtain 
the view Moreover, it was found impossible to illuminate a very thin film 
without illuminating the surface itself and the light scattered from the surface 
tended to fog the plate A photograph of laminar flow in the pipe is given m 
fig 4 (a) 

4. Triangular Pnsm — Photographs of the turbulent wake behind a long 
triangular pnsm are given m fig 5 (a) and ( b ), Plate 14 These photographs 
illustrate the work descnbed in the earlier paper (R & M , 1510), which was un- 
dertaken to show that at a sufficiently high Reynolds’ number the eddying wake 
behind a very long cylindrical obstacle, mounted w ith its length normal to the 
stream eventually settles down to a regime in which the velocity disturbances 
are three-dimensional, even although the mean flow in planes at nght angles to 
the length tends to be two-dimensional The 
pnsm was mounted between the opposite sides 
of a 1 125 inch water tunnel The dimensions 
of the triangular cross-section were 0 04 inch 
(base) and 0 06 inch (height) The photographs 
were taken at U J)/v — 250 (6 = base of section), 
at a point situated in the middle of the turbulent 
wake at a distance 356 behind the pnsm Fig 5(a) 
gives a view of the flow m a plane at right angles to the axis of the pnsm It is 
seen that the disturbances are greatest over the central part of the wake, and 
that these disturbances gradually die away as the outer limits of the wake are 
approached The maximum deviations of the streaks m the middle of the 
wake from the direction of moan flow were observed to be about ± 17° 
Photograph 5 (6) was taken on the plane passing through the axis of the pnsm 
and shows that the flow is disturbed along the whole length of the pnsm The 
maximum deviations observed in this plane were about ± 23° 

5 Short Circular Cylinder —Photographs of the flow at the exposed end of 
a circular cylinder extending from a wall to the centre of the tunnel are given 
in fig 6, Plate 14 The diameter, D, of the cylinder was 0 04 inch These 
photographs were taken at a water speed, U„, of 0 58 ft per second 
(UjD/v = 160 approx.) Fig 6 ( b ) shows clearly the traces made by the axial 
flow of particles into the dead-water region behind the top of the oyhnder 

6 Long Circular Cylinder —The photographs given in fig 7, Plate 15, show the 
changes with TJfij v m the flow around a long circular cylinder of diameter 0 04 
inch The cylinder was mounted with a small clearance of about 0 01 inch at 
one end between the walls of the water tunnel The distance between the walls 
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was 1 125 inches Photograph (a) shows the steady nature of the flow in the 
empty tunnel Photographs (b)-(k) were taken on the median plane XOY at 
right angles to the axis of the cylinder at values of U„D/v lying within the 
range 17 7 to 170 The flow patterns shown in these photographs of tap 
water resemble those obtained from experiments of other workers* m which 
extraneous particles were introduced into the fluid (air and water) The 
first photograph (b) shows a flow which is obviously not far removed from the 
symmetrical laminar type Fig 7 (c) to (/) show the progressive changes in 



the standing-vortex regime as the value of U^D/v is increased in steps over 
the range 21 to 47 The gradual increase in the length of the vortices with 
Reynolds’ number will be noticed Eventually, the standing vortioea are 
drawn out to such a length that they break down and give place to a dead- 
water region behind the cylinder Fig 7, photographs f, g, and h illustrate the 
sequence in this breakdown 

Photographs t, j, and k were taken on the plane XOZ passing through the 
axis of the cylinder Of these photographs j is the most interesting for it 
clearly shows that the flow m the standing vortices at UjD/v = 38 0 is of a 
spiral character This spiral motion is associated with an inward flow of 
particles from the ends of the cylinder It will be noticed that the angles of 
the spirals become progressively smaller, and eventually zero, as the plane of 
symmetry XOY is approached 

7 In conclusion, the writer wishes to acknowledge his indebtedness to Mias 
V M Emms for assistance m the photographic work 

* Nwi and Porter, * Phil. Mag ’ (1923) Also Nayler and Fraier, ‘ Aero Rea Ctee 
RAM. 332 (1917-18) 
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Summary 

The ultramicroscope has recently been used to exarame turbulent flow in 
pipes, and to obtain information on the eddying wake behind a bluff obstacle 
Photographs are given in the paper of some of the views seen when this earlier 
work was m progress , also of the flow around a circular cylinder at low 
Reynolds’ number The flows were revealed by the motions of those minute 
particles m water which b< came visible in the light beam of the ultramicroscope 


The Thermal DecomjMsihon of Nitrous Oxide at Pressures up to 
Forty Atmospheres 
By IS Huntfr 

(Communicated by C N Hinshelwood, F K S — Reef lVPd November 16, 1911 ) 

Nitrous oxide decomposes to nitrogen and oxygen at velocities which can 
be conveniently measured at temperatims between 600° and 860° C M A 
Hunter* investigated the reaction by streaming the gas through a porcelain 
bulb in a furnace and measuring the decomposition for different times of 
passage No attempt was made to determine whether the reaction is homo- 
geneous or heterogeneous The effect of wide variation of pressure was not 
UBcd to determine its order, since the reaction was followed only over small 
ranges of decomposition at atmospheric pressure From the velocity of 
decomposition, however, bimolecular constants were obtained which could be 
represented by the equation 

In l = 24 12 - 31800/T, 

where k is the bimolecular velocity constant and T the absolute temperature 
If this equation holds, the activation energy of the bimolecular reaction is 
62,040 cal /gm mol 

A much moro thorough examination of the reaction was made by Hmshel- 
wood and Burk,f who measured the rate of reaction by following the pressure 
increase at constant volume in a silica bulb The reaction was proved to be 

* * Z phyt Chem vol 63, p 441 (1906) 
f ‘ Proc Roy Soo ,’ A, vol 106, p 284 (1924) 
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homogeneous The initial pressure was varied betwetn 50 and 500 mm Hg, 
and it was found that the reciprocal of the half-lives when plotted against the 
initial pressures gave a straight line True bimolecular reaction requires the 
straight line 1 fa — ka, where /j is the half-lifo, and k the veloaty constant, 
and a the initial concentration The line through the experimental points 
showed a small intercept on tho 1 axis for which no explanation was offered 
at tho time From the variation of the bimolecidar constants between 565° 
and 852° C the activation energy of tho reaction was calculated to be 58,450 
cal /gm mol If the reaction were a bimolecular one dependent on immediate 
decomposition at each activating collision of the molecules the number of 
molecules reacting per second should be equal to Z X e B/HT , where Z is the 
number of molecules colliding per second and E is the activation energy From 
the observed rate of reaction at 1000° K a value of 55,000 cal /gm mol was 
found for tho activation energy The fairly close agreement between tho two 
values of the activation energy, 58,450 and 55,000 cal /gm mol and the manner 
in which the half-hfo varied with pressure provided good grounds for believing 
the reaction to be a simple bimolet ularone, dependent only on collisions between 
the molecules 

Further work on the rear tion has been published by Volmer and Kummerow,* 
who made velocity measurements at (>b5° C between 25 and <500 mm Hg 
They came to the conclusion that th< velocity of reaction was simply that to 
be expected from the low pressure part of a quasi-ununolecular reaction of tho 
type, which according to the theory' of Lindemannt may show a half-life 
independent of pressure over a very wide pressure range and yet exhibit a 
falling of! of velocity at some sufficiently low pressure Vol mr r and Kummerow 
expected to find that the nitrous oxide decomposition would give true uni 
molecular constants at some sufficiently high pressure In a paper by Volmer 
and NagasakoJ results at pressures up to 8000 mm Hg wore given, and it was 
claimed that these agreed with the theory of a quasi-unimolecular reaction 
and showed that the unimolecular constants were practically independent of 
pressure above a pressure of about 6$ atms The activation energy was 
53,000 cal /gm. mol 

Some measurements made by Musgrave and HinsheIwood§ during a study 
of the reaction at low pressures are shown m fig 1 The lme is almost straight 

• ‘ Z phy» Chem ,’ B, vol 9, p 141 (1030) 
t * Trans Faraday Soc ,’ vol 17, p 598 (1922) 

} * Z phy» Chem ,’ B, vol 10, p 414 (1930) 

| * Proo Boy Soc ,’ A, vol 135, p 23 (1932) 
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near the origin, hut passes through a region of groat curvature at about 00 mm 
Hg and thereafter straightens out to a line of a much smaller slope than that 
near the origin It is difficult to explain these results on the basis of Volmer’s 
theory of a simple quam-ummolecular reaction, since this would give a curve 
rising smoothly from the origin finally becoming horizontal, w itliout the marked 
change of curvature and straight lines of hg 1 Musgra\e and Hmshelwood 
were led to the conclusion that the observ'd reaction was the sum of a uni- 
molecular reaction, the line OAB ot hg I, and a bimoleculai reaction The 
intercept Of was regarded as a measure of the full extent of the uni molecular 
reaction and its variation with temperature gave a \alue of 50, WO cal /gin 



mol for the activation energy of the ummolocular reaction In the same pajier 
Musgrave and Hmshelwood gave results which proved that the nitric oxide 
formed as a by-product catalysed the reaction slightly 
If Volmer’s theory of a simple quasi-ummolccular reaction is correct, the 
half-life should be almost independent of pressure at all pressures above 
approximately 6 atms On the other hand, Musgrave and Hinshelwood’s 
theory of two concurrent reactions, one of which is bimolocular, suggests that 
the half-life nught still be dependent upon pressure even above 6 atms In 
order to discover the true state of affairs velocity measurements at pressures 
much greater than 6 atms are needed Such results are provided by the 
present paper, which reports measurements of the 'velocity of decomposition 
of nitrous oxide at pressures as high as 40 atms 
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Exverxmkntal 

Apparatus 

Tho reaction was studied at temperatures between 840° and 994° 0 and at 
pressures between 0 10 and 40 atms , by measuring the rate of pressure int rease 
of the gas at ( distant temperature and volume in a hiIk a bulb Two type s of 
apparatus wen used The low pressure apparatus was designed for work at 
pressures between 50 and 2500 nun Hg, tho high pressure ipparatus for 
work at pressures up to at bust 40 aims 

(1) Low Pressure AppmUus -The apparatus used by Hinshelwood and 
Burk (loc cU ) and described by Hinshelwood and Topley* was used for 
pressures up to 500 mm Hg and was idapted for uso at pressures up to 2500 mm 
Hg by fitting spring-loaded taps to stand the pressure, and by employmg a 
closed manometer tor the pressure meosureim nt This manometer was made 
from a .1 -shaped glass capillary tube, 1 mm internal diameter In the longer 
limb, dry CO t -freo air was * nclosed by a mercury throad, the movement of 
which m the shorter limb was used to indicate the pressure The enclosed air 
was kept at a constant temperature by fatting the longer limb w ith a water- 
jackct through which water from a 25° 0 thermostat was circulate J The 
mauoraetc r was calibrated against an open mercury column and then sealed 
to the apparatus The advantage of using a closed manometer of this type* 
is that it entails only a small dead space (1 5 to 2% of the volume of the re 
action bulb) and only a small correction to the results obtained with it is uoeded 

The nitrous oxide was stored in a glass bulb over mercury at a pressure of 
about 3000 mm Hg At pressures up to 2500 mm tho highest used with this 
apparatus, the gas appeared to reach the temperature of the reaction bulb 
within a second of its entry 

A change was made in the method of temperature measurement In place 
of a imlhvoltmctcr calibrated in degrees Centrigrade, which was found to be 
liable to changing zero errors, tho calibrated platinum-platinum rhodium 
thermocouple was used in conjunction with a potentiometer which made it 
possible to control the temperature to ± 0 3° C 

(2) High Pressure Apparatus —No apparatus for this typo of work at 
pressures up to 40 atms lias been described Volmer and Nagasako (loc cU ) 
used tho static method at pressures up to 10 atms They made little alteration 
to the apparatus used for normal pressures, the range of which is limited by 
the strength of the silica bulb 

* ‘ J Chom Soo vol 126, p 393 (1924) 
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The solution of the present experimental problem seemed to be to have a 



steel bomb whose walls could be kept at a low, 
safe temperature, serving as a container for an 
electric furnace surrounding the reaction bulb 
There mnun the difficulties of keeping the 
r<*action vessel at a uniform and accurately 
measurable temperature, of keeping down the 
<lt ad space, and of providing a sufficiently sen- 
sitive means ot pressun measurement It is 
behoved tliat these difficulties have been 
overcome m the apparatus described below, 
which was designed ior use at pressures up to 
100 atms 

The Bomb, Furnace, and Heacium Vessel A 
diagram of the steel pressure vessel and its 
contents is given in fig 2 The bomb A was 
made of mild steel, the cover plate B ot 
“ Vibrac ,” and the two gave a pressure-tight 
fitting on the copper ring C by the tightening 
of eight nuts o\ er the c over plate 

It was necessary to have insulated leads 
into the bomb for the current supplying the 
furnace and for the thermocouple The chrome- 
steel glass-insulated cones* wluch have been 
in use for some time at Wmmngton were used 
For the furnace a single insulated cone was 
enough, the return lieing via the steel body of 
the apparatus The copper wire leads to the 
furnace were threaded tlirough a length of 
twm-bon “Vitrcosil” tula' within the steel 
pressure tubing D One wire was fastened to 
the inner terminal of the insulated cone E, the 
other was connected to the metal at F By 
using the length of tube D, the cone was kept 
awaj from the heat of the furnace, which it 
was feared might have caused a breakage of the 
glass, if the cono had been fixed directly into 


* Wclbergen, ‘ J 8ci lnstr , vol 10, p 247 (1933) 
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the body of the bomb The outer part of the cone E was connected through 
rheostats to the positive lend of u 200-volt D C supply The n< gative was 
connected to the steelwork of the apparatus The glass insulation of the 
coins was much less than a milium tre thick, but care was taken to keep 
the bomb free from moisture, and it was found that the cone would carr\ a 
current of at least 3 amps throughout the pressure range without trouble 

For the thermocouple leads into the bomb, tw o insulated cones sot into one 
plug wore needed Tin platinum and platinum rhodium wires from the hot 
junction were fixed to the inner terminals of the two cones, and from the outer 
terminals platinum and platinum-rhodium wires ran to cold junctions with 
copper, kept at the temperature of melting ice The readings of a couple 
arranged m such a way aro only correct if all the four junctions to chrome steel 
are at precisely the same temperature Because of this it was not permissible 
to hx the pressure cones directly into tho cover plate B, where tiny would 
ha\e been subjected to a temperature gradient along their length, as a result 
of the dissipation of he at from the furnace The pressure joint was accord- 
ingly made in the separate vessel (} which was attached to the co\cr plate by 
a length of steel tubing along which passed the insulated wires from the hot 
junction Tho vessel U was water-jacketed, so preventing the occurrence of 
any difference in temperature along or between the insulated cones 

A connection through the cover plate w is made for the entry of the nitrogen 
used to balance the pressure within the reaction vessi 1 

The furnace was designed to give us even and as steady a temperature as 
possible m the heating space It was rather a diffic ult problem because of 
tho necessity of having a lagging which would take up a temperature gradient 
between tho furnace w-all at <>00° to 900" C , and the inner bomb will which it 
was hoped to keep below 200° (’ It was found to be unavoidable that the 
furnace space would not bo much greater than the required volume of a reaction 
bulb Tins increased the difficulty of ensuring an even temperature throughout 
tho furnace and reaction bulb, for with the bulb falling most of the fumaci 
space it became important to immunize any tendency for the furnace temperature 
to fall away at the ends 

Tho tendency for a furnace to show this effect of a serious temperature 
gradient at its ends is usually due to the efficiency of the endwise lagging of 
the furnace bemg much poorer than that of the laggmg of the sides In tho 
design of the furnace shown m fig 2 special atte ntion was gi\cn to this point 
The mchronve heating wire, 70 ohms resistance, insulated with porcelain 
“ fish spine ” beads, 3 mm m diameter, was wound in a deep helix cut m the 
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steel tube H This metallic tube was used for the purpose of giving a good 
heat conductivity along the length of the furnace which would help to main- 
tain an iven temperature The heating wire was covered with a thin layer of 
alundum cement, over which was wound sufficient asbestos string to give a 
diameter which would just lit the bomb The asbestos was held m pl.ice by 
a jacket of wire -netting The tube H was supported and prolongcsl bj two 
lengths of wide “ Vitreosil ’ tube .1 and J' Over 1 hc.se were pressed a suffic lent 
number ol discs ot asliestos < uncut board to occupy the space between the 
ends of the steel furnace tube and the ends of the bomb The hollow spice 
within the “ Vitrcosil ” tube J was hllod up with alundum cement The whole 
furnace assembly was made rigid and self-supporting by lioltnig together two 
tlun steel end-plates K and iv', with two lc ngtlis of steed tulie L and L' screwed 
at the ends Tubing was used instead of rod to give a free pissage for the gas 
between the front and the back of the liomb 

The reaction bulb M was made of silica and was about 16 cm long with a 
volume of 110 c c To promote a rapid equalization of temperature over the 
whole surface of the silica, the bulb was covered with a closely fitting jacket 
N, made from sheet silver about J mm thick This jac kot was made in two 
sections , one a test-tube shaped piece covering the whole lc ngtli of the re- 
action vossel, the other a hemispheric al cap which covered the remainder of 
the silica surface The silica bulb was sealed to the silica capillary tube O, 
round which were arranged three ‘ Vitreosil ” tubes to pass gas into the furnace 
spaco, and a length of twm-bore “ Vitreosil ’ tube to carry the thermocouple 
wires , over all these was wound asbestos string to the diameter of the* tube J' 
The hot junction of the the riuocouplo was fixed in contact with the mid point 
of the silver jac bet at P, by looping it round a small tang of silver raised from 
the body of the jacket N The leads to the junction were kept out of contact 
with the silver by threading them through 1 mm liore “ Pythagoras ” refractory 
tubing 

The above type of construction gives a roaction bulb with un outer surfaoe 
of a good heat conductor, heated m a furnace tube made of a good conductor, 
surrounded by a considerable thickness of lagging, particularly at the ends , 
so that the requirements for us even a temperature as possible are fulfilled 

One of the earliest difficulties was to find a way of making the joint between 
the reaction bulb and the steel gas supply pipe The first attempts were 
made with butt joints, for which a flange formed on the end of the silica 
capillary 0 was hold against a flange on the incoming steel tube, with a “ Klin - 
gente ” washer between The first joint made in this way was satisfactory. 
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but after a breakage many attempts to repair tho joint were unnu< c,ussful and 
the principle was discarded The type of joint finally used was found to be 
quite satisfactory It is show n in fig 2 The nnld sti el tube Q was turned 
with a cone li, which gave a gas-tight fitting on the cover plati wlu n tin nut 
R' was tightened It was found possible to join the silica to the steel by 
Boldering the capillary 0 to fin inside of the tube at a point S, sulh< if nth remote 
from the heat of tho furnace to avoid softi ning tho solder From the solder at 
S to the interior of the bomh there was a ilearanie of about a millimetre 
between the sdiui and the steel Some supjiort was given to the < apillary by 
tho tightly fitting brass sleeve T Thi 1< ngth of the tube Q outside the liomb 
was cooled by a ji t of air to make sure that there would lie no softening of the 
joint S The sted tube was iminected to the gas supply and manometer 
system by a lens ring joint at U to 0 7 nun bore < opper < -apillary tube, running 
to a T-pieie ((I, fig 3) 

Pressure MuisuremetU —The half-life , ill the decomposition of nitrous 
oxide, is reached when the pressure is l 21 times the initial pressure For an 
accuracy of 1% a pressure measuring instrument sensitive to 0 2 r >% of its 
pressure reading would be wanted Closed gas mauotnt ters could not con- 
veniently be used becauso of the difficulty of achieving this sensitivity and at 
the same time avoiding a large dead sjMioe A pressure balance* affords 
the most sensitive and accurate method of measuring pressures of the order of 
100 atoms , but it could not readily be adapted to follow the pressure change 
during reaction It provides a reservoir of fluid at a constant pressure', which 
can only be t hanged by changing the load on tho balance, an operation which 
takes an appreciable length of time , while the roue tion pressure to be measured 
would rise smoothly and contmuouslv from the instant of filling the bulb 

It seemed best to use sensitive carefully calibrated Bourdon tube gauges 
Six gauge s were obtained and calibrated against a pressure balance Four of 
these* we>re Schaeffer and Budcnberg gauges with 12-inch dials, two for 100 kg / 
cm 4 and two for 50 kg /cm 4 The remaining two gauges were Budcnberg 
gauges for 300 lbs /sq inch With practice it was found possible to read these 
gauges to 0 05 kg /cm. 4 , 0 02 kg /cm- 4 , and 0 4 lbs /sq mch respectively, so 
that they were sufficiently sensitive for the purpose for which they were 
required 

If these gauges had boeu used connected directly to the gas, the volume of 
the Bourdon tube, which was several cubic centimetres, would have been a very 
serious addition to the dead space of the apparatus. Tho presence of such a 
* Michels, ‘ Ann Physik vol 72, p 286 (1823) , vol 73, p 677 (1924) 
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large dead space was avoided by filling completely with oil the gauge reading 
the reaction pressure, and separating the oil from the gas by a mercury buffer 
The system used is shown m fig t The gauge A was connected by steel 
pressure tubing to a valve B and a pressure vessel C A Pyrex glass < apillary 
tube D, 1 mm bore, dipped almost to the bottom of this v< ssel This capillary 



was held by a nut which pressed on a flange E, soldered to the glass The 
capillaiy tube was about a metre long and its upper end was fitted with a 
soldered-on coupling F, through which it was connected to the reaction 
bulb, with 0*7 mm bore cop]>cr capillary, by way of the T-piece G The 
Bourdon tube was evacuated through the valve B, and at the same time the 
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apace over the mercury in the capillary D was evacuated Refrigerator oil 
was then allowed to run into the gauge through B, filling up completely all 
the free space and forcing mercury up the capillary tube to a height approxi- 
mately barometric The valve 13 was then closed This oil filling made the 
gauge sy stun so incompressible that a pressure of 80 atms produioil a iuo\ e- 
ment of only 40 cm m the mercury meniscus in the l mm tube D 

General At rnnrjement of the Apparatus — The complete apparatus is shown in 
fig 3 The bomb H was h< Id horizontally on a cradle on a bench about 3 feet 
high Passing through its cover plate was a steel pressure tube J, supplying 
nitrogen The nitrogen was stored under pressure in the large cylinder K, 
and the cjuantity of gas admitted to the bomb was control Ic'd by the fine- 
adjustment valve L The pressure of gas in the bomb was shown by the gauge 
M A \ alve N was fitted for blow mg off gas or for evacuating the bomb 
The nitrous oxide was stored under pressure in the cylinder 0 which was 
comics ted by steel tubing to a fine -adjustment valve P, lending to the bomb, 
and a valve Q which was used for blowing off the gas, and for evacuating the 
reaction bulb The fme-ndjustment valve P controlled the quantity of gas 
entering the r< action bulb and its speed of entry It wus connected to the 
T-pies e G by 0 7 mm bore eopper capillary tube This T piece was con- 
nected by similar tubing to the reaction bulb and the glass capillary D By 
using this small bore tubing the dead space between the valve P, the reaction 
bulb, and flu mercuiy meniscus m D was kept below 1 c c 
The control valves L and P were plac ed together at slioulder-lovel on a 
panel, with the gauges A and \1 on either side 

Protection against the danger attending a burst of the glass tube D was 
given by a Triplex glass screen 

Temperature Measurement arul Control — The Johnson- Alatthoy platinum 
platinum rhodium couple which was used had been calibrated against a 
platinum resistance thermometer up to about b50° C and checked at the salt 
point (801 u C ) and gold point (1063° C ) The cold junction was kept at the 
temperature of melting ice, and the e m.f of the couple was measured with a 
Cambridge Scientific Instrument Company ‘ Workshop potentiometer ” 
which had lieen altered to give a tapping for a low lesistance external galvano- 
meter The potentiometer dials were set to the required voltage and the current 
through the furuaco was controlled to give no deviation of the galvanometer A 
change of one microvolt in the couple e m.f produced a deflection of 1 } mm 
By watching for the first signs of a deviation and taking steps to correct it 
immediately by changing the heating current, it was usually found to lie 
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possible* to keep the couple reading constant within less than 2 microvolts, 
which meant a temperature constant to about h 0 2° C 

Experimental Procedure -After assc mblmg the apparatus the furnace was 
baked out at the working temperature, und at the same time evacuated through 
the valve N hg ‘1, by a “ Hyvac ” pump with a liquid air trap By doing 
this a large amount of water and gii ase was removed from the isbestos lagging, 
and the danger of shortuig the insulated cones by a layer of condemn'd moisture 
averted After this evacuation the bomb was always kept filled with nitrogen 

To propurc tor an experiment the furnace temperature was adjusted to the 
required value and the reaction bulb evacuate! through the valves P and Q 
Valvi s P, Q, L, and N were then closed and the valves of the tw o cylinders 
N and O were opened By opening simultaneously the fine adjustment valvis 
P and L, the silica bulb was filled with nitrous oxide at the same time as the 
bomb was filled with nitrogen and during this filling the prt ssures of the two 
gases as shown by the gauges A and M were kept equal The falling could be 
carried out at speeds up to 2 atms per second When the gas pressure for the 
expinment was reached the two valves P and L were tightlj closed One 
observer began nnmcdiati ly to take readings of the gauge A, and of the hi ight 
of the menury meniscus m the capillary i), and a second obser\cr started a 
stop-watch and noted the pressure readings and the time at which the\ were 
taken, and also controlled the furnace temperature A continual light tapping 
of the gauge was necessary to get the proper reading 

As the reaction procuded the pressure in the bulb shown bv the gauge V 
rose, and it was neccssai) to adjust the bulancmg pressure of nitrogui This 
was best dont continuously, bj adjusting the valve \, to give a steady leakage 
of gas into the bomb, at a rate corresponding to tin rate of increase ot pressure 
in the reuction bulb 

After the reaction hail been followed for a sufficient length of tune, the gas 
was blown out by opening valve Q and then slowly releasing valves P and N 
When atmospheric pressure was reached, the reading of the gauge A and the 
height of the men ury column in D was taken It was then possible to i orrect 
the observed readings for the calibration error of the gauge and for the efEoc t 
of the changing head of mercury mb to obtain the absolute pressures of the 
gas in the reaction bulb The results of typical experiments are shown in 
Table 1 

When experiments were made at pressures above approximately 2.1 atms 
there was a tendency for the furnace temperature to fall slightly during the 
filling, because of the larger quantities of gas which had to be heated Tins 
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fall in temperature was usually less than half 11 degree, hut its effects on the 
reaction velocity were nullihed by starting with the tempi ruturo half a degree 
high 

it is important that the time taken to fill the real tion bulb should Ik short 
If this filling tune is an appreciable fraction of the lialf life, it becomes diftu ult 
to decide the initial pressure and starting time of the real tion from 1 lie expert 
ini ntal curve, for some of the gas will lie reacting and giving a pressure change, 
although more gas is still entering the bulb By choosing the working tempera- 
tuie to give half-lives of at least 15 to 20 minutes, the time taken to fill at 
a speed of 2 atms per scs ond or faster, becomes such a small fraction of the 
half-life of the reaction that there is no difficulty in fixing the initial pressure 
within 0 5% and the time zero to a second or two 

Good evidence that the time taken by the gas to reac h the reaction tempera- 
tun was very short was provided by the shape of the reaction curves If the 
gas had remained below the final reaction temperature for some length of time, 
the experimental pressure time curve would have shown a pronounced 
change of curvature near the origin, the points being low, gradually rising to 
the true reaction < urve for a steady temperature as the rising temperature of 
the gas produced a higher pressure Actually the experimental curves showed 
no such effect 

Source of Nitron* Oxide — The nitrous oxide was taken from a cylinder of the 
pure liquid supplied by the British Oxygen Oompanj marked “ for inhalation ” 
The gas was found to Is % 7% nitrous oxide, the remainder being nitrogen 
and oxygi n For many of the experiments in the low pressure apparatus the 
gas was punhed by condensing the nitrous oxide in liquid air and pumping 
away the permanent gas before evaporating and collecting the pure gas This 
puiified gas gave the same results as the gas taken directly from tho cylinder 
This was also the experience of Hinshclwood and Burk, and of Musgrave and 
Hinslielwood (lor cU ) who found that even large quantities of air hud no 
effect on the velocity of reaction except at very low pleasures of nitrous oxide, 
eg , 30 mm Hg 

For the high pressure apparatus cylinder gas was the only convenient source 
of supply of large quantities of compressed nitrous oxide, and it was used m 
all the experiments There was no difficulty in filling tin reaction bulb at 
pressures up to at least 40 atms , since the vapour pressure from liquid nitrous 
oxide at room temperatures is above 50 atms 

Determination of Nitrw Oxide in the Reaction Product - Tho amount of 
nitnc oxide formed as a by-product during the high pressure reaction was 
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measured m a few instances The method was one of those used by Musgrave 
and Hmshelwood When the half-life had been reached the mixture of nitrous 
oxide and its reaction products was blown into an evacuated, calibrated 3-litre 
flask, and the temperature and pressure of the gas were measured In this 
mixed gas the by-product w as present as nitrogen peroxide formed from nitric 
oxide and oxygen on cooling It was converted to nitric acid by admitting 
about 50 c c of distilled water to the flask and shaking the contents for half 
an hour The acid so formed was titrated with centmormal alkali Control 
experiments were made to ensure that no soda was lemoved from the walls of 
the flask by the shaking with water, and that the original nitrous oxide shaken 
with water gave no acid The percentages of nitnc oxide found art given in 
Table VII, the accuracy is probably about 10% 

The Temperature and Pressure Ranges Employed — With the low pressure 
apparatus experiments were made between 75 mm Hg and 2200 mm Hg at 
temperatures between 999° and 888° K The half-lives varied between 120 
and 10,000 seconds The high pressure apparatus was used between 1 and 
40 kg /cm* and 840° and 930° K with half-lives varying between 10,000 
seconds and about 500 seconds 

Some attempts were made to carry out experiments at pressures as high as 
70 kg /cm.* To do this it was necessary to warm the supply cylinder 
to obtain a high enough pressure to fill the reaction bulb, and also to 
heat the connections to the manometer to prevent the formation of 
liquid nitrous oxule which would load to a discrepancy between the 
observed rate of pressure increase and the true rate of reaction It 
becomes necessary to heat the dead space of the system abo\e the 
critical temperature, 36 5° C , for all experimental pressures much above 
40 kg /cm.*, for when the half-life is reached at about 50-60 kg /cm * the 
pressure is sufficient to liquefy the unreacted nitrous oxide in the dead space 
if tins is at room temperature These experiments above 40 kg /cm * were 
not successful On a number of occasions the reaction bulb exploded, probably 
as a result of contamination of the gas with grease forced from the valve pack- 
ings by the heatmg It is possible that the use of valves packed with fibre or 
white metal might cure the trouble 

Three of these experiments, although unsatisfactory from the point of view 
of temperature control and reaction velocity measurement, have provided 
some of the data for Table VII, which shows the amount of by-product nitno 
oxide formed during reaction at different pressures 
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Results 

The Velocity of Reaction at Pressures up to 2000 mm Hg (2 72 kg /cm *) Low 
Pressure Apparatus 

The results at pressures lielow GOO ram were obtained with the normal low 
pressure apparatus , those above thm pressure with the low pressure apparatus 
fitted with closed manometer 

Table II 


913 5' K 

971" 

H 

996 5" K 

Initial 

Half life. 

Initial 

Half lift , 

Initial 

Half life. 

proMurr 






mm Hg 


mm Hg 


mm Hg 


180 

7360 

220 

910 

228 

416 

400 

4760 

390 

076 

376 

317 

760 

3270 

832 

494 4 

829 

231 0 

1137 

2778 

088 

436 6 

932 

207 4 

1606 

2226 

1119 

399 3 

1049 

195 

1816 

2160 

1316 

369 

1126 

182 1 

2120 

1893 

1683 

307 6 

1208 

176 



1896 

286 i 

1278 

178 1 



2002 

287 6 

1386 

166 7 





1460 

169 7 





1674 

148 6 





1728 

142 7 





1863 

139 2 





1930 

131 4 





198,1 

129 6 





2020 

132 2 





2165 

122 2 
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Table III — Temperature 614 7° C , 887 7° K. 1 kg /cm.* = 0 967 aims 


SEP 

Half life. 

Prewture, 
kg /cm * 

Half life. 

0 36* 

13,824 

10 63 

2,415 

0 46* 

11,394 

12 60 

2,093 

0 54 

9,640 

12 84 

2,123 

2 44 

4,815 

19 20 

1,830 

3 40 

3,490 

24 61 

1,642 

3 97 

3,220 

26 67 

1,600 

4 06 

2,970 

30 40 

1,493 

6 04 

2,836 

32 86 

1,482 

0 70 

2,860 

36 46 

1,469 

8 70 

2,426 

39 66 

1,454 


* Low pressure apparatus 
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Table IV — Temperature 644 7° C , 917 7° K 1 kg /cm 4 — 0 967 atms 


Pressure, 

Half life, 

Pressurt 

Half life. 

kg /cm * | 

secs 

kg /cm * 

secs 

0 51 

3,110 

7 24 

702 

2 21 

1,680 

9 20 

711 

3 00 

1.240 

10 78 

003 

J 09 I 

1,044 

12 20 

000 

4 (14 

803 

12 80 

004 

5 80 

819 



Table V — Temperature 657 5° (' , 

930 5° K 1 kg /cm 4 = 0 967 atms 

Pressure 

Half life, 



Half life. 

kg /cm « 

| secs 

I kg /cm * 

j Me0 * 

0 02 

2,190 

6 Ml 

0J4 

2 20 

907 

1 7 99 

! 473 

2 97 

767 

, 9 22 

, 429 

3 98 

608 

11 20 

398 

5 1 i 

080 

1 12 73 

348 


Table VJ — Change of Reaction Velocity with Temperature and Change of 
Activation Energy with Pressure at Constant N,0 Concentration 



l°Kia (!/<*) 

kg /cm * 

Observed 

Calculated 


Actuation 
energy E, 
call Igm mol 


1 Pressure 37$ kg /cm.* 


840 9 

37 0 

4 0640 

4 064 1 "I 

867 8 

37 4 

i 383 

4 386 [ 

866 2 

38 1 

4 644 

4 646 r 

870 0 

37 80 

4 711 

4710 IJ 


2 Pressure 18$ kg /cm.* 


840 9 

18 2 

5 948 

5 930 "I 

867 8 

18 00 

4 266 

4 281 1 

866 2 

18 6 

4 421 

4 419 f 

876 0 

18 4 

4 6700 

4 581 J 


3 Pressure 0 63 kg /cm. 4 , 390 mm. Hg 


904 3 

0 026 

4 2640 

4 290 

1 

910 6 / 

0 624 

0 636 

4 642 

4 601 

\ 4 028 


934 7 \ 

0 633 

4 796 

i 4 761 ! 


061 6 

0 646 

5 0070 

3 013 i 

3 260 | 


068 6 

0 636 

S 2640 

J 
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Table VI —(continued) 

temperature, 



Activation 

"h 

kg /cm • 

Observed 

Calculated | 

cala /gm mol 


4 Pressure 0 26 kg /< m *, 

190 mm Hg 


904 7 

» 

4 1)96 

4 109 

} 

934 7 

0 268 

l 658 

4 642 


961 5 | 

0 252 

0 265 

l 7545 
l 770 

} j™ 

l 5 >,200 

908 5 

O 265 

i 985 

4 994 


m 8 

O 258 

3 220 

3 213 

J 


5 Pressure 0 14 kg /cm.*, 

10) mm Hg 


904 3 / 

9 141 I 

0 137 

3 930 | 

3 900 

\ 5 943 ! 

] 

919 0 | 
951 0 | 

O 137 

U 137 

0 141 

I) 148 

4 1845 
l 1726 | 

4 540 | 

i 831 

} 4 loo 
} 4 588 

t 53,760 

908 5 

0 141 

4 790 

4 805 


909 0 

0 144 

3 192 | 

3 175 1 

J 


6 Pressure 0 10 kg /cm *, 7.) 5 mm Hg 


918 5 , 

0 10 

4 0576 

4 050 ,1 

934 7 

9 10 

4 2775 

4 208 

951 5 

0 10 

4 510 

4 518 

968 5 

0 10 

4 760 

4 732 

985 8 

0 10 

4 941 

4 941 

999 (1 

0 10 

3 103 

3 096 


Table VII — The Amount of By-Product Nitric Oxide formed at various Pressures 
at 590° C 


Initial pressure of N,0, kg /cm 1 

11 4 

18 2 

24 1 

33 3 

45 3 

51 0 

83 3 

Molecules % NO at the half life 

0 11 

0 10 

0 09 

0 07 

0 07 | 

0 08 

0 09 


Nitrous nxido from cylinder (97 % N,0) 0 0066 moli % NO 


DvKwmn 

The results obtained with the low pressure apparatus, whioh are shown in 
fig 4, are dearly in agreement with the observations of Hmshelwood and Burk 
and Musgrave and Hmshelwood (foe at ), since straight-lines can bo drawn 
for 1/t, against the pressure as far as 2000 mm Hg From the work of Musgrave 
and Hmshelwood we know that these lines can be expeoted to bend sharply 
towards the origin at some pressure in the neighbourhood of 60 mm. Hg. 



Table VIII —Temperature 888° K 
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At 2000 min. Hg, a pressure at which Volmor found an approach to true urn- 
molecular velocity constants, there are no indications whatever of the line 
1 /tj against p tending to become horizontal 

The curve for the complete pressure range at 888° K is shown in lig 5 , the 
straight line extending to at least 3 kg /cm.* m fig 4 is found to bend over 
fairly sharply at about 4 kg /cm * to another straight line of smaller slope which 
persists to about 26 kg /cm.* before curving away Above 30 kg /cm.* the 
half-life is almost independent of pressure 
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The in< asurements given in Tables IV and V were made to see whether any 
shifting of the bend at 4 kg /cm * with change of temperature could be dis- 
covered The curves of fig 6 show that within the range of temperature 
employed, change of temperature produces no definite change of the pressure 
at which the bend occurs. 

The results of Table VII, which show the amount of nitric oxide formed 
during reaction, give an assurance that at high pressures catalysis by this 
by-product is no more serious than it is at low pressures Musgrave and 
Hinshelwood found that at an initial pressure of 200 mm Hg of nitrous oxide, 
about 3\% of mtnc oxide was formed during reaction , at 500 mm Hg this 
had fallen to less than 2% Table VII shows that the percentage of nitric 
oxide formed continues to decrease with rising pressure 

The results of measurements made to determine the activation energy are 
given in Table VI For each senes straight lines are obtained by plotting 
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1/K° against log ljt i The values of log \/t i calculated back from these 
straight lines are tabulated m column 4 The inferior accuracy of the two 
senes at the lowest pressures, 75 and 100 mm Hg, is due to the difficulty of 
measuring accurately with an ordinary manometer, a pressure increase of 
only 18 to 25 mm Hg An attempt was made to carry out each senes at 
constant initial concentration of N,0 rather than at constant initial pressure, 
by taking into account tho variation of pressure with temperature at constant 
concentration, and adjusting the initial pressures accordingly The activation 
energies, calculated on the assumption that the slopes of the lines 1/K° against 



log, 1/tj at constant initial concentration are equal to E/R, are given in 
oolumn 5, and are plotted against the pressure m fig 7 In this graph the 
results of Musgrave and Hinshelwood for zero pressure, Hinshelwood and Burk 
for pressures between 100 and 400 mm. Hg, and M A Hunter for atmospheric 
pressure are included Between 0 and 4 kg /cm * there ib a great increase of 
activation energy with increasing pressure Above this pressure there is 
little further change to 40 kg /cm. 1 These results are at variance with those 
of Volmer and Nagasako,* who give an activation energy of 53,000 oal /gm 
mol for all pressures up to 10 kg /cm.* There is little doubt, however, that 
fig 7 shows the true behaviour, since it is supported both by the satisfactory 
results of Table VI and by the results of other workers. It is likely that we 
* ‘ Z phys. Cbem B, vol 9, p 141 (1930) 
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are concerned with at least two, and possibly more, simultaneous reactions, 
each with a different activation energy It remains to be decided whether or 
not the hypothesis that a ummolecular reaction proceeds alongside a bimolecular 
one is sufficient Fig 5 shows that it is not The straight lino for l/f t — p 
does not continue indefinitely, but bends to another practically straight line 
of smaller slop*, which in turn is succeeded by one which is almost horizontal 
Recent work on the thermal decomposition of acetaldehyde by Hinsholwood 
and Fletcher* has produced results which correspond closely to those for 



Fig 7 


nitrous oxide, except for their much smaller pressure scale The same type 
of segmented curve was obtained, with sharp bends at d, 45, and 250 nun Hg 
In order to account for the behaviour of acetaldehyde the theory was put 
forward that the molecule can lie activated in a definite number of different 
wayB, according to the manner in which the energy is divided within the mole- 
cule between the different modes of vibration or rotation In quasi- um- 
molecular reactions the time lapse between the instant of activation of the 
molecule by collision and the instant of its decomposition probablv arises 
• • Proo Rov Soc A, vol 141, p 41 (1933) 
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from the necessity for u re-arrangement of the energy within the molecule 
before a state favouring decomposition is brought about It is conceivable 
that the time taken for this re-arrangement will depend on how the energy has 
been distributed between the modes of vibration according to the particular 
way in which the molecule has been activated If a definite number of 
different ways of activation are possible thej will lead to the sanu definite 
number of independent quasi-ummolecular reactions. 

In their paper, Hinshelwood and Fletcher made a rough analysis of a curve 
of the type of fig 5 and succeeded in showing that such a curve represents 
the combined effect of three separate quasi-ummolecular reactions 
For each reaction an equation of the type 

- K t pa - Kaa = 0, 


holds, where K,^ 4 is the rate of activation by collision, K t pa the rate of de- 
activation of active molecules by collision with normal molecules, and KgO 
the rate of decomposition of activated molecules, or rate of reaction If there 
are three types of activated state the observed velocity is 


— dp/dt 


1 + Kjp/K a ^ I + K'jp/K'j ^ 1 4 - K" tf /K", 


If the three types of activated molecule have fairly widely different prob- 
abilities of reaction, K 3 5 s - K' a / K" a , and it can be shown that the curve for 
1 /<j against the initial pressure starts from the origin as 

l/<t (K, + K\ -f K'\) p 0 

This is the line OA of fig 8 It ib succeeded by a practically straight line 
of elope approximately (K x + K',) which makes an intercept of about 
log 2, on the axis of 1 /tj This line, AB in fig 8, represents the 
reaction velocities at pressures between 50 and about 3000 ram Hg, and its 
intercept is that which appears in figs 4 and 5 In this region one of the three 
reactions has reached its limiting velocity constant At a higher pressure the 
second reaction reaches its limiting velocity constant, and the (me of slope 
(Kj + K\) is followed by a lino of slope K x , directed to a stall larger intercept 
on the axis of l/t i This third lme is BC in fig 8 which eventually becomes 
practically horizontal as the rising pressure causes the third reaction to approach 
its limiting velocity constant 

The methods of this analysis give for the nitrous oxide decomposition the 
three quasi-ummolecular curves OEF, OGH, and OJK of fig 8 Although it 
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is dear that three separate curveR can account, for the shape of the experimental 
curve OABOD, fig 8 does nol show more than the approximate magnitudes and 
aliapes of the three curves, since the limiting v» loc lty constants LF, LH, and LK 
arc not sufficiently widely separated to fulfil tho condition Kj K' a K" 3 , 
which is necessary liefore the above analysis cm lie expected to hold dmost 
quantitatively 

It is now possible to explain tho activation energy i urvo of tig 7 K.u li of 
the three reactions has its own iu tivation oncigy \t low pri ssun s ( ^ it) mill 



Pro 8 

Hg) the low pressure reaction OEF of fig 8 contributes a greater fraction to 
the decomposition than either tho medium pressure reaction OGH, or the high 
pressure reaction OJK, but as the pressure rises these latter two reactions 
participate to a greater and greater extent The curve for the avoiago activa- 
tion energy consequently shows a rapid change m K with increasing pressure 
At about 5 kg /cm *, however, both the low pressure and the medium pressure 
reactions are giving their maximum possible reaction velocities, and their com- 
bined contributions are quite a large fraction of the total. The increase in 

2 B 
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velocity on increasing the pressure above about 5 kg /om.* is due solely to the 
growth of the high pressure reaction OJK of hg 8 and the measured mean 
activation energy no longer shows such a rapid change with increasing pressure 
Above a pressure of about fO kg /cm * the limiting velocity constants of all 
three reactions are reached and the observed activation energy becomes inde- 
pendent of pressure, since the relative contributions of the three reactions do 
not vary with pressure 

The absolute values of all tliree activation energies cannot be deduoed from 
fig 7 sinee each may itself vary continuously with pressure It is apparent 
that the low pressure reac tion is associated with an activation energy of about 
50,500 cal /gm mol The activation energy of the high pressure reaction 
must be above 65,000 cals /gra. mol , and the value for the medium pressure 
reaetion is probably between 50,500 and 62,000 cal /gm mol Since the first 
reaction with activation energy 50,500 cal /gm mol gives a maximum veloc ity 
less than that for the second reaction with activation energy approximately 
00,000 cals /gm mol , and this second reaction in its turn gives a maximum 
velocity less than that of the third reaction with an activation energy greater 
than 65,000 < al /gin mol , the probability of the decomposition of the activated 
molecule of the first reaction is smaller than that of the second, which ogam is 
smaller than that of the third reaction with the highest of the three activation 
energies 

In Table VIII the results of somo calculations based on the data of Tables 
III and VI are given Since the reaction is a compound one it was not justi- 
fiable to assume that the number of molecules reacting per cubic centimetre per 
second at any given pressure amid be < alculated directly from the particular 
value of the unnnolecular velocity “constant” In 2/4, or the bimoleculai 
c onstant, 1 /at i at that pressure However, the tangent dpjdl at the time 
origin of each rc-action curve can be used to calculate the number of molecules 
reacting, since the pressure increase is brought about by the formation of three 
molecules m place of two of nitrous oxide Tt was fouud that the number 
calculated in this way always agreed to withm 10% of the number calculated 
from the different values of l»2/4 (the uni molecular ‘ constant”) over the 
pressure range The numbers calculated in the latter way were used in Table 
VIII since the values of 4 were known more accurately than the values of the 
tangents at the very start of the reactions, which were not easy to determine 
accurately 

In column 2 of Table VIII is shown the ratio, reacting molecules/(2 5 x 
calc, no of colliding molecules) The number of collisions was calculated 
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on the assumption that the diameter of the nitrous oxide molecule is 3 32 X 
10~* cm. The factor 2 5 is used to compensate for the increased number of 
collisions due to the higher than averagi velocity of the high translational 
energy molecules which are likely to be conurnui m Motivating collisions and 
for the possibility that a particular orientation of the molecules at the moment 
of impact is necessary 

The values calculated for the expression t -K/Jtc from the data of Table VI 
are given m column 3 of Table VIII, and it will be seen that activation energy 
associated with only two square terms can only account for one-twentieth of 
the observed reaction, as is shown m column 4 

The fraction of the molecules possessing energy greater than E, distributed 
between a number of degrees of freedom is given as a suffiuc nt approximation 
by the expression 

fB+Un - 1 ) RT\ 

e V -w-) [E/HT + qw + l)]*"- 1 

where n represents the number of “ square terms ” between which the energy 
is distributed This expression worked out for nitrous oxide, gi\ t s for n = 4 
and n == 6, the values which appear in columns 5 and 7, respectively of Table 
VIII The ratios in columns fa and 8 show that the rate of activation can be 
equated to rate of reaction if n — 4 and is greater than the rate of reaction 
if n = fa This implies a distribution of energy between two, or at most three 
degrees of freedom, so that activation energy can be distributed betwi en trans- 
lational energy and one or perhaps two modes of vibrational energy witlun 
the molecule It is now fairly generally accepted that the atoms of the nitrous 
oxide molecule lie m a straight lme in the. order NNO , two or even three degrees 
of freedom is therefore not an unreasonable number 

Since the observed reaction can be regarded as the resultant of three cpiasi- 
ummolecular reactions, the thermal decomposition of nitrous oxide is principally 
concerned with the isolated molecule, which presumably breaks up according 
to the scheme N,0 — * N, + 0 This free oxygen atom must nac t rapidly, 
either with a second free atom, 0 1-0 — — ► 0 4 , or with a fresh nitrous oxide 

molecule 0 + N 4 0 *• N 4 -f- 0 4 , and the measured pressure mere ase will 

be that corresponding to the stoiohiometru equation 2N a O - »■ 2N 4 -J- O r 

The author wishes to thank Mr C N Hinshelwood for his help and advice 
throughout the work, and Mr W R D Manning, of the Department, for his 
help in the design of the apparatus. 
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The author also thanks the Directors of Imperial Chemical Industries, Ltd , 
for permission to publish this work which was carried out m the Research 
Department of I C I (Alkali), Ltd , Wimungton, Northwich 

Summary 

Apparatus for the study of gas reactions by tho static method at pressures 
up to 100 atms and at temperatures up to 900° C is described 
Results of measurements of tho velocity of thermal decomposition of nitrous 
oxide at pressures up to 40 atms art given In conjunction with the work of 
Musgravc and Hinshelwood* they show clearly that the observed reaction is the 
resultant of three separate quasi-uiumolecular reactions which become inde- 
pendent of pressure at approximate Iy 0 08, 5, and 30 atms , respectively 
The average activation energy of the n action lias been measured at different 
pressures and is found to rise rapidly from the value 50,600 cal /gin mol ut 
zero pressure until a pressure of about 0 atms is rein bed As the pressure 
rises above 0 atms it becomes less and less dependent upon pressure, and is 
practically independent, of pressure above 30 atms 
The behaviour of the reaction suggests that there are three separate modus of 
activation, each with a different mean activation energy and a different prob- 
ability of decomposition of the ac ti vated molecule 


* ' Proo Roy 8oo ,* A, vol 13/5, p 23 (1932) 
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A Rdalimstic Basts of the Quantum Theory 
By H T Flint, Remler in Physics, University of Ijondon, King’s College 
(Communicated by O W Richardson, FR8 — Received December 2, 19%5 ) 
Introduction 

In a previous communication* it was pointed out that the problem of the 
quantum equations could be regarded as having developed into a search for 
a modification of the Riemanman covenant differentiation 

This view of the problem appears from many of the more recent publications, 
some of which are quoted below f 

Various underlying geometrical or analytical theories have been employed 
to deternune the mollification of the Chnstoffel bracket expression, which we 
write here IV/, but m general the dh (t is to introduce a new quantity T„/ 
which must lie added to r M „“ The construction of TV/ d< p» mis upon the theory 
adopted, and it is some turn's syiiurn tncal hi p, v and sometimes not 
Frequently the attempts have been suuessful to the extent of uniting 
gravitational and electromagnetic theory but the quantum equations, though 
fitting in well with the particular geometrical background, Btand aside some- 
what and are not absorbed completely into the scheme As an example of 
this Fisher and Flmt (lot cU xnfra) found that Dirac’s first order equations 
( ould lie expressed m the form of a vanishing dive rgence and from the equations 
so obtained the second order wave equation containing the ‘ spin ” terms was 
deduced without the introduction of furthor hypothesis But this method 
merely placed the equations into the scheme and it was only by a somewhat 
indirect process that they could be shown to have a geometrical significance J 
Nevertheless, the actual form of the first order equations in this notation 
raises the hopo of a possible union of gravitational, electromagnetic and 
quantum theories The present paper is a result of this discovery The 
underlying idea of this earlier attack on the problem was simple The track 
of a charged particle m a gravitational and electromagnetic field was regarded 
us a null geodesic Associated with this track a set of equations was adopted, 
•Flint, ‘Proo Roy Boo A, voJ HI, p 370 (19M) 

t Flint, ‘ Proc Roy Soo A, vol 117, p 630 (1928) , Fishor and Flint, ‘ Proo Roy 
Soo ,’ A, voL 126, p. 644 (1930) , Fook, ‘ l Physik,’ vol 67, p 261 (1929) , Sohroedinger 
< SitsBor Preuas Akad. Wiss No 11, p 106 (1932) , Pauli, * Ann Physik ,' vol 18, 
pp 305, 338 (1933) , Sohouten and van Dantng, ‘ Z Physik,’ vol 78, p 639 (1932) 

} Fahmy, ‘ Proc Phya Soo ,’ vol 44, p 368 (1932) 
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based on the analogy that exists between the track of a photon and Maxwell’s 
equations The equations so obtained turned out to be in the form of the 
quantum equations 

In the light of the present stud) of the problem we shall have to regard 
tins qb an approximate theory, but it may be that m this dose analogy to the 
wave theory of light we have the basis of the wave theory of matter We 
may worn examining the extent to which the analogy may be extended just 
how far ne can go with the nave theory of matter 

The other view of the quantum problem, which we suggested* was that 
it has become a search for quantities more fundamental m chracter than the 
g„, m the expression, ds % — % r da? da f, for the line element 

The first to express this defimtel) appears to have been Tetrode f Fock 
(loc ett ) worked out a detailed theory, using a relation of Tetrode’s shortly 
afterwards 

More recently Schroedingcr ( loc ext ) has developed a theory of mvanance 
with a generalized sot of quantum equations, with which we shall have occasion 
to compare the results of this pup< r 

The basis of this line of attack is the introduction of matrices a m , which are 
more general than those originally introduced by Dirac and which satisfy 
the equations 

(1) 

where 1 is the unit matrix 

This method has much ui common in its form with Einstein’s theory of 
parallelism, t which we showed lent itself readily to the expression of the quantum 
equations as a vanishing divergence § It was therefore thought that the 
geometncul representation might succeed best m the framework of that theory 
and a study of the question was published || A close analogy was discovered 
with Schroedinger’s method but nothing emerged from the theory which would 
help to decide upon the particular type of space-fame geometry appropriate 
to natural phenomena The mathematical form of the theory appears to 
permit of some variation in this particular 

We must just mention here the work of Veblen and Hoffmann and the very 
general theory of Schouten and van Dantzig The latter have given a very 

* ' Proo Boy Soc A, toL 141, p. 370 (1033) 
t ‘ Z Phyrik,’ vol 60, p 330 (1028) 

t Einstein, • SHxBer Pieust. Akad. Wiw.,’ No. 17, p 217 (1028) 

| Flint, • Proo Roy Soc A, vol. 121, p 076 (1028) 

!l Ibtd., vol. 141, p 363 (1033) 
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general formulation of the field theory, and it appeal* to include most of the 
important notations already proposed 

Tin Barns of the Present Theory 

The method we adopt here is based on a modiiu ation of th* lliemanman 


covenant denvative 
Instead of taking this to be 



Me - r "A., 

dx- * 

(2) 

we shall suppose it to be 


(3) 

and we shall write 

A m ," = IV/ h T„/ 

(4) 


T„/ will not be supposed symmetrical in p, v as IV," is, but we shall divide it 
into an antisymmetries] part A M / and a symmetrical 0 M> ‘, writing 

V = - ©*/ (6) 

It will be seen that we are using the same notation as Einstein employed This 
is for the reason mentioned above that lus theory of parallelism suggests the 
mathematical form appropriate to our purpose We do not adopt the system 
of parallelism introduced by lum We shall, at any rate, have no occasion to 
refer to it The idea is to leave open questions of this sort in order to fra 
the notataou of the limitations which geometry imposes on the form of T„,‘ 
It will be noticed that we have left ourselves unrestricted with regard to 
symmetry 

It must also be made clear that we propose to make use of a system of 
five co-ordinates, x u , (p - 1, 2, 3, 4, 5) Every particle in our theory has 
live degrees of freedom This is a point which has not met with general 
acceptance on the ground that the space-time of Physics is four dimensional 
and no definite meaning can lie given to th« fifth co-ordmat< 

Our use of the fifth co-ordinate here is solely to i liable us to make an appeal 
to mathematnal form If we arc corral in the sense that our results < orre- 
spond accurately with those of experiment, we can never presume to say more 
than that the physical world can be described as if it were five dimensional 
The success of the four-dimensional theory of the universe allows us to say no 
more than this with regard to the four-dimensional world One may only 
exclaim in the excitement of discovery that space and time have henceforth 
vanished to shadows. 
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But as wo have stated above, it is not our intention to insist upon the geo- 
tn< tru id aspect of the theory 

The more serious objections to the theory m the form of Kalura and Klein 
•ire that the general e ovananec is destroyeil by the c ylmdncal ” condition 
that the e/ M , do not contain x 5 and that e / 86 is taken as constant 

Foi this re oson many writers have sought to mamtam a four-dimensional 
continuum, introducing five variables as auxiliary quantities, related to the 
tour co ordinate s, c 7 , Pauli’s method of homogeneous co-ordinates makes the 
8|«iC e-time i 0 ordinates homogeneous functions of zero degree in the homo- 
geneous variables 

In the theoiy of Euistein and Mayer* vee tors are intrexlue-eel vvluch are 
iv luted to foui-ihmeiisional vectors, but tin* eo ordinate system is four dimen- 
sional Tins thc‘or> is a unitary theory of gravitation and electricity 

Such them us nceessaiily include many definitions and assumptions about 
the quantities mtroelue oil and extensions to the inclusion of the quantum theory 
involve some complications 

^\o shall tiv to meet these objections by elcvelopmg a moiv gonetral theory 
than has been attempted hitherto It will be seen that the results obtained 
follow very naturally from the application of the methods of the theory of 
relativity 

We shall then regard the special use of the cylindrical condition and the* 
assumption about the way /' occurs 111 the functions as an approximation 
required by our need to eliminate X s , in mterpretmg our results in tho light 
of our pre sent knowledge of physical pile nonicnu We have to adopt a some- 
what similar process in writing j 4 — ie/, when we use the four co-ordinates 
r 1 x*, .i- 3 , j 4 , in the theory of relativity \\ e cunnot, of e ourse , e laim that ar' 
is in such 1 good e ase 111 tins respect as x 4 Tins is our apology, if apology be 
needed, for the practical use of X s in this restricted way 

Curvature 

Following the* suggestion that the gcnimi trie il notation gives, we shall 
describe the quantity l' M , .is the turv.ilurc tensor In the notation of (3) 
the expression for this quantity is 

= K* / - As. 1 VV - VV (6) 

The use of the comma before a suffix denotes ordinary differentiation with 


‘ BittBor Preuw Akad. Wusb No 26, p 641 (11131) 
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respect to the corresponding variable, e g , A M<r * , •= Wo shall denote 

cjf 

covariant differentiation by the symbol ,v It must be uudirstood that the 
Greek affixes can ha\e the values 1-5 

If the substitution of (4) be made it follows that 

P„,„' - - IV. ,« + / - W + 1VT m / (7) 

Tins may be compared with flu unrtsponding expression in the theory of 
r( lativity * where the quantity T„,* is symmitrical in jx, v The contracted 
( mvatUM tensor obtained In writing e = a is 

i>„, -= it„, IV, / i T uv - - 'JV/'V -i w (8) 

The Vnltu of IV,* and the Second Order Equation 
In imposing a rcstuction upon this quantity wt shall bo guided again by the 
geometrical methods 

One suggestion that arises is to write 

V-'YiJI'-t/iu-y. "s ( q ) 

where the quantitii s y M ,, y M *, y,* have their usual meanings We write for the 
five-dimensional Inie i lenient 

da 2 -- (p, <h* <Lr‘, ( 10 ) 

so that the y MV arc analogous to the q^, of Riemanman geometry 

This suggestion comes directly from tin theory of Kddingon and Weyl * 
It is the suggestion made foimcrlyt which prmed very fiuitful m the 
expression of Dirac s equations as a \anishmg divergence Hut we find it too 
restircted for our presi lit puiposi It may be noted that in this form T„, 4 is 
symmetrical in jx, v 

Wo ictum rather to a form used m ICm stem’s theory f 

V = A,'-ry w V -rr.pA,/ (II) 

A„,* is anl isyinnu tin m (x, v and it will bo seen that tin remainmg terms on 
the right, taken together, are symmetric m |x, v Thus the value of t) MK ‘ is 
the sum of these terms 

* Eddington, “ Mathematical Theory of Relativity,” 2nd ed , p 218 
t Fuilier and Flint, lots, at (1030) 

J See also Flint, 4 Proo Roy Boo A, voJ 141, p 371 (1033) 
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We have thus assumed that T M / depends upon a single quantity with com- 
ponents A,,/ except, of course, for the 
We can without very much calculation substitute for T M „‘ in the contracted 
curvature (8) The work is rendered much lighter if we remember that the 
co variant derivatives of the y^ vanish 
We find that it is important for us to consider the quantity y^P,,, so that 
we can omit the separate calculation of P Mr 
We find that 

- 4y“A„/ r 4 4y T A (Mr 'A r / 4- y" (y^.. 

NW)AA‘ (12) 

Let us write A,„* = 

* 4* daf 

Then 



If o be made equal to — 1, wo eliminate the third term on the nght of (12), 
which may now be written 


~ 04 + kr (y*t« + aw) A f /A|ip* + iy-R*, - iy"P„„ (13) 


y“R„,. is the Gaussian curvature, i e , if we regard space as five-dimensional 
Riemanman space, we can speak of it as th« curvature of that space We 
shall denote it by R and it corresponds to the G of relativity theory We shall 
denote y^P*, by P 

The symbol 04* u familiar in the theory of Klein It corresponds to the 
Laplacian operator and in Klein’s theory 


C4 = o 


(14) 


is Sohroedinger’s equation for an electron without spin in a gravitational and 
electromagnetic field 
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We make the suggestion that the complete second order wave equation of 
the quantum theory in its relativistic form is (13) 

The reason for this suggestion will be made clear by considering the approxi- 
mate form obtained by the usual method of eliminating z 5 


Reduction of the General Equation 

In order to compare (13) with the equations proposed hitherto we shall adopt 
the Klein-Kaluza values of the y^ v 
If m, n, represent values 1-4, the values are 


Y m» - Sm, + Y5S* 2 <M», Y,»5 =" Y«m = Ys6*^«i’ 

y mn = g™, y"* _=. y5m _ _ y* — «- 1 </> m <£"* + — , 


Ybb ® 2 


ItucK 

c* 


(15) 


<f> m is a component of the electromagnetic potential and K is the Newtonian 
constant of gravitation 

With this set of values the track of a cliarged particle is a geodesic in five- 
dimensional space and by writing at — e/mc, it becomes a null geodesic * But 
however suggestive this may be it appears to bo numerically incorrect in 
further applicatipns of the theory 

We shall further make use of do Broglio’s suggestion that occurs in such 
a way in those quantities that depend upon it that differentiation with respect 
to this variable is equivalent to multiplication 2-nie/ha., a being the constant 111 
(15) and e the value of the fundamental electric charge 

If a = e/mo, this is equivalent to multiplication by 2mmcjh, which is often 
taken to replace 0/0x®, but this makes the theory too restricted and de Broglie 
has considerably helped the theory by not introducing the mass in this opera 
tion 

With these limitations and taking the value of V — y as unity, as in the 
theory of relativity, we obtain 


Syh = ™ _ 42 f 4- It _ *ZE? (t J, m A- + JL 

9 ho* dx m h *\(? 9m9 a*Y„ 


We notice that additional terms occur in (13), one of these must represent the 


Fisher, ‘ Proc Boy 80 c ,’ A, vol 123, p 488 (1928) 
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spin term and another the mass of the particle considered The thud term 
is the curvature, and its value is known* 



H = F‘%, (18) 

Fu=f*;-1?, m 

G is the four-dimensional curvature 

The occurrence of the curvature in the wave equation has been previously 
noticed by Schroedmger (lot ai ) and a comparison ol (13) with his equation 
(74) reveals a striking resemblance 

An interesting point in connection with our equation is that we have not 
yet introduced the mass. This mass term has caused a difficulty in the deriva- 
tion of a general equation, for it has always been necessary to introduce the 
mass of the electron or proton arbitrarily 

There seems no doubt here liow it nmst lie introduced In the notation of 
Klein the mass of a {Mirticlo takes a secondary position and is replaced by a 
quantity J/c, 

P = toV -f (20) 

**Y55 


In the caw when the geodesic is a null geodesic and y 56 — — 1, I is zero 
Thus we have the further analogy between muss point and photon I for the 
one is zero, the rest mass is zero for the other But we cannot accept this as 
a general result We must admit a non -vanishing value for I We shall 
suppose that 


Thus the quantity, which wo might call the generalized curvature, is deter- 
mined by the mass and charge of the particle situated at the point where the 
curvature is measured 

This geometrical analogy gives a satisfactory way of introducing the mass 
into our equation 

The negative sign appears to be rather arbitrarily chosen but the deciding 
factor is that we know from Schroedmger’s equation that 4ir*m V /A* occurs 
with a positive sign when taken over to the side of It will be seen at 


Kosanfckl, ‘ BulL Aoad. Boy Belgique,’ voL 13, p 304 (1927) 
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the same time that e t /a. 3 y 6i cancels from the equation taking with it the gravita- 
tional constant Gravitation is represented m this part of the equation by the 
curvature G We have shown previously that the “ Bpin ” terms occur in the 
form of a term 

- (HjA * 3 + H,A 31 + J laA 12 - iE ^ 14 - iEgA * 4 - tEgA 34 ), 

and in Sehroedinger’s equition (74) of his pup 1 (/or cil ) tlu\ art leprrsented 
~ i/*i**' 

Our additional term m of this type and we sluvll write it in the form 

_ ^pJ^A*" 

to bnng it mto the same notation 
Thus the reduced equation becomes 

? 

+ -<» ( 22 ) 

We can wmte this in a rather more general form by giving to the £)<J* of (16) 
the value it has in (13) We then obtain 

+ £(”*■- m 

This form should be compared with an equation of the olectron without spin 
given by de Broglie * 

The term in the curvature is of very groat theoretical interest but inuc h too 
small, compared with the term m m, to effect an appreciable result 
The importance of the derivation of (13) or (23) is that it arises quite naturally 
from relativistic methods and is nothing else than the equation of curvatuie 

The Relation to Matrix Theory 

So far no matrices have been used in the theory The equation (23) con- 
tains a scalar quantity ip introduced through A,/ and is of the same form as 
the earlier Schroodmger equations 

• ‘ J Phy. Rad.,’ vol. 8, p. 66 (1927) 
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Matrices are introduced in attempting to replace the by more funda- 
mental quantities 

The way this is done is indicated in equation (1) 

As mv have previously pointed out there is a strong resemblance between 
these quantities and Einsteins’ of the theory of parallelism We therefore 
subject the to the following condition 

= (24) 

This may be compared with equation (14) of an earlier paper * 

Bargmannf has pointed out that this leads directly to Schroedinger’s method, 
if it be postulated that T^/ap is of such a form that 

- l\a„-a M I\ (26) 

Equation (24) is similar to the Kiemanman relation 

Y,, * * 0 (26) 

1\ is a matrix of importance in Schroedinger’s theory 
It is of interest to examine (26) in the light of (24) 

If we write (24) in the form a* a = 0, we can shorten the process, remember- 
ii ig that 

M = = 0 (27) 

Isott 

Styu, — <vjc, + 

omittmg the unit matrix for convenience Thus 

A = <V*v A -f AO, + 0.0* A + *» A«M 

On sulistitutmg from (27) the nght-hand side becomes 

t »a* («m«s + Wh) + T*^ (o*o, + Oy.Xf) = 2y M sT^A P 4* 

This vanishes and (26) is preserved if 

(28) 

With the form (11) for T*/, this relation holds or the important equation (26) 
is preserved 

The remarks made on the relation between the notation of the earlier paper 
and Schroedinger’s apply to the notation employed here Certain differences 

* ‘ Proo Roy Soc ,’ A, vol 141, p 363 (1933) 
t ‘ SitsBer, Prats*. AkadL Wiw ,' No 24, p. 346 (1932) 
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between this method and that of Schroedmger’s are brought to light m the 
discussion We can now nee the connection between our theory and that of 
matrices Bargmann’s suggestion (equation (25) ) leads from one to the 
other 

The relation may be satisfied by writing 


where 


(29) 


T„ A( , = 

(30) 

The result follows at on 

ce from the matrix relation 



a^a" (- a"a ^ — 23, ”1 

(31) 


and from (2M), which is equivalent to 


'1W 1 T mAu - 0 


(32) 


The further points of contact of the matrix method and that of this paper 
will be appreciated by a study of Schroedinger’s work, any further develop- 
ment here could only be a repetition of it 

The value of I\ should be obtained in terms of the A,/, since these quantities 
aro made the most fundamental of the theory The necessary calculation 
follows at once from (11) and (29) If wo make use of the matrix sf tv given 
by 

oTa” + <x v a M — 2**" (33) 

we find 

i\ - - iy W*-', (34) 

ip” is written for S f a l (31) 

Hchroedinger regards “ spur 1\ ’ as 4<£ A , where 0 A is the electromagnetic 
potential 

Jn our work we have taken 


“ Spur r A ” <x A a / 


oc 


1 3 4 
4 / 3 ? 


(35) 


This quantity thus occupies a position similar to the electromagnetic potential 
in the four-dimensional theory We have previously sggested that the corre- 
sponding quantity in the five-dimensional theory is Wilson’B vector 
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If this can be extended to the present case we can write 


1 


OC 71* 


(36) 


The fnmnnnce of the Quantum Equations 
From the re suit of the foi initiation und studv of the probh in given here, it 
would seem that the Neiond order equation of the quantum theory in 
the fonu (Id) is invariant in the system proposed here and the suggestion is 
that this is the typo of invariance which is appln able to the quantum 
equations. 

With regard to the first order equations, it is as if we would pass backward 
from the wave equation for electromagnetic waves to Maxwell’s equations 
Their invariant form can be determined by the introduction of matrices and 
adapting them to fit the notation introduced here 

If we are correct in our suggestion that the second order equation is nothing 
but the curvature equation then the test will lie that having satisfied the 
notation the first order equations lead to (13) 

It would appear that Schroedingcr’s system satisfies both those requirements, 
but we suggest that it should be five-dmiensional 


Summary 

The paper gives a relativistic treatment of the second order equation of the 
quantum theory This equation turns out to be the curvature equation in 
the Bystem proposed, corresponding to f he equation of the theory of relativity, 
Q f , = 4X The basis of tho work is a modification of the ftiemanman co- 
vanant operator and it is shown that the geometric background of the theory 
permits of some latitude For this reason an appeal is made to geometrical 
methods to obtain an indication of the form of the equations but no special 
theory of parallelism is introduced duectlj 
The relation to the matrix theory, especially in the form recently developed 
by Schrocdingcr is discussed and the two theories are found to be in harmony 
The equation proposed is invariant and tl crows light on the kind of invariance 
appropriate to the quantum theory It is, moreover, an advance on previous 
equations in that it contains terms appropriate to the gravitational and electro- 
magnetic fields, which come m only with difficulty m other methods 
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possible to de< 1 J 0 confidently between the two possibilities on experimental 
grounds 

The arguments usi d m this paper are based entirely oil the need of see uring i 
sternly state of electrolysis wheu a steady current Hows through tin solution 
There must be no time variable < oncentrations in any part ot the solution or on 
the electrodes The effective separations found are achieved in such steady 
states It is thought that perhaps the full implications of the steady state 
require meats have not always been realized by workers in this field, and there 
fore that the attempt, here pn-sente 1 at a full and camful exposition of them 
may not be without some* general interest 

In NaOH (or other alkabne) solutions the current is usu ill) regarded as 
being carrn*d by the* movement ol the ions Na h and (OH) both more or loss 
hydrated \\ e can think of (OH) - as moving to tho anode and Na 1 , or owing 
to the In d ration (NaOII 2 ) l ' if we prefer it, us moving to the cathode where it 
surrenders H' and becomes again (Na + OH") Tins process is lormally 
equivalent to the surrender of an II H by an OH 2 water molecule, an (0H)“ 
being left behind in the solution free to travel to tho anode That this prof ess 
of surrender may require the presence of Na e before it can occur docs not iffoct 
its esse ntial form At the anode (OH) ion3 bee nmo discharged on arrival 
and o\yge*n gas O a is finally evolved by some such chain of surface reactions 
as 2(OH) *(>H 2 f O, 20 -O a (gas) But as these processes do not evolve 
hydrogen they arc of little interest to us here and we shall not have much 
occasion to refer to them again In the next section we shall have occasion 
to examine more c losely the steady state requirements os to the movement of 
ions, when it will ippear, of c ourse, that in the steady electrolysis of water the 
Na T ions on the average do not move and the wholo current is carried by the 
(OH) ' ions 

We shall m general in this paper discuss directly only alkaline solutions, 
since it is for such solutions that most is known But all our arguments apply 
with obvious slight changes to electrolysis in acids m which the positive (0H S ) + 
ions alone move and convey the current 

§2 General Description of the various Processes assumed to occur — The 
arguments winch we shall apply will often bo general enough not to need any 
detailed specification of the mocha ms in by which a particular process is occ ur- 
ing It is none tho less necessary for clarity to specify the broad outlines of 
the processes occunng at and near the cathode, to which almost any special 
mechanism must conform It is therefore convenient to start by distinguishing 
three phases (1) the interior of the solution generally , (2) its boundary layer 
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m contact with tho cathode , and (3) the surface of the cathodo itself When, 
if ever, a valid distinction is to be drawn between (l) and (2) is a matter for 
investigation (§5) When a steady current flows we must consider the 
exchanges of the two hydrogens between these three phases and the evolved 
gas No accumulations can form anywhere except in tho evolved gas which is 
ultimately formed at the expense only of the general body of hydrogen m the 
water of the interior of the solution 

From the boundary layer of the solution hydrogen is fed on to tho surface 
of the cathode ThiH is an essential part of the current larrymg process It 
will lie necessary to considi r whether or not the only oxi hanges of hydrogen 
between the cathode and the boundary layer arc the current carrying deposi- 
tions of hydrogen atoms, or whether important balanced exchanges take place 
in addition Finally since tho hydrogen m certainly supplied to the cathode 
surface phase as atoms by the above process and evolved into the gas phase 
as molecules, it is necessary to consider a final process in the evolution of hydro- 
gen gas in which atoms of hydrogen combine to form molecules on the cathode 
surface 

§ 3 Passage of Hydrogen from the Boundary Layer lo the Cathode —As we 
have said m the introductory section the essential a< tion on the cathodo which 
enables the current to flow is the break up of a water molecule OH, whuh 
surrenders a proton H + to the cathode and leaves an extra (OH) - ion behind 
in the water free to move to the anode It is a matter of compar itivi* indifferenco 
whether or not the action involves intimately the presence of Na h so as to 
be more accurately described as 

(NaOH ,) v -> (Na + (OH) - ) -f- H 1 (on cathode) 

This process has been visualized by Gurney rather as a process of discharge of 
tho ion (NaOH,) h by an electron jump from tho cathode followed by a process 
of ejection of the unstable extra H atom from NaOH, which then becomes 
Na + (OH) - while the H atom combines with the metal surface (The word 
“ combine ” is here used loosely ) Whatever the oorrect version may bo, it is 
agreed universally that the process is atomic and that H not H, is supplied 
to the cathode 

If n*, n,* are the concentrations of H 1 and H* in the cathode boundary 
layer, then as the process is atomic and a first order reaction we may assume 
that H 1 atoms are deposited at a rate K x nf and H* atoms at a rate * t nf, where 
k v *, are independent of nf, n, 4 It is not necessarily true that equals 
K r The k’s might depend on the amount of hydrogen already present on the 
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surface, on the temperature, and on the voltage drop from the cathode boundary 
layer to the cathode (the over-potential) So far as we know at present the 
concentrations of tho hydrogens which are m a state to be transferred to the 
electrode, because, for example, they ard attached to positive ions will lie the 
same as their concentrations on the complete boundary lay* r 

If tho k’s depend on the hydrogen already present on the cathode, l< t 
and « t * be the concentrations of tin two sorts of hydrogen in the cathode 
surface Then the only dependence of tho *’s on and which is it dl 
likely is that the k s are of the form 

*iU -r(V +•»*')}» **0 — Y("i' r « a ')} 

so that their ratio would lie unaffected This dependence would occui if the 
hydrogen to be deposited required a vac ant me tal atom to c ombinn with It 
would lie indifferent to prior occupation bv II 1 or by TP 
If tho current carrying process is the only means by which hydrogen is 
conveyed from tho solution or rather its boundary layer to the cathode then 
the whole exc hange will be at the rates K^n*, K 2 nf and all in the one direction , 
K x tii -f- ic a *t a 4 will bo fixed by the current density It is, however, uncertain 
whether this does constitute tho major part of the hydrogen exchange There 
is some evidence that even when no current is flowing theie may be some con 
siderable balanced exchange of hydrogen between tho electrode and the water, 
particularly tho ions of the boundary layer We shall then have an equilibrium 
state controlled bv the equations, 

*i«i 6 — K t n t = HiV. 

where jjqiq*, (igtij* arc the rates of transfer from the electrode back to the 
solution, and (jq, p, are independent of the w’s In this case all the rates may 
be large compared with the rates demanded by any ordinary current density 
and then these equilibrium conditions will not be seriously disturbed by the 
passage of the current 

The two conditions detailed above are, of course, the two possible limiting 
cases and every intermediate case is possible We shall, however, for simplicity 
only discuss these two limits which are sufficient for illustration 
§ 4 The Evolution of Hydrogen Gan at the Cathode — The process of formation 
of H, gas appears to be one which takes place actually on the surface or m the 
immediate surface layer of the metal — m a metallic phase , that is, which is 
rich m adsorbed or absorbed H atoms This process must dearly be assumed 
to be a second order reaction The relevant concentrations of the H 1 and H* 
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atoms will bo nf and n t c ns dread v dehnod [Conceivably the lelevant con- 
centrations might differ from these values, but if so thev could only differ by 
factors which can b< ignored because tlie\ could lie absorbed in the X’s shortly 
to bo defined ] Molei uh » Il'iP H'll 2 mid R-H 2 mnv tin i< fore be assumed 
to be formed roj*e< lively at rates 

Au K) 2 A ,-»/«/, a 22 (/?,')• 

where the X’s are nidi jk nde nt ot th< it s 

At this stage again thin ippe »r <t pru» i to Ik two possibli limiting cases 
though now they do not had to distant forms There may Ik an equilibrium 
concentration of hydrogen molecules in uud on the int tal surface which is 
practically zero so tint effectively all the molecules formed immediately 
escape as gas III this <a* the rate of removal of H 1 atoms from the water 
will be 


-'ll ("i)* ^n"i n i = 

(1) 

and the rate of remov il of H 2 atoms 


-'A 2J (», e ) 2 -f A 12 iq r jl 2 ' 

(*) 


The X s need not be equal 

On the other liaud, then ma\ bo a significant equilibrium concentration of 
molecules in the metal maintained by rates of lormution ind destruction 
sufficiently rapid for the evolution oi gas requite d In the c unent transport not 
to disturb it In that case w e must ob\ lously t xpect that the rats s of evolution 
of H 2 molts ules of each type will be proportion il to then equilibrium con 
c entrations m the metal surface n u ', m„' and » itt ' nspeetivclv 
The rate of removal of ll 1 atoms fiom the watci will then be 

-’v,i«,i' I 

and the rate of removal of II 2 atoms 

-v 22 /i 2 / -H vjjflj/ 

Since, however, we must i \pect equilibrium relationships between the 
various n*'s similar to those of a perfect gas, and of the forms 

”11* —Si 1 ( ,! i e ) 2 ) 'hi - fn n i n i> 'hi —fa ( tt 2*) 2 > 

where the/’s are independent of the ws, the formula; of this limiting case 
reduce to (2) and ( J) Presumably, therefore, it is not nw e saary to distingmsh 
hero between these limits, or any of the possible intermediate cases 
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§ 6 Transport of Hydrogen to and fro between the Cathode Boundary Layer 
and the Interior of the Solution — lu any steady state the Na + ions may not 
accumulate and therefore cannot be moving, so th.it the whole current is 
lurried by the movement of the (OH) ions to the anode This movement 
c onvey s ” hydrogen to the cathode by allowing an (Oil) ion to bo replaced 
by an OH s molecule Besides this transport the process of diftuwon (male 
culur and turbulent) convejs hydrogen (m the water molecules and ions) to 
and fro between the boundai y and the interior 

It all diffusion could be neglected, Bince there an no at c emulations anywhere 
in the boundary region the two hydrogens would be ovolved (no matter what 
the mechanism) at rates in the ratio of the currents earned by the two types of 
hydrogens — that is, m the ratio 

15 x 10 2 -- pU x D* (4) 

here p is the ratio of th< mobilities ot the two hydrogens The yield of each 
must equal the supply I The mobility of H 1 means hen* the rate ot effective 
movement due to tin roplaccnn lit of th< grouping (Ollil 1 ) (OH) ' by (Oil) 
(OHH 1 ), where the unmdexed II may Lx either H 1 or H 2 , with a similar meaning 
for the mobility of IP The factor p is probably* about 1 r >, but we shall not 

stay to discuss it more closely, since it can lie shown that diffusion will always 
mask the current transport and keep the hydrogen concentrations m the 
boundary layer effectively in the ratio D x D a , which ib that of the water as a 
whole We now proceed to consider this effect of diffusion 
Let n x and n s bo the total concentration of the two hydrogens at any point 
in the water— hydrogen nuclei to be precise Then since the numboi of water 
ions can be locally variable it is not necessary that rq -J- n 2 — const They 
are independently variable Under the influence of a given field let the number 
of H 1 and H* nuclei which cross unit area in unit time be and a a n s respec- 
tively The a’s arc proportional to the mean velocities ol drift of the two 
nuclei and independent of the tin, but they are not mobilities since n l and », 
are total molecular not ionic com entrations Whpn any concentration 
gradient is set up, along the jc axis for example, the numbers of H 1 and H 2 
nuclei which diffuse back per cm 9 per second o\v mg to the self diffusion of the 
water molecules, are respectively 



* See Lewis and Doody, ‘ J Amer Chem Soc ,’ vol 55 |> 3504 (1033) for measure 
ments on the replacement (OH,)+ OH, by (OH,)(OH,) f For a theory which allows lor 
these mobilities to be different for H 1 and H* see Bernal and Fowler (‘ J Chem Phys ,* 
vol 1, p 515(1033)) 
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The d’a are probably nearly equal, and in order of magnitude equal to the 
coefficient of self-diffusion of water We may suppose that the whole flow 
takes place along the x axis Then since no accumulations are occurring 

= a a » a -dgl=E a (5) 

The equations hold for values of x from the cathode (x =■ 0) so far into the 
solution that the water between such value of x and the oathode is an appreciable 
fraction of the whole solution Since the field gradients are not constant owing 
to spaoe charge the a’s strictly depend on x, but this can be ignored here 
We return to it in § 8 
Equations (5) can be solved at once and give 

«, - ^ |- = IU + C^ l d ‘ (6) 

*1 *2 

The constants Cj and C a must be adjusted to give the correct boundary values 
to and n t at x — 0 required to transfer the observed quantities E a and E a 
of evolved gas These boundary values do depend, therefore, on the cathode 
mechanism It is clear at once that if 04 /c^ is so largo that while formulae (b) 
still apply aqx/d! becomes effectively — 00 , then since at the same time 
nj/n a -> DJD a , we have — (oq/a,) D^D, == pDj/D a as already stated 

If, however, etjdi is so small that Ojxjdy S2 0 throughout the region of validity 
of (6) then there is perfect mixing by diffusion in spite of the current and 
njn t — nijnf everywhere, so that 

n^/n,* — Dj/D r (7) 

Everything then depends on the numerical order of od/d where l is the soale 
of the cell, say, tho distance between the electrodes The numerical value of a 
can, of course, be derived from the mobility, but it is more simply derived by 
observing that oq»q is approximately oqual to Ej A current of 1 ampere/cm * 
requires a net flow of 6 x 10 18 protons per cm a per second Since »q is of the 
order 7 X 10** protons per cm 3 oq 2 10 ~ 4 , and a a is of the same order 
The numerical value of d x or d 3 is not yet known by direct observation of 
tho molecular diffusion of heavy water into ordinary water, but its order can 
probably be safely derived from the known values for the diffusion coefficient 
for the diffusion of other small molecules into water The vulues of all suoh 
coefficients of diffusion are of the order 1CT* cm.*/sec Thus 

oZ/dalO-S. 
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For smaller current densities the coefficient is proportionately smaller Thus, 
except for obviously large scale apparatus molecular diffusion is capable of 
keeping the boundary concentrations normal for current densities up to 10 
amp /cm.*, which are greater than any hitherto used 

Theoretically relation (7) might fail for very gnat current densities, but 
these are so great that they would induce other and mon effluent means of 
mixing by turbulence dun to the formation of bubbles on the cathode Tt is 
therefore doubtful if (7) ever fails 

§0 The Equations of Steady ( Alkaline ) Electrolysis —Having thus denied 
the ground we can write down the general equations of electrolysis to which the 
process will conform no matter what its detailed mechanism When the 
process is steady any differential coefficients such as dnjdi must vanish The 
concentrations of the two hydroguns in the Iwundary layer are 1), for the 
reasons given m § r > These equations are 


^ =«A — I*,",' — Si — 11 

(») 

=*,», 

(9) 

- 2X U (/q‘) 2 4 X, 

(10) 

E, — 2X as («/)* -f X^nj'nj*. 

(11) 


There are some important special cases 

Case (i) — The to and fro exchange of hydrogen between the solution and tin 
tlectrode small compared with Ej, E, Under these conditions [i.jiq* and 
can be neglected in (8) and (9), and we find simply no matter what value i 
the X’« have 



This specifies an evolution of gas of the observed form if under tho best working 
conditions kJk % S 2 6 This case provides, of course, tho explanation proposed 
by Polanyi for the observed separations The k s could have such a ratio if 
the controlling mechanism of the deposition of hydrogen on the cathode is the 
passage of the hydrogen nuclei through a small potential barrier by the tunnel 
effect when the rate of penetration of H 1 for a given concentration can easily 
exceed that of H* by a factor of the order of 10 Gurney’s theory of the hydrogen 
over-potential would then be inapplicable to the phenomenon * 

[* Note added February 20th — The k’s ooultl still have suuh a ratio on Uurney’s 
theory See Bell anil Wolfenden, ‘Nature,’ vol 133, p 26 (1034) ] 
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It iB, however, not oertam that the conditions of case ( 1 ) are fulfilled It is 
known from the observations of Folanyi* himself, stimulated by observations of 
Ohphant.f that a very considerable exchange of hydrogen can take place 
between wiit<r and hydrogen gas m contact with a suitable catalysing surface 
in Folanyi s <-a.se platinum black Tins exchange, as is pointed out, appears 
to be precisely that with winch we are ooucemod hero, but its rate can hardly 
be estimated from what is yet known The action might be of one or both of 
two lands (a) a simultaneous interchange of two hydrogen nuclei, one m a 
water molecule and one adsorbed on the surface by a process of the type 
OHH' 1 H"Me ►OHH"H H'Me, (6) a c ontinual formation and discharge 
of water ions m the neighbourhood of the < atalytic surface loading to balanced 
reactions of the types (l) (OH 8 ) 1 M©~ £ OH a -f HMe and (n) (OH) - -f- HMe + 
£ OH a -f Me It is, therefore, important to discuss equations (8)-(ll) m 
other conditions than those of case (l) 

Case (u) — The to and fro exchange of hydrogen between the solution and the 
electrode large compared with E, and E a Under these conditions Kj and E a 
can be neglected m (8) and (9) We, therefore, obtain from thorn 

«i*— AD* n » =/» D a 

The coefficients f x and / a may well be functions of the over-potential, that is, the 
voltage drop at the cathode surface required to carry a given current density 
it may, therefore, be well to write them sometimes as /, (V),/ a (V) or as f x (I), 
/ a (1) to rocall this probable dependence Equations (10) and (11) then give 

eJ ~ (U) 


This equation cannot be of the obseived form uuless it reduces to Ej/E a — 
«Dj/D 2 It can, however, so reduce if 


w hen 


E, 


2X aa 
■ i 

V,h. 


(14) 

(15) 


This equation will, of course, represent the results of the best experiments 
with mckel electrodes and currents of the order 1 amp /cm.* if then qf x [f t — b 


* Honutd and Folanyi, ‘ Nature,’ vol 182, p 819 (1988) 
t ‘ Nature,’ vol 132, p 075 (1933) 
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Both q and the/’s should depend on the temperature, but q should not depend 
on the voltage and therefore not on the current density 

At first sight it is hardly to be expected that there is any reason why (14) 
should be satisfied — even approximately It requires the relationship 
n/*t» 2 ~i to hold between the X’s, but tlnu is after all some a pnon 
reason to expect such a connection 

Let us, for example, take that view of the mei honism of gas evolution which 
regards the X’s as collision recomb uiation latos for the formation of H a mole- 
cules on the metal surface Let us then consider the H atoms on the surface 
as an ideal quasi-gaseous mixture of atoms II 1 and H 2 of concentrations n/ 
and n,‘ The total numbers of effective col lisions have been defined as *n (**i*)*» 
*ii n i* rt t* an d X 8g (« a ') 2 If these wen flu total number of collisions of freely 
moving gas atoms then 

*u * X 12 « < 'i a *s« * K : *s< 


where the C’s are the mean relative veloc itics of the two sorts of atom. 1/ 
there is an excitation energy required foi the success of the recombination 
then the number of favourable collisions might be proportional respectively 
to 


But 

Hence 




0 lt e~*' 


1^*3 «“ x ” 


^£+*1 v/U 


*u*»» -B 1 2 (»*iW«) { g-fx-.+x..— X..1 ‘ I 
*n* n h 1 m i 


(16) 


Now it can well happen that y n f y ga — 2xia - 0 For though the activation 
energy required by hPH 2 may well bo substantially greater than that required 
by H^H 1 , m that case the energy required for H 1 !!* is likely to bo very nearly 
the mean value of the other two The mass factor is 2y/2 /A — 0 1)4 evon for 
masses so different as those of H 1 and H* Thus X n X 23 /X lg 2 does not on this 
view seem likely to deviate much from J and may well lie almost oxai tly equal 
to it, even if 2X U /X 1S ~q is distinctly different from unity A similar close 
equality between X u X ga /X lg 2 and £ can be shown to bo expected if we take the 
other view of the mechanism m which the X’s represent velocities of escape of 
already formed molecules, and account is taken of the equilibrium i onstants of 
the dissociating quasi-gas on the metal surfa« e 

In this case we see that it is easily possible that the whole differential factor 
in the rates of evolution of H 1 and H 8 may oome from preferential molecule 
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formation on the electrode surface— the factor fjf t being then dose to unity, 
but with separation still possible owing to the factor q 

It is not maintained here that cast (n) represents a true view of the electrode 
mechanism — only that it is at present a possible one which is not ruled out by 
my experiments yet reported It is important to note that if it were a true 
view then Gurney’s explanation of the hydrogen over-potential might still 
stand 

There is, however, one piece of evidence in this field which may possibly 
if (onwtly interpreted, lead to a discrimination against Gurney's versiou, 
or rather against any theory which allows k, mit 2 and casts the onus lor separa 
tion on the surface recombination — that is, the apparently reduoed efficiency 
of the separation at lower current densities or at lower over-potentials It 
seems possible that this means that at the higher current densities we have 
case ( 1 ) fully developed, but at lower current densities the to and fro exchanges 
are no longer negligible by comparison so that we tend to move towards the 
conditions of case (u) It does not seem possihle to refer tbs observed varia- 
tion directly to variations of k 1 /k 1 with over potential, for in that case the bgher 
the over-potential the more nearer equal one must expet t the k’h to become and 
the efficiency should be least at high current densities where it appears to be 
greatest Since this explanation may be important we consider a third special 
case which might apply to it 

Case (in) — Neither the (in’s nor the E’a ncqlufible \n (8) and (9) but 
— i These are the simplest type of conditions intermediate 
between those of cases (i) and ( ii) Wo find 


Ml — ~ 

Eg ^ii M-i — Eg 


(17) 


It may with the help of this equation be possible to trace a transition between 
the two limits in wbcli 


Ej — /i -Pi «rDi 
Eg X 1# /, D, x»D 8 


for low and high current densities respectively It must be remembered that 
the it’s at least are functions of the over-voltage and therefore of the current 
or Ej -(■ E,. 

5 7 Condusums — We may summarise thia discussion as follows — 

(1) If the transport of hydrogen by the current could overwhelm the trans- 
port by the natural processes of diffusion the rates of evolution of H 1 and H* 
would be m the ratio of the mobilities of the two hydrogen ions no matter 
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what the electrode mechanism. Thu condition, however, is never fulfilled 
in practice and diffusion is always ample to keep the two hydrogens m normal 
concentration ratios on the cathode boundary 

(2) If the reversiblo exchange of hydrogen atoms between the t.itiiode 
surface and the boundary layer of the liquid can bo neglected compared with 
the hydrogen deposited by the current, i e , at sufficiently high current densities 
the ratio of the rates of evolution will bo of the form k 1 D 1 //c 2 D 2 This form 
is in agreement with observation 

(3) If the reversible exchange of hydrogen atoms between the cathode 
surface and the boundary la) or of the liquid is fast compared with the hydrogen 
deposited by the current — i e , at suflic lcntly low current densities —then 
equilibrium concentrations of the hydrogens on the cathode will be in the ratio 
/iDi/AD* where fff % will in general depend on the over potenti i 1 The ratio 
of the rates of evolution of the hydrogen atoms will lie y/ 1 D 1 // 2 D 2 if a certain 
natural condition is satisfied so that the s< paration may lx t fleeted by 
? (/i//a- 1) which is a factor arising from the relative efficiency of H'TI 1 and 
HGI* collisions m forming molecules, or it may bo effected by /i// a (q <2 1) and 
so be a result of different over-voltages for the two hydrogens 

(4) It is not possible yet to conclude that the over-potential fa< tors Kj/* 2 or 
f ilfa are noccssanly the separating agency Thus wo cannot immediately 
rule out Gurney’s theory of the hydrogen electrode There is, however, this 
factor m favour of throwing the onus for the best separation fat tor (about 6) 
onto kJki — that the separation appears to fall off at lower current densities 
If we refer the high current high efficiency to K 1 /ic t we can refer the lowering 
at lower currents to a change over towards qf x /f t 

§ 8 The Equations of Steady Electrolysis in an Alkaline Solution — In this 
section we are no longer concerned with the separation of the two hydrogens, 
but stnctly speaking consider only the way in which the current is conveyed 
through an alkaline electrolyte when the electrolysis of pure water (oither 
light or heavy) is proceeding steadily It appears that, familiar as this problem 
is, something more can be said about the theory of it, by bringing in the ideas 
of space charge used so successfully in the theory of electron currents in high 
vacua 

Suppose that the current is flowing everywhere parallol to the x-axis between 
plane parallel electrodes. In the solution there are Na + ions (or other positives) 
which on the whole cannot move and therefore have the sole function of 
creating a space charge cn + , where n + is their concentration per unit volume 
Let V be the electrostatio potential m the solution and let the cathode surface 
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be x = 0 and V (0) =- 0 Then since the state of the positive ions is an 
equilibrium state in a held of potential V (x). 

» + - e~ ,v/1T (18) 

The (0H)“ ions have a concentration n~, produce a space charge — tn~ and 
carry the current by their movement If a is their effective mobility under 
unit field strength then ac3V/?r is their average velocity and the current 
density at anypoint m the fluid is —a zhr c VJdx in the direction of V increasing 
We may call this current 1 (snue tin conventional current flows in the 
direction of V decreasing) so that 

I = ac*»~ (19) 


The potential V satisfies Poisson’s equation, 


<PV 




(20) 


where K is the dielectric constant of water assumed independent of x This is 
the only place in those equations where K occurs Then combining (18), (19) 
and (20) we obtain an equation which can be integrated once giving 




e-' y n + 


K ae 


(21) 


We have here assumed that V and BYjds are continuous functions of x and 
that in particular V (0) — 0, the potential of the cathode The value of 
(3V/0 x) 0 , on tins version of the thoory, must represent the over-potential, 
which here appears not as a discontinuity but as a steep initial potential 
gradient On any theor> of the cathode mechanism there will be a relationship 
of the form 




(22) 


or possibly more significantly of the form 

(jj r,WKM) (23) 


This is one of the boundary conditions of the problem 
A second integration in finite terms is not possible Bat if we put 

*V/£T = 
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then 

(£>' '■’>+«' (“) 

where 

X (8tc£F)* ote* (n 0 1 (20) 

Equation (25) depends on the two parameters (d<j>/d^) 0 and X and it is a not 
impossibly laborious task to < ompute its solutions numerically We could 
thus determine 

<«> 

and the final boundary condition which has to bo applied is to make V take the 
correct value on the other electrode. Thus (27) really means 

y (1) = V 0 = * ft I, n 0 + , (3V/0ac)o) (28) 

Agam from equation (27) since <f> is known n 0 + can be detemuned in terms of 
the total concentration of electrolyte in the whole cell, which is fixed Thus 
(23) and (28) together give the current voltage relationship of the cell and (27) 
the distribution of potential, from which the other distributions follow We 
have apparently not satisfied a second boundary condition analogous to (23) 
at the anode, namely, 

(a), -»<-■ '>■ 


but the state of the anode is not faxed since the number of available (OH)~ ions 
ib not fixed, and therefore the anode can and must adjust itself until it can 
accept a current of the proper density from the boundary layer of the solution 
in its detemuned state It is only by a crude approximation that these molar 
equations can be used right down to tho boundary layer itself But there is 
this essential difference between tho requirements of the two electrodes when 
one of the ions is present m fixed amount and the other is indefinite 
Further study of the equations of this section will be undertaken 
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Summary 

Hub paper discusses m a general way the theory of the separation of hydrogen 
and diplogen by the electrolysis of water It is an amplified account of remarks 
made at the recent discussion on heavy hydrogen and m< luded m the published 
report In discussing the theory of this separation, it is necessary to remember 
that the process is a steady one and that no accumulations of any substance are 
going on anywhere except in the evolved gas where hydrogen and diplogen 
accumulate at the expense of the general water supply The requirements of 
a stead) state are systematically applied to the various possible mechanisms 
of the hydiogm electrodo which have boen suggested It is shown that the 
self diffusion of water is important and suffices to keep the H/D ratio near the 
cathode normal in spite 1 of the different mobilities of the hydrogen and diplogen 
ions It is next shown that if there were no to and £ro exchange of hydrogen 
between the solution and tho cathode, then the separation would depend on 
differential rales of transition for protons and dlplons according to the sug- 
gestions put forward by Polanyi, but that this exchange certainly exists so 
that Polauyi’s explanation, though still possible, is no longer unique The 
conditions for this more general state of affairs are then discussed, and it is 
shown that so far as existing evidence goes, the separation may be duo either 
to different over-potentials as proposed by Polanyi, or to different combination 
rates for molecule formation on the surface, or partly to one and partly to tbo 
other The paper concludes with a formulation of the general space charge 
equations which must govern a steady electrolytic current m the alkaline 
electrolysis of water 
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Experiments on Heavy Hydrogen * — Part I 

By Adalbert Far k as un«l Laiuscas Farkas Colloid Science Laboratory, 
Cambridge 

(Communicated b> Km Iv Rid cal, FHS — Received lanuar) 29, 1934 ) 


M dhoti of Analyst 


With the ex< option of those inv< stigations in which spectrosi opu f or mass 
spectrographic % methods were applicable, eurher workers on the heavy hydrogen 
isotope (deuterium or diplogen denoted by H 2 or by D) have determined the 
ratio H to D from measurements of the specific gravity§ of the water obtained 
from the heavy hydrogen One per cult of diplogen causes an increase of 
about one part m 10(H) in the specific gravity The density measurement may 
be made with groat accuracy, but at least & 4 mg of water are required for 
every determination I 1 

A convenient and reliable determination can be made with a very much 
smaller quantity of material, both accurately and rapidly, utilizing the thermal 
< onductmty of the gas to indicate its (omposition in the following manner f 
In fig 1 the specific heats of normal H s , D s , and HI) are plotted against tin 
absolute temperature The rotational specific heats were calculated according 
to the general formula** 


„ „ d d InQ v 


* * Nature,’ vol 132, p 894 (1933) 

t Urey, Bnokwedde, and Murphy, 4 Phys Rev vol 40 p 1 (1932) 

t Bloakney, * Phys Rev ,’ voL 41, p 32 (1932) , Bleakney and Gould, tbtd., vol 44, 
p 365 (1933) 

$ Lewis and Macdonald, ‘ J Chem Phys ,’ voL 1, p. 341 (1933) , Washburn, Smith, and 
Frandaen, ‘Bur Stand. J Res.,’ vol 11, p. 463 (1933) More recently a refractive index 
method has been worked out by Lewis and D B Luten, junr (* J Amer Chem Soc ,’ 
vol 66, p 6061 (1933) ) and by Cnst, Murphy and Urev (‘ J Amer Chem Soc ,’ vol 66, 
p. 6060 (1933) ) 

|| Gilfllian and Polanyi, * Z phys Chem.,’ A, vol 166, p 266 (1933) 

U Cf A Farkas, ‘Z phys. Chem ,’ B, vol 22, p 344 (1933) Evidently the norma 
thermal conductivity method as developed by Schleiermaoher and applied by Bonhoeffer 
and Harteck to their experiments on ortho and para hydrogen (' Z phys Chem ,’ B, vol 4, 
p. 118 (1929) ) may be used, but over a thousand times the quantity of gas would be 
required for each measurement, than in the micro- method. 

** Bee, for example, Giauque, ‘ J Amer Chem Soc ,' voL 62, pp. 4808, 4816 (1980) 
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where p s is the quantum weight of the rotational state with the quantum number 
j and J is the moment of inertia For H a and D, the correspondmg expressions 
of Dennison* were used which treat hydrogen as a mixture of the ortho- and 
para-modifications (H, = | ortho H a + i para H a , D a = 2/3 ortho l) a ) 
1/3 para-D a ) (see Put 11) For the monunts of nnrtia J of l) a and HD the 
values given by Urey and Hittenbergf were employed 
cats /molt 



The heat lost by an electrically heated wire stretched in a narrow tube 
containing the gas under a low pressure owing to the thermal conductivity of 

the gas is proportional to the expression j* CdT, or on fig 1 to the area T 0 TjBA, 

where T 0 is the temperature of the surrounding walls of the vessel and T, the 
t« mperature to which the wire has been heated by a definite current If 
now the current be hk reased to i 2 so that the heat given up by the wire to the 
gas is, say, twice as great as previously the temperature of the wire rises to T s 

* ‘ Proo Roy Soo A, vol 115. p 483 (1027) 
f ‘ J Chem. Phy».,’ voh 1, p. 187 (1033). 
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If the hydrogen in the tube be now replaced by diplogen and the pressure of 
the gas so regulated that the wire returns to the original temperature T x for 
the current t x , this pressure is clearly given by 


P », - P.., 


T„T t AB 
T 0 T X A'B' ’ 


but when the current t a is again switched on to the wire the temperature 
attained is now no longer T a but T' a , whore 

TJ^iA ^ Tq^B'A ', 

T 0 T a CA T 0 T a C'A' 


From the temperature differom e T' a — T a the D content of the gas may be 
determined from a calibration curve In our experimental arrangement 
(0 01 mm diameter platmum wire, 5 cm long in gas at a pressim of ca 0 04 
mm ) T' a — T a for the pair of gases hydrogen and diplogen is about 20° and 
corresponds to a difference in resistance of about 6 ohms From fig 1 it is 
seen that the temperature variation of the specific heat of HI) is so similar to 
that of D a that they a ill give nearly the same results by this method (sec below) 
The method differs from that of Schleiermacher m that the absolute thermal 
conductivity of the gas does not have to be considered, but rather the variation 
of this quantity with the temperature It may be observed that the tempera- 
ture variation of the accommodation coefficient should also be taken into 
account, but since the effect is quite small, the simplified treutment employed 
abovo is found to be legitimate 

Calibration 

The method was tested and the wire calibrated with water contaunng known 
amounts, from 3% to nearly 100% of diplogen These samples were prepared 
by Dr P Harteck in the Cavendish Laboratory, and wc Hrc most grateful to 
him for his kindness m supplying them The water was decomposed on a 
tungsten wire at 1000 u C (see W, fig 2) It was necessary to ensure complete 
decomposition of the sample so that there might not be any difference between 
the D content of the gas and the water from which it was obtained TungBten 
possesses several advantages as a reducing agent, for complete outgassing at 
2000° C eliminates the possibility of any contamination of the recovered gas 
and the tungstic oxide formed is volatile and distils off so that a fresh metal 
surface is always being presented to the vapour , while with care it is possible 

* For the exact formula, see A Farkas, * Z. phya Cbem.,’ B, voL 22, p. 344 (1939). 
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to obtain 30 o o of gas at N T P from a wire 0 2 mm. m thickness and 20 cm 
long before it bums through The hydrogen produced was then removed with 
the aid of a Topler pump (T) und collected in a storage vessel (D a ) from which 
it could be admitted to the measuring cell 

The cell (C) possessed u volume of about 10 c c , the gas was admitted 
through the mercury pump P„ fig 2, and the pressure m the cell was adjusted 
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which may, with practice, be made m about 2 minutes This small amount of 
gas was measured by means of a capillary (L) having a volume of 0 1-0 2 c c 
The actual readings of the resistances of the wire in the conductivity cell 
corresponding to the temperatures T a and T' s , fig 1, were found to be — 

For normal hydrogen- -104, 55 ohmB 
For heavy hydrogen— 110, 44 ohms 

Thereafter these figures will be referred to as the resistance values of the 
respective hydrogen-dipiogen sample In fig 3 the calibration curve obtained 
in this way is shown 



The straight line shows the relationslup obtained between the resistance of 
the wire and the D content for mix tures containing only D, and H 4 and none 
of the mixed HD molecules, such mixtures having been prepared from normal 
Hg and pure D a The curved lmo shows the resistance obtained when H a , 
D 9 , and HD are all present in thermodynamical equilibrium (see lxdow), these 
mixtures having been prepared either by passing the gas over a mtalyst or 
by the complete decomposition of a sample of water of known D content 
The difference between the curves is due to the fact to which attention has 
already been called, namely that the HD and D s are so similar in their thermal 
conductivity variation with temperature that they give nearly the same effect 
in the measuring vessel , and thus the total HD -J- D a content increases faster 
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The Eqwltbnum H, + D, ^ 2HD 

Since the formation of the equilibrium mixture from a pure H, and D, 
mixture results in a marked increase in the resistance value of the hydrogen 
under examination, the technique described above p» rmits the percentages of 
all three molecules in the mixture to be determined m any given experiment 
The formation of the equilibrium mixture containing HD molecules from a 
60% Hj and D, mixture results in an increase of the resistance value by about 
1 ohm To determine the quantities of all three gases, it is only necessary aftei 
the first measurement of the resistance value, to cause the equilibrium mixture 
to be formed, return the gas to the cell, and re determine its resistance value , 
the difference between these quantities will then give the amount of HD 
formed 

The theoretical equilibrium between the three molecules H s , D t , and HD 
has been discussed by Ure) and Rittenberg * The equilibrium constant 


K 


[HD ] 1 

[H a ][D a l 


in the range 200° K to 800° K is given by the expression 




■jjjO 


where J denotes the respective moments of inertia, M the masses and AE 0 
the heat of the reaction AE 0 is about 180 cals , and is the difference in the 
zero point energy (e) of the molecules taking part in the reaction, » e , 

AE 2e H |, — (cjj t -|- £|, t ), 

since AE 0 is so very small, K is practically independent of the temperature 
Experimental examination of the theoretical equilibrium constant m the 
following manner was earned out t The increase in the resistance value of a 
60% Hj-50% D a mixture when equilibrium has been attained has been assumed 
to be proportional to the theoretical value , and the single resistance value 
so obtained is then used to calibrate the wire m terms of the amounts of HD 
formed in all the other mixtures Th« maximum increase in the resistance 
value results from the format ion of HD from a 60% H t , 60% D, mixture, and 
in our measuring cell is 1 07 ohms, so tliat approximately 1%HD will give 


• ‘ J Chera Phys vol 1, p 137 (1933) 

t Srneo the first publication of our reeults (‘ Nature,’ vol 132, p 894 (1988) ), Ritten- 
berg, Bleakney, and Urey (‘ J Chem Phys ,’ vol 2, p 48 (1934) ) have published a note 
showing that they have sucoeeded m measuring the equilibrium constant with a higher 
aocuraoy by mass speotrosoopio methods. 
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an increase of 0 02 ohms Fig 4 shows that with this procedure the 
amounts of HD obtained when equilibrium from various mixtures of H t and 
T) a is obtained he with remarkable accuracy on the theoretical curve In this 
]>articulur experiment it was desired to test the applicability of the method of 
measurement, rather than to determine the absolute value* of the equilibrium 
constant, but attention may lie called to the fact that these experiments show 
that there is no appreciable alteration in the equilibrium constant with tempera- 
ture, for when an equilibrium mixture prepared at 20° C (by the decomposition 


30 

60 

4 '0 

70 


M L A. 

Fio 4 

of heavy water by Bodium) is heated to 600° C on a nickel wire no appreciable 
alteration in the resistance value is observed 

It is found that the formation of the equilibrium mixture at 600° C on a 
mckel wire occurs in a few seconds Thus to determine the amount of HD 
in a sample, its resistance value having been determined, it was pumped from 
the measuring cell into a vessel containing a hot mckcl wire, Ni, fig 2, left in 
contact with the wire for a few seconds, pumped back to the measuring cell and 
its resistance value again determined With this procedure, it is important 
that the mckel wire should not retain or evolve any hydrogen, so that the 

* In some experiments to be published in detail later (cf ‘ Nature,’ toe. at ) on the rate 
at which thla equilibrium ia attained the absolute value of K need not be known, for only 
the relative change is under consideration 

2 i 
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amount of the gas used in the two measurements is the same The wire must 
be maintained scrupulously clean, and have been perfectly outgassed, for 
every trace of foreign gas present in such minute amounts of material would 
cause a large error in the measurement 
More detailed measurements of the formation of HD from H 2 and D 2 on 
nickel and other metals will be carried out shortly, but it is already possible to 
propose a mechanism for this process The hydrogen molecules are adsorbed 
and dissociated mto atoms on the surface of the metal, and naturally on de- 
sorption combine m tho adsorption layer to give H 2 , D 2 and HD molecules 
whose relative amounts are determined by the value of this equilibrium constant 
at the temperature of the catalyst This mechanism is identical with the so- 
called high temperature mechanism of the catalytic conversion of para hydro- 
gen * 

We have also attempted to bring about the reaction 
H 2 + D„ ^ 2 HD 

at low temperatures, by adsorbing the gases on charcoal but with negative 
results 0 01 c o of a 50% H 2 and 50% D 2 mixture were adsorbed for 15 
hours on 20 mg charcoal at 77 3° K , and on desorption no formation of HD 
could be detected, though in theory at this temperature the equilibrium con- 
centration is about 40% This negative result shows rather beautifully that 
adsorption or desorption on charcoal causes no rupture of the molecules for 
if such did actually occur an exchange of D and H atoms would take place m 
the surface layer resulting in the formation of HD Tho work of Bonhoefifer, 
Farkas and ltummel on the mechanism of the heterogonoous conversion of 
para- to ortho-hydrogen would also lead us to anticipate such a result, for the 
latter reaction is ummolecular in the adsorbed phase and involves no exchange 
mechanism f 

Since it is apparent that the equilibrium at low temperatures is not attainable 
by means of a catalyst, it will be necessary, if measurements in this region are 
to be made, to obtain the diplogen-hydrogen-mixture tn statu, msoendt either 
photochemically or by a suitably chosen chemical reaction On recombination 
the equilibrium mixture of H 2 , D 2 , and HD will lie obtained Such measure - 

* Of BonhoefJer, Farkas, and Bummol, ‘ Z phys Chem B, vol 21, p 226 (1033) 
t The establishment of the ortho- and para-hydrogen equilibrium on charcoal results 
from the inhomogeneous magnetio field set up by unsaturated para magnotio carbon atoms 
in the surfaoe allowing a reversal of the nuclear spin to take place On the above-mentioned 
charcoal the ortho-para-hydrogen equilibrium was established within a few minutes at 
78° K. 
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merits would, as Urey and Rittenberg (toe cU ) havo already pointed out, have 
particular interest since they should give direct information on the nuclear 
spin and the statistics of the molecules under consideration 

Separation by Diffusion 

Certain irregularities which we had observed in measurements of the con- 
centrations of various mixtures led ua to t xamine the possible separation of the 
isotopes occurring as a result of their different molecular velocities Such 
separation might be expected to occur when the mixed gases stream at low 
pressures through such narrow opemngs as partially closed taps or valves, 
and was, m fact, particularly marked where the measuring cell had initially 
been filled with too great a charge of hydrogen uid its pressure later adjusted 
to the correct value by pumping off the excess gas through a very fine regulating 
valve A concentration of the heavy isotope* take s place in the* u 11 while the 
diplogen content of the gas pumped off is naturally less The magnitude of 
the effect may be calculated from Rayleigh’s formula for frac tional distillation 
which is vahd for the range of pressure where the mean free path of gases 
effusing from a narrow opening is much greater than the diameter of the 
nozzle 

iILii 

if 1 

,iV *0 ’ 

D 1 

(H 0 ), (D 0 ), (H) and (D) denotmg the initial and the final concentration of the 
hydrogen, s being the ratio of the molecular velocities, » e , in this case y/2, p 0 
the initial pressure and p the final pressure equal to 0 04 mm Hg, t e , the 
same pressure which was maintained m the conductivity i ell in all measure- 
ments 

Table 1 shows that the theory ai counts well for tin results obtained 


Table I 


PolP 

% 1) nlwprvitl 

% 11 e it [minted 

1 

47 3 



l e 

80 7 

50 7 

2 

ol 0 

63 0 

3 28 

86 0 

67 8 


2 i 2 
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The small discrepancy in the last experiment is probably due to the fact that 
the pressure at which the experiment was carried out (about 0 13 mm Hg) 
was too high for the nozzle of the valve, and the conditions of ideal effusion 
were no longer maintained 

A similar effect is also to be expected when H a , D a and HD are all present 
in their equilibrium concentrations, but now the theoretical treatment of the 
problem is more involved, and the estimation of the concentrations is tech- 
nically more difficult since the equilibrium is somewhat modified through the 
separation that takes place The effect is, however, revealed in the alteration 
in the resistance of the wire on pumping off the gas, and naturally such an 
effect is not to be anticipated when pure hydrogen or a high percentage diplogen 
concentrate are in the cell No such alteration ib actually observed under 
these conditions, and this may be used as a convenient test for the purity of 
the diplogen In all the later measurements careful control of the dimensions 
of the apparatus m all parts where the flow of gas was at all restricted, 
and the admission of only just the right amount of gas to the cell ensured 
that all sucli variations in the measurements of the concentrations were 
eliminated 


No preferential adsorption of tho diplogen occurs on exposure of the two 
hydrogen isotopes to charcoal In an experiment m which %% of a 30% 
hydrogen-diplogen mixture was adsorbed on charcoal 
Tn at 78° K, the gas remaining above the charcoal had the 
same H/D ratio as the original mixture Enrichment 
of the D in the mixture residue occurs only if the gas 
above the charcoal is pumped off, and ib due to tho 
different diffusion velocities of the three molecular 
species present 



The Dtffunon of the Isotopes through Palladium 
The diffusion of the two hydrogen isotopes from 
mixtures containing 40% to 80% of D through pal- 
ladium at different temperatures has been studied 
The gas at a pressure of about 5 mm was allowed to 
diffuse through a thin hot palladium tube at oonstant 
temperature, fig 5, as measured by a thermo-element, 
into a vacuum from which it could be pumped off into 
the measuring vessel and its composition determined From tune to tune measure- 
ments were also made of the concentration of the gas remaining behind It was 


thermo- 
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found that the gas which had diffused through the palladium always had a 
lower D content than the original mixture, but that the difference in the D 
contents of the original gas and that of the gas diffused through the palladium 
decreased as the temperature of the palladium tube was increased Further 
the H/D ratio of the diffused gas did not depend on whither the initial mixture 
was composed only of H, and D s or of mixtures of II a , D |( and HD of the same 
H/D ratio * This would naturally be expected, since it is sure that inside the 
metal all these molecules are fully dissociated Accordingly, the gas diffusing 
through, and also after a time the initial sample, contains the equilibrium mixture 
of the three molecules In fig (> the ratio 

(i|) diffused 

fg) original 


is shown as a function of the temperature 



tOO 200 JOO ‘tOO 50CTC 

Fig 6 — Pressure 5 mm Hg 


The figure shows that at higher temperatures the curve becomes asymptotic 
approaching unity as a limi t, indicating that then the H and D are diffusing 
throu gh the palladium with equal velocities The ratio gives directly the 
relative velocities of'the two forms 

* For iliflnrinn through a thin quarts tube, this would not nooeessnly be true, ainoe in 
this experiment moleoulee might diffuse through without previous dissociation. 
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The dependence of the diffusion (t>) of H and D through palladium with 
temperature can be expressed by the relation 

» = »h + = C e~ A/BT , 

where A is the so-called activation energy of diffusion. 

The dotted curve m fig 6 shows these amounts plotted against the tempera- 
ture, for whioh A has tho value 10,500 oals The amounts of H and D winch 
diffuse through palladium may, also to a first approximation, be expressed by 
the two equations 

% = v (H)dni = Ch (H)„ r i^ e -Alt 1U , 
t’u = v (D)duj - C„ (DU«- A “ Jir 
From these two expressions the magnitude 

5t = e (Vl> 'i* 1 111 

is obtained and is plotted m fig G (provided that the constants C a and C J( m 
both expressions are equal, see below) From the values shown in the figures 
A n — A n = 830 cals , which value is then the excess of the activation energy 
for the diffusion of D over that of II and is, in fact, about 5% of the whole 
(The value A = 16,500 oals is the average of A H and A n ) 

As a result of the difference in the velix ltics of diffusion of H and D the 
hydrogen u the original vessel from which diffusion is taking place gets 
gradually richer in the heavy isotope It is easily se<n that the amount of 
concentration is again given by the Rayli igli formula 
Fig 6 shows that at temperatures higher than .100° C a is very nearly equal 
to unity, and thus at these temperatures no marked separation is to be antici 
poted It is for this reason that attempts to use the diffusion of hydrogen 
through palladium as a means of concentrating the isotope have failed At 
lower temperatures, when the separation factor is relatively great, the amount 
of gas passmg through is unfortunately so small that any separation by simple 
methods such as passmg hydrogen at atmosphi ric pressure through a tube of 
ordinary dimension is quite impracticable 
The difference between the two diffusion velocities may be considered to arise 
in the following ways 

Fig 7 shows the energy levels of tho two isotopes during the sorption process 
The difference in energy of the H a and D a gases arises from the difference of 
their zero-point energies Tho level for IID lies fairly exactly midway be- 
tween that for H f and D,, In the sorbed state the gases are dissociated 
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into atoms and corresponding to the different sorption complexes Pd-H and 
Pd-D, have still different zero-point energies 
In the stationary state the velocity of diffusion must be determined by the 
velocity of sorption, as the same amount of gas must always be taken up as is 
being desorbed Thus it is clear that the velocities of sorption of the two 
hydrogen isotopes must actually be different because of the different activation 
energies, which have been shown to differ by about 830 cals , if, about the 
same as the difference m the zero point energy of lH a and £D g , » e , 890 cals 
None the less there must c ertainly be a differ* nee of the same order of magnitude 
in the heats of adsorption of the two molecules, resulting m a great* r solubility 
or sorption of the heavier than the lighter isotope 



This consideration is merely sc hematic with a very simplified model , for 
it is assumed that the rate of diffusion is not determined by the migration of 
the hydrogen through the lattice (this is true for an infinite ly thin palladium 
la} er) or that, at least, tli< rates of migration are equal for both hydrogen 
isotopes 

In this connection also, it can be reasonably suggested that tho electrolytic 
separation owes its efficaoy to a similar effect , and it is remarkable that it the 
factor a— e" (Au-All)/1 ’ r is extrapolated to room temperature a separation factor 
of five results, in agreement with the results first obtained by Lewis and 
Macdonald * It should be observed that the difference in the energies of 
activation will be nearly independent of the metal surface, for the zero point 
energies of the various metal-hydrogen complexes will vary only slightly from 


‘J Chera Phys, vo! 1. p 1t5(I933) 
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metal to metal, thus the separation factor on different metals by electrolysis 
will be nearly independent of the metal surface, a conclusion m agreement 
with the experiments of Bell and Wolfenden * f 

We are very much indebted to Professor E K Rideal, F It S , both for 
discussions and for his interest m our work , to Dr 0 H Wansbrough- Jones 
for translation of our manuscript and to the Central Bntish Fund for German 
Jewry for a financial grant 

Summary 

(] ) A method based on the different specific heats of the hydrogen isotopes is 
described permitting a determination of the concentration of the heavy hydrogen 
isotope in a mixture with an accuracy of 0 2% in a sample of 0 002 c c 
NTP of gas 

(2) It is shown that in a mixture of hydrogen and diplogen the equilibrium 

H, + D,rHD 

is readily established at the surface of a hot nickel wire The equilibrium 
constant is, in agreement with theory, about 4 and nearly independent of 
temperature 

(3) This establishment of the equilibrium is used to estimate the ratios of 
the molecules ff a , D a , and HD m a given sample of hydrogen 

(4) By pumping hydrogen-diplogen mixtures at low pressures through a 
fine nozzle a slight separation occurs due to the diffi rent molecular velocities 
of the hydrogen isotopes 

(5) If a hydrogen-diplogen mixture diffuses through a palladium tube the 
H D ratio of the diffusing gas is the greater the lower the temperature of the 
tube Above 300° C the H D ratio of the diffusing gas is equal to that of the 
original gas This may be explained by assuming that the energy of activation 
for the diffusion of diplogen is greater than that for hydrogen on account of 
tho difference in their zero point energies 

* ‘ Nature,’ vol 133, p 26 (1934) 

f Topley ond Eyring, 'Nature, 1 vol 131, p 292 (1934), ‘J Amcr Chem ’vol 56, 
p 5058 (1033) 
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Conversion 

By A Farkas, L Farkas, and P Hartkck (Rockefc Her Foundation Fellow), 
Laboratory of Colloid Saenco, Cambridge University 

(Communicated by Eric K Rideal, FR8 —Received March 2, 1931 ) 

Ortho- and para-modifications should exist m all diatomic molecules of 
identical atoms with nuclear spin, since the law of prohibition of the ortho- para 
intercombmation is generally applicable * The rotational states consist 
alternately of ortho- and para-levels the ortho-levels being those which 
possess on the average the higher quantum weight and represent the states 
with the symmetrical nuclear-spin eigenfunctions, whereas the para-lcvcls 
correspond to the antisymmetrical nuclear-spin function 

The rotational quantum numbers possessed by the ortho- and para-lcvela 
depend on the statistics valid for the nuclei and on the symmetry of the 
electronic eigenfunctions For even electronic eigenfunction (for hydrogen 
and diplogon the ground states of which are '£„) if the Fermi Dirac statistics 
are valid the ortho-modifications are m the rotational states with odd quantum 
numbers and the para states in the even ones, whilst the Bose Einstein statistics 
lead ono to expect the reverse to be true 

The existence of the two sets in the molecule becomes apparent on studying 
the specific heats, t the spectrum,! and the equilibrium of the tw o modifications & 
With ordinary hydrogen these three effects were observed in that order , for 
diplogen it has already been shown that alternatmg intensities occur in the 
emission spcctrum|| and in this paper we shall substantiate the differences in 
the rotational specific heat and examine the ortho-para equilibrium 

The ratio of the concentration of tho ortho and para-modification in equi- 
librium with each other may be derived in the following way^f let t be the 

* Cf eg L. Farkas, * Jfirgbn exact Naturw.’vol 12, p 1(13(1933) 
t Dennison, ‘Proc Roy Sot,’ A, vol llfi, p 483 (1927), Euoken, ‘ SitzBer Preuaa 
Akad. Wias Berlin,’ No 141, p 141 (1912) 

t Heisenberg, ‘Z Phyaik ,’ vol 38, p 41 (1926), vol 41, p. 239 (1927), Hund, ‘Z. 
Physik,’ vol 42, p 93 (1927) 

{ Bonhoeffer and Harteck, ‘ Z phys Chem ,’ B, vol 4, p 113 (1929) , Euoken and 
Hiller, * Z phys Chem ,’ B, vol 4, p 142 (1929) 

|| Lewis and Ashley, ‘ Phys Rev ,’ vol 43, p 837 (1933) 

f Welael, “ Bandenapeotren," * Wien-Harma Handbuch der Exp. Physik,’ (1933) 
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nuclear spin of the atom then the resulting spin T of the molecule may have 
2 1 + 1 different values 

T = 2<, 21 — 1. 2t — 2, 2t — 3 , ,0 

the values underlined correspond mg to the antisymmetncal spin function, 
1 1 , to the para states As each resulting nuclear spin T is 2T + 1 fold 
degenerated, the normal or high temperature ortho-para ratio is given by the 
ratio of the total multiplicity (g) of th< ortho states to that of the para states, 
viz , 

garth.. _ ■ -».u 2(2 * ~” H 1 (H 1)(2< + 1 ) . f + 1 
H i ui i 2(2t-»») 1- 1 t (21 + 1) t 

The distribution of the mol. tubs m different rotational lev< Is and thus the 
dependence on temperature of the ortho-para equilibrium is governed by the 
Boltzmann law 

N, ^ 0 g(2j + i)e 

N, denotmg the fraction of the molecule of the total number (N 0 ) m the rota- 
tional level j with the energy 

K J (7 + 1) A 3 
J> 8it 2 J 

(J — moment of inertia), g is the mulear statistical weight, being (t + 1) 
(2t -f- 1) for the ortho states, and t (2t -J- 1) for the para states 

The fraction of the molecules in the para and ortho states is givt n by 

S gpm(2) + l) 0 

U- £*12 Vp»ri 

P * tU ' ^ g»rtho(^ + l)c-*^ l + S g pm (2j + l)e-*^ f "Qortto+0,^. 

ortho l»ra 

b ^ Qunua 

Qortho "f Qptn 

The index ortho or para under 2 denotes that the summation must be extended 
over the ortho or para states 

Experiments were carried out m order to demonstrate the ortho-para con- 
version in diplogen and to determine from the equilibrium ratio the spin and 
statistics of the diplogen nucleus 

The experiments were planned on th« assumption that diplogen would 
behave m a manner analogous to hydrogen , that is to say, that the attainment 
of the equilibrium ratio which, on account of the impossibility of the ortho- 
para interoombination taking place in pure hydrogen, is extremely slow, could 
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be accelerated by suitable catalysts and that the gas removed from the catalyst, 
lieing stable under ordinary conditions, retains the ortho-para concentration 
which is in equilibrium at the temperature of the catalyst 

As catalysts for the rapid production of the ortho para diplogi n equilibrium 
mixture an active charcoal, which effected a very rapid ortho para conversion 
in hydrogen even at the temperature of liquid hydrogen, was employed The 
sample of diplogcn was of about 90% punty It is evident that these experi- 
ments could be performed more readily with pure diplogen for the 90% 
diplogen contains the following five constituents ortho hydrogen, para- 
hjdrogen, ILL) mole c idea, ortho-diplogen, and para-diplogen ft was, however, 
found possible to determine the concentration of inch constituent and thus 
overcome this difln ulty 

For the determination of the diffen nt forms of hydrogen and diplogen the 
micro method of A Parkas,* which gives measurements of high precision with 
amounts of gas as small as 0 002 tc at N T P , was employed This method 
was applicable since a difference in the rotational specific heats of ortho- and 
para diplogen was to be expected similar to that found in ortho- and para- 
hvdrogou (cf fig 2) The actual measure rm nts were carried out in two thermal 
conductivity cells having wires of different length and thickness extended 
down the axis of each cell 

The calibration readings’)" were as follows — 


Table I 



CHIT 

Ci 11 11 


ohms 

ohma 

Normal hjilrojrt n 

lOfl 23 

128 39 

J’ara hvilmgMi 

l(l() 4 r i 

m 44 

Normal ll (lHt% 11 ) 

111 .>3 

1 III 73 


For hydrogen it was shown that for these cells the excess concentration of 
para-hydrogen relative to normal hydrogen was proportional to the correspond- 
ing differences m the values found for the resistance, according to the formula 

(p — 25) = prop (R„ — Kjs), 

where p denotes the para-hydrogen concentration in percentage of the sample, 
Rj, its resistance value and It K the resistance value of normal or 25% para- 
hydrogen 

* • Z phys Chem ,* B, vol 22, p 344 (1933) 
t A Farkas and L. Farkas, ‘ Nature,’ vol 132, p 894 (1933) 
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To determine the exact equilibrium betwocn ortho- and para-diplogcn three 
senes of experiments were earned out at the temperatures 20 4° K ,* 5.1° K and 
78° K The first run was earned out at 20 4°K The catalyst consisting of about 
0 2 gram of active charcoal, enclosed in a thin glass tube of a few cubic centi- 
metres capacity, absorlied at 20 4° K about 50 c c of diplogen, but the pressure 
over the charcoal was not higher than a few tenths of a millimetre of mercury 
The first samples of gas w ere extracted from the charcoal tube after the diplogen 
had been in contact with the catalyst for some minutes, and its resistance value 
was found to he (cell I) 111 58 ohms compared with 111 2i ohms for the 
original gas 

A change in the resistance value may be due to four different causes — 

(1) Through separation of the hjdrogcn isotopes on pumping off the samples 
owing to the higher diffusibihty of the lighter hydrogr n, Part 1 

(2) Through the possible readjustment of the H 2 (- D 2 ;£ 2IID equili- 

brium 

(3) Through the ortho-para conversion of the ordinary hydrogen present 

in the original sample or formed by reaction (2) 

(4) Through the ortho para diplogen conversion 

From the calibration experiments, it is evident that a &> pa ration of 
the hydrogi n isotope in pumping off the samples cannot cause a rise' m the 
resistance value but must lowci it owing to the lower diplogen content of the 
gas pumped off 

Previous experiments, made on charioal mdicated that the readjust- 
ment of the H a ■) D g 2HD equilibrium did not occur at the temperature 
of liquid nitrogen and, therefore, it is very improbable that the change 
in the resistance value is due to such an effect at the temperature of liquid 
hjdrogcn, but if (2) does not occur there is very little probability that the 
effect found is due to the ortho-para conversion of ordinary hydrogen since 
the original gas (90% D) could not contain more than 1% H s , and such a 
small amount (even if somewhat concentrated by the pumping) would not 
cause the observed change m the resistance value when converted to para- 
hydrogen 

This single measurement, therefore, makes it very probable that we are 
dealing with a true para-ortho diplogen conversion Thu was confirmed by 
the following experiment 

* The liquid hydrogen was kept m a liquid air cooled Dewar container of 800 o o By- 
daily renewal of the liquid air the liquid hydrogen could be preserved for 4 day*. 
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The gas pumped off from the charcoal cooled by liquid hydrogen was re- 
adsorbed on charcoal at 78° K and then completely re-ovaporated , this 
sample showed a resistance value of 110 76 ohms, i e , 0 8.1 ohms lower than 
the sample taken from the charcoal at 20 4° K In this ease it is evident that 
the processes (1) and (2) could not occur , the actual fall m the resistance 
value was, therefore, due to the adjustment of the ortho-diplogen para-diplogen 
equilibrium from 20 4° K to 78° K 

We cannot attribute this change in the resistance value to the hydrogen 
content of the wimple, for so great a < hangc could only be caused by the 
ortho-para convirsion of pure hydrogen Finally, this sample of gas was 
brought into contact with a hot nil kel wire and th< resistance value obtained 
after this operation was 110 26 ohms This furtln r fall was to be anticipated 
since the excess of HD contained m the sample pumped off the charcoal cooled 
by liquid hydrogen was transformed according to the equation 

2HD £ H, + D, 

From this final resistance value we calculate the D content to be about 67 %* 
and from the difference 110 75-110 25 after taking mto account a small 
■change due to the readjustment of the ortho-para-equikbnum of diplogcn 
(see below) we find that about 12% HD has disappeared, » e , when the original 
gas had a composition of 

90% D - 81% D, + 18% HD + 1% H„ 
the gas pumped off from the charcoal cooled by liquid hydrogen contained 
67% D = 39% D, + 66% HD + 8% H, 
the equilibrium mixture being 

45% D* + 44% HD + 11% H t 

This procedure was repeated several times and always led to practically the 
same result and conclusion Since, even by continuous pumping, we failed 
to get off the charcoal cooled in liquid hydrogen a gas containing more than 
70% D (the whole amount pumped off in 10 hours was not more than 1/10 of 
that originally adsorbed) the hquid hydrogen container was suddenly removed 
and the greatest part of the adsorbed gas was recovered In the earlier 
experiments of Bonhoeffer and Harteckf with para-hydrogen, it was found 

* This separation compared with 00% D of the original gas is due to a slightly pre- 
ferential adsorption whioh does not ooour at higher temperatures 

t ‘ Z phys. Chem.,’ B, vol 4, p 113 (1929) 
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that when para-hydrogen is suddenly liberated in thiB manner the ortho-para 
hydrogen equilibrium is not readjusted to the actual temperature of the 
charcoal as the desorption takes place with a greater velocity than the re- 
conversion 

A sample of this gas gave a resistance value of 112 bl ohms which was 
reduoed by contact with a hot nickel wire to 111 25 ohms, te, practically 
to the value of the original sample The corresponding readings m cell II 
were 138 93 ohms and 136 7 1 ohms respectively 

As no separation whatever could occur the whole change was entirely due 
to the ortho para diplogen conversion 

To determine the temperature dependence of the ortho-para diplogen 
equilibrium further series of miasurcnients were made at 53° K and 78° K 
In Table II the changes are recorded in the resistance value for tlip samples 
relative to the normal diplogen and their ratios 


Tabic II 


Temperature, 

(’dll* 

Cell II 

Change j 

Ratio | 

j Change ' 

| Ratio 

20 4 

1 40 

9 2 

2 20 

! 8 8 

63 

0 51 

3 4 

0 86 

3 4 

78 

0 16 

1 

0 26 



* More weight la to be unsigned to the values from cell I than to those from cell II, since thi y 
include a greater number of measurements 

Since previous experiments with hydrogen had shown that the changes m 
the resistance value were proportional to tlio changes m the para-hydrogen 
content of the gas, an attempt was made to estimate from those readings the 
actual conceutration of the ortho and para component in the following way 

Fig 1 shows tin dependence of the concentration of ortho-diplogen on the 
temperature adopting the Dirac-Femu or Bose-Einstem statistics and for 
nuclear spins of £ and 1 (higher values of t are most improbable) Tablo III 
contains the ratios of the excess concentration of ortlio- and para-diplogen at 
20-4° K , 53° K , and 78° K 

If wo compare the relative changes in the concentration with the ratio of 
the changes in the resistance value we can certainly excludo the Dirac-Fcrmi 
statistics If the Bose-Emstein statistics are applicable to diplogen then the 
lowest rotational level with the quantum number 0, and thus all rotational 
states with even quantum numbers, are ortho states, and have the higher 
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statistical weight This result is in agreement with the statement of Lewis 
and Ashley who found that m the emission spectrum of the diplogen molecule 
the lines in the Q-hranchcs of the Fulcher-bands corresponding to the transitions 
between rotational levels with even quantum numbers are more intense 
Our ratios agree better with the spin t — 1 which is the value to be expected 
from the analogy with other elements, t e , those with even atomic weight 
having integer nuclear spins * 



Table JIT 


Temperature, 

Hi me ttrmi statistics 

Ui*e Einstein slatwlics 

i- \ 

I = 1 



JO 4 

31 2 

14 7 

8 4 

9 5 

78 

1 

1 

/ 1 J 



For the nuclear spin 1 the lowest rotational state with the quantum number 
0 has the following constitution The spins of the nuclpi are cither parallel 


* It may be added that the measurements cannot exclude definitely a nuclear spin ol 
i as the relative changes in the concentrations (m this Bubstanco) are very munlnr to those 
lor t — 1 The same difficulty appears in the spectroscopic measurement of the alternating 
intensity A conclusive determination of the nuolear spin can only be made by the 
absolute measurement of the specific beats as was carried out by Euckon for hydrogen 
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or antiparallel having the resultant spin T = 2 or 0, respectively The state 
with T = 2 is 27 1 + 1 = G-fold whereas the state T = 0 is single The latter 
has the lowest energy when this 6-fold degenerated state is split up at extremely 
low temperatures for example m the crystal Transition between these two 
sets would also involve a change in the multiplicity of the nuclear spins similar 
to the para-ortho hydrogen transition, wo should therefore expect a pro- 
hibition for this transition 

If wo compare the dependence on temperature of the ortho-diplogen con- 
centration with hydrogen we note a remarkable difference owing to the different 
statistics while m hydrogen the ortho- hydrogen, i e , the component present 
in excess at high temperatures, disappears on lowering the temperature, in 
diplogcn the ortho modification is the only stable form at low Temperatures 



Fio 2 

In fig 2 the rotational specific heats curves are shown for normal diplogcn 
(»-D t ), ortho-diplogen (o-D f ), para-diplogon (p-D,), normal hydrogen (n-H,), 
para-hydrogen (p-H,)> ortho-hydrogen (o-Hj) and for the mixed molecule 
gas HD As normal diplogen and normal hydrogen are designated those 
mixtures of ortho- and para-moleculea which correspond to the distribution 
at high temperatures, » e , 

n-D t = } o-D, + £ p-D„ 

»-H, = J o-Hj + £ p- H r 
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The specific heat curves were caloulatod on the basis of the De nnis on formula 
(i loo oU ) 

-Ro« ^1^=252, 

CSP , = §C^+iC*a H with a = -- ^ , 

on account of the double moment of inertia of D a compared with H a For 
HD the method of computation was based upon the analysis of Gregory * 
A comparison has been made between the reaction velocity of the ortho- 
para conversion of diplogen m two characteristic examples with the corre- 
sponding reaction of hydrogen, firstly the heterogeneous ortho-diplogen forma- 
tion at 20 4° K. and secondly the re-conversion of ortho-diplogen at room 
temperatures catalysed by gaseous oxygen 



Since, as we have seen, the formation of ortho-diplogen is very rapid on 
charcoal another catalyst was employed consisting of a glass tube which, 
owing to some impurities, catalysed the para-ortho-diplogen conversion with a 
conveniently measurable speed. On this catalyst the diplogen conversion 
proceeded slightly more slowly than the hydrogen conversion as shown m 
fig 3, namely, with a half life tamef of about 19 and 11 minutes respectively 
* 'Z Phyaik,’ vol 78, p 791 (1932) 

f As was shown for hydrogen this type of reaction proceeds according to the formula 
pi—p * =■ (p. — Poo ) Pv Pi. and p*, denoting the para hydrogen concentration 
at a time t = 0, * and * =» oo Then the roaotion rate is given by the half life 
T «= ln2jk 

2 K 


VOL. OZLTV —A. 
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The mechanism of the catalytic ortho-para conversion of diplogen is most 
probably the same as for hydrogen,* f » e., we have again two independent 
mechanisms one of them acting at low temperatures and the other at high 
temperatures , one is connected with the normal or van der Waals’ adsorption 
and the second with the chemi- or atomic adsorption. The low temperature 
mechanism (eg, catalysis by charcoal) involves only one molecule and the 
twisting of the nuolear spin from the para position to the ortho position is 
effected by the magnetic forces of the catalyst The probability of this 
twisting is nearly independent of the temperature and the reaction rate is 
governed by the amount adsorbed The high temperature mechanism (e g , 
catalysis by metals) consists in atomic adsorption of diplogen (or hydrogen) 
when the adsorbed molecules are split into atoms and the ortho- and para- 
molecules re-evaporate in a ratio corresponding to the equilibrium at the actual 
temperature of the catalyst 

The homogeneous reconversion of ortho-diplogen in the presence of oxygen 
was next investigated, for it provides us with valuable information on the 
value of the nuclear magnetic moment of the diplon As has been recently 
shown by L Farkas and SachsseJ paramagnetic molecules or ions convert 
para-hydrogen to normal hydrogen according to the reaction 
p-H. + X^o-H. + X 
The rate of the reaction is given by 

Vt~ Too “ (Po ~ Poo ) + *°-*-* , » |X1 ‘ . 

where £„_»<> and k 0 _+ p are the reaction velocity constants of the respective 
reactions and [X] is the concentration of the paramagnetic substance At 
temperatures above 200° K is 3, because the ratio p-Hg/o-H, 

is maintained at a ratio of 1/3 Since the conversion is effected by the 
perturbation of the inhomogeneous magnetic field of the paramagnetic mole- 
cule upon the nuclear magnetic moment it was to be expected that a similar 
re-conversion would take place with ortho-diplogen as had been observed with 
para-hydrogen For the ortho-diplogen conversion above 100° K we have 



since the composition of normal diplogen is 2/3 o-D, + 1/3 p- D t 

* Bonhoeffer and A Farkaa, ' Trane. Faraday Soc voL 88, pp. 242, Ml (1932) 
t Bonhoefier, A Farkaa, and Rommel, * Z phya. Chem.,' B, voL 21, p. 226 (1983) 
t ‘ SitiBer Preuaa. AkadL Wiae. Berlin,' p 268 (1933) , 1 Z phya. Chem ,’ B, voL 23, 
pp. 1, 19 (1933). 
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The experimental arrangement for investigating the ortho-diplogen re- 
conversion was very simple. Ortho-diplogen, prepared at 20 4° K on charcoal, 
was mixed with oxygen and samples of this mixture were taken from time to 
time for measurement of the ortho-diplogen concentration. The samples 
passed through a trap, cooled with liquid hydrogen in order to freeze out the 
oxygen, before reaching the measuring cell The mixture of ortho-diplogen 
and oxygen was kept m a gas burette over mercury and its pressure could be 
adjusted very conveniently by altering the level of the mercury in the burette 
As mean value for the half life time at 10 mm oxygen pressure (293° K ) 
a value of 2200 minutes was obtained corresponding to a velocity constant of 


In 2 22 4 760 29.3 
2200 10 273 


0 57 litre /mole minute The velocity constant is thus 


16 times smaller than the velocity constant of the corresponding hydrogen 
reaction, namely, 9 16 litrc/molc minute 

This great difference in the velocity constant can be interpreted on the basis 
of the theoretical investigations of Wigner * According to this author the 
theoretical collision ( fficiency of the ortho-para transition from the rotational 
state j = 0 to the rotational state j = 1 is given by 




where J Ht is the moment of inertia of II # , p r the magnetic moment of the proton 
(2 5 0 5 10~** CGS units),! P-x the magnetic moment of the oolhdmg 
paramagnetic molecule and a the closest distance of approach on collision 
The factor e“® l/tT is duo to the fact that this transition is endothermic From 
the value Z n the collision efficiency can be derived for the whole para-ortho 
reaction (Z,_» a ) which includes all the para-ortho transitions j = 0 -+ 1, 
2 -*■ 1, 2 -* 3, etc , and which is connected with the observed velocity constant 
by the relation 


and is given by 


( k p-*o + k '-r) f 

number of collisions per minute 


Z 


8n*J H .ix r Vx > / e- K ‘' tT + 2e-^ tT + 3e- K »* T + \ 

9A**To« \ 1 + 6 e~ K * / * T 4 - 9 tf“ K ‘ /iT -f 


* ‘Z phys. Chem B, vol 23, p 28 (1933) 

f Estermann, Frisch, and Stern, ‘ Nature, ’ voL 132, p 169 (1933), Eatermann and 
Stem, ‘Z Phyrik,* voL 88, p 17 (1938) , Frisch and Stem, ‘Z Phyaik,’ vol 83, p 4 
(1933) 
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If we employ a similar expression for the case of ortho-diplogen and 

adopt the same value of a in both cases we obtain for the ratio 




'•"Vf 


_ Jh. * 

H'D* Jd. *' 


‘jin* *07’ 


where a and a' denote expressions m the brackets in the theoretical formulae 
for ZpOio and We thus obtain for the ratio p,* P /p* D a value of about 30 

so that the magnetic moment of the diplon is about 5 5 times smaller than that 
of the proton being about 0 2 10“ 48 C G S units 
In this calculation we have assumed that the value of a for the collision is 
the same for both reaction p-Hj + 0, and o-D, + O a and that tho validity 
of the theoretical formula) is retamed It is hoped to confirm this ratio of 
Pp/ (Id by comparing the relative efficiencies of other paramagnetic reactions in 
the two cases, and to estimate the probable difference in a due to the different 
zero point vibrations of H, and D r In fact one would expect tho closest 
distance of approach o to bo somewhat smaller for D, than for Ilg, leading 
to an oven smaller value for the magnetio moment of tho diplon Stem 
and Eatermann* came to the same qualitative result in their direct deter- 
mination of the magnetio moment of the diplon by molecular ray methods 
Thus it is clear that the diplon has definitely a finite magnetic moment and 

an abnormal low ratio of - PPS?” - — — whereas the proton has an 
mechanical moment 

abnormally high one, both at present inexplicable 


Without the unfailing help and encouragement of Professor E K Rideal, 
F R S , it would not have been possible for us to carry out this work, and to 
him we wish to express our most sincere thanks We are also extremely 
grateful to Professor Lindeuiann, FR8, for his gift of tho liquid hydrogen 
required Two of us (A and L F ) are glad to express our indebtedness to 
the Central British Fund for German Jewry and to the Imperial Chemical 
Industries for financial assistance 


Summary 

It is shown that the ortho-para conversion of diplogen can be catalysed by 
charcoal and the actual conversion measured by thermal conductivity methods 
From the dependence of the ortho-para diplogen equilibrium on temperature 
• ‘ Z Phyrik,’ voL 86, p 132 (1933) 
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it 18 found that for the diplogon nucleus the Bose Einstein statistics are valid, 
the lowest rotational state being an ortho level , furthermore, that the most 
probable value of the nuclear spm of diplogen ih 1 The heterogeneous ortho- 
para conversion at 20 4° K proceeds under the experimental conditions at 
nearly the same rate both for hydrogen and for diplogen The rc-conversion 
of ortho-diplogen to normal diplogen by the paramagnetic molecular oxygen 
is 16 times smaller than the corresponding reaction for hydrogen, indicating 
that the magnetic moment of the diplon is about 1/5 of the magnetic moment 
of the proton 
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The Thermal Conductivity of Air 
By T II Laby, FK8 
(Received September 25, 1933 ) 

When Miss Nelson and the writer prepared in 1929 an article for the ‘ Inter- 
national Critical Tables ’ on the thermal conductivity of gases, wo found that the 
value for air had been measured by 19 observers and that the mean departure f rotu 
the mean was 7 % Further the values obtamed bv the hot wire method by 
Weber, Gregory and Archer, and Schneider were higher than the value (5 40 X 
10“° cal cm 1 sec 1 deg 1 )* which Hen us and the writer had found bv a 
(jarallel p]at< method and luglier than 13 of the 14 determinations (includ- 
ing hot wire ones) made previous to 1918 In view of these facts it was desirable 
to repeat the parallel plate method and to obtain evidence as to whether or 
not there was a systematic difference between the two methods mentioned 
The hot win method, as used by the experimenters named, has tho practical 
advantages that the temperature of the wire can be kept constant and be 
accurately measured, and it is convenient and simple As carried out in tho 
experiments referred to in which hne wires were used it has the disadvantages 
that tin elimination of the convection effects is not attained with certainty, 
the temperature gradient in the gas is large (which introduces both theoretical 
and practical difficulties) and tkore is a temperature* discontinuity at the surface 
of the wire which has to be deternuned Hi reus and Sutherland have nearly 
completed m this laboratory a measurement of the thermal conductivity of 
air with a parallel plate apparatus This method has the inherent advantages 
that there are no convection currents ui the horizontal lamina of gas used, 
that the temperature gradient may be made small, and the temperature dis- 
continuity at the surface of the plate is of no significance In the experi- 
ments now m progress radiation is eliminated by using the metal plates at two 
different separations and considerable improvements have been made as 
compared with the experiment of Hercus and the writer by the use of a better 
technique, m the steadiness of the temperatures and in their measurement 
Kannuluik noticed while the experiment just described was m progress that 
a development of Kundsen’s hot wire method which he had used for measuring 
the thermal conductivity of the metal of the wire could be used for measuring 

*Thi» and the other values given in this paper for the thermal conductivity of air are 
for air at 0° C 
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gas conductivities He and Martin in a paper already published and in the 
one which follows this describe this hot wire method as it is used for measuring 
gas conductivities The apparatus is of the simplest construction and the 
method has on exact theory As a thick wire is used in this apparatus it is 
free from two of the disadvantages mentioned above, for the temperature 
gradient can be made small, and the temperature discontinuity is almost or 
actually negligible By the use of narrow metal tubes convection effects have 
been eliminated before molecular conduction begins 

Kannuluik and Martin obtain a value for the conductivity of air of 
6 76 x 10 -5 cal cm 1 deg _I sec 1 which is higher than that obtained m 
the older determinations Hercus and Sutherland’s experiments with the 
parallel plate method give a value 5 72 X 10~ 5 which agrees to better than 
1% with the value of Kannuluik and Martin 
Thus these two investigations confarm the value'" found by Weber, namely, 
5 74 X 10 -6 , and show that the parallel plate and certain hot wire methods 
agree The accuracy and convenience with which thermal conductivities of 
gases can bo moasured appear to have been considerably improved by the 
method described in the following paper 

We are indebted to Dr J K Roberts for reading the proofs 

* Gregory and Archer’* value, 5 83 < 10 *, i» not very different 


2 L 2 
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The Thermal Conductivity oj some Gases atO°C 

By W G Kannuluik, B Sc , and L H Martin, Ph D , University of 
Melbourne 

(Communicated by T II Laby, FRS — Received September 25, 1933 ) 
Introduction. 

During recent years an increased interest has boon displayed in the phenomena 
of gas conduction, particularly m their application to the observation of 
molecular changes and chemical dissociations While relative measurements 
usually suffice for these purposes, there have also been carefully planned 
researches on the absolute thermal conductivities of gases, the results of 
which are of value in the development of the kinetic theory 

A comprehensive account of the methods which have been employed m 
the past for the measurement of the thermal conductivity of gases is given m 
a recent paper by Trautz and Zftndcl,* who include also a table of the available 
data to 1931 for air, hydrogen, and carbon dioxide The lack of agreement 
between the values obtained by different workers shown in this table can be 
explained by the smallness of the quantity measured, and by the difficulty of 
eliminating the heat transfers by convection and by radiation, one or both of 
which are always present 

The principal methods which have been used in absolute determinations are 
(1) the parallel plate method, successfully adapted by Hercus and Laby,f 
and (2) the hot wire method, and its variants, of which the most satisfactory 
forms are found in the experiments of WeberJ and of Gregory and Archer, § 
and Gregory and Marshall || 

The most important work m recent years has been carried out with some 
form of hot wire method, and the conductivities obtained, notably for air, 
have been consistently higher than the values obtained with the parallel 
plate method 

The parallel plate method has many advantages of a fundamental character, 
and as the hot wire methods have not always been above criticism in matters 

* ‘Z. tech Phys.,’ vol 12, p 273 (1931) 
fProc Roy Hoc A, vol 9ft, p 190(1919) 

% ‘ Ann. Phymk.’ vol 64, p 326(1917), vol 82. p 479(1927) 

) ' Proc Boy Hoc ,’ A, vol 110, p 91 (1928) 

H’Proc Roy Soc ,’ A. vol 114, p 364(1927), vol 118, p 694(1928) 
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of detail it was believed that a new senes of measurements would be of value 
if a hot wire method could be developed which met these criticisms satis- 
factory The present paper describes the measurement of the conductivities 
of a number of gases using a new form of hot wire method m which an exact 
theory is completely realized with a single simple apparatus 

All hot wire methods aro faced with the initial difficulties of eliminating 
convection, and of making adequate correction for the temperature dis- 
continuity at the wire surface The problem of separatmg convection and 
conduction has been studied by Weber and it is now possible to design a 
hot wire apparatus m which convection is absent Briefly, the tube must 
be vertical, and not too wide One of the most si nous criticisms which can be 
levelled at recent work is associated with errors introduced by the temperature 
discontinuity at the wire In some cases the correction has been neglected, 
and in others, on account of the small diameter of the wire and the low gas 
pressures used, the correction lias been much larger than is desirable The 
temperature discontinuity at the wire surface is related to the accommodation 
coefficient of the wire for the gas molecules, and it is thus possible to use values 
of the accommodation coefficients found by other workers in making the 
necessary correction, but this procedure is not desirable as the coefficient 
depends on the state of the metal surface It is preferable to measure the 
accommodation coefficient with the actual apparatus used for the conductivity 
experiments, or better, to employ a graphical method, described later, which 
gives the gas conductivity directly without having to evaluate the accom- 
modation coefficient 

In order to compare the results of different workers, final values of k are 
usually reducod to 0° C In the past this reduction has sometimos mvolved a 
considerable extrapolation based on a aeries of measurements earned out m a 
relatively short range of temperatures 

In the present experiments the mean temperature of the gas is never greater 
than 3 3° C and is usually nearer 2° C so that no appreciable error is intro- 
duced in reducing the conductivities to 0° C For this purpose we preferred 
to employ the temperature coefficients given in the ‘ International Critical 
Tables ’* by Laby and Nelson as these are based on experiments made over a 
wide range of temperature 

The method and tube design are such as to reduce the above sources of 
error to a minimum For the majority of gases, there is no convection over a 
pressure range of some 80 cm of Hg The wires used are all so thick that, 
• • I C T toL 5, p. 213 
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with the posable exception of hydrogen, within this pressure range the cor- 
rection for the temperature discontinuity can be neglected 

Method and Theory 

Before describing the method used in these measurements it will be useful 
to recall the general principles of the hot win method 
A metal wire, wbch is heated by an clectnc current, is mounted axially in a 
glass tube immersed m a constant temperature bath The wire serves m the 
dual capacity of a resistanc e thermometer, and a heater wluch is at a uniform 
temperature along a central portion, which will be relatively greater the longer 
the wire and the smaller its diameter The lateral heat transfer through the 
gas is therefore radial only for a limited central portion of the tube Tbs 
difficulty has been met in the past by two distinct methods of procedure In 
the first, due to Schleiermacher,* a long thin wire is used and the resistance of 
a central portion which is at a uniform temperature is measured by intro- 
ducing two very fine potential kads through the side walls of the tube In a 
second method which was devised by Qoldschmidtt two tubes are employed, 
one long and the other short , the differential measurements then refer to a 
tentral portion of the longer tube where radial flow conditions hold 
Wbchever of these two variants is adopted inconveniently long apparatus 
are required containing relatively fine wires the mean diameters of wbch in 
most experiments have only been determined by weighing methods As the 
temperature gradient at the surface of a fine wire is very great it is necessary 
that it should be exactly circular in cross-section, and of constant diameter, 
requirements wbch are best verified by contact methods 

These limitations have been removed in our experiments wbch are based 
on the general theory of the distribution of temperature along the wire and m 
the gas, and makes possible the use of a tbek wire mounted m a single short 
metal tube 

A brief description of the general principles of the present method is as 
follows With the ends of the wire and the wall of the tube at 0° C the con- 
ductivity of the gas can be calculated from the rate of mput of electrical energy, 
the thermal conductivity of the wire, and its mean temperature Port of the 
heat generated is conducted laterally through the gas, while the remainder u 
dissipated at the ends of the wire The theory takes into account both of 
these processes 

• ‘ W»d Ann voJ 34, p. 023 (1888) 
t ‘ Phy» Z / vol 12, p 418 (1911) 
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With the short thick wires used m this experiment and with gases like air, 
which are relatively poor conductors, approximately 50°„ of the total heat 
generated is dissipated at the ends of the wire it follows that the accuracy 
of the gas conductivity determinations dejiends ultimately on the accuracy 
with which the thermal c-onductivit v of the wire can be measured This 
quantity is measured with the apparatus unchanged in any way, the wire tn 
situ, and in the same physical condition as it was when used to measure gas 
conductivities The accuracy of tins measurement is bitter than l in 300 
(see Table II) 

Theory — A wire of thermal conductivity X ih mounted axially m a tube 
which is maintained at 0° C The annular space between wire and tube ib 
filled with a gas of conducts lty 1c Tt follows then that 

*6*X ~ I- 2*6* £ I 1 I*p 0 (1 h «0)/J = 0, (1) 

where p 0 ( 1 f ah) is the resistance per unit length of the wire at the temperature 
0° C and 6 is the radius of the wire 

The first two terms multiplied by dz represent the net rate of inflow of 
heat into the element dz along the wire and over its surface, while the last 
term multiplied by dz is the rate of generation of heat in dz 

If the heat flow from the wire through the gas to the wall of the tube is 
strictly radial, equation (1) liecomes 


*6*X^i + 2*6A0 + I*p 0 (1 + «0)/J - 0, 

dz 1 

where 

h = k/b log, u/6, 

and a ib the internal radius of the tube 
The solution* of equation (2) is as follows 


(M 


1\»/, tanh fl\ 2*6*XJ(R-R 0 ) 
Ml \ X HZ ' R 


( 2 ) 

(3) 


(4) 


and 21 is the length of the wire inside the tube 

The substitution in this solution of the necessary measured quantities pro- 
vides an evaluation of h, which when used with equation (3) yields the gas 
conductivity k 

* Xannuluik, ‘ Proc Roy Soc A, vol 131, p 320 (1931), and Weber, ‘ Ann. Physlk, 
▼ol 54, p 160(1917) 
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An exact solution of equation (1) takes mto consideration the fact that the 
flow through the gas is not radial, but follows lines of heat flow which show 
some curvature, particularly at the onds of the tube The effect of this 
curvature on the space factor b log, a/b proves to be vory small 
The exact solution of equation (1) has already been given in detail m a 
previous paper,* and here the final equation only is shown 

* (ft - R 0 )/2IV = C,N 01 - 1/3 C,N„, + 1/5 C 6 N 04 - , (5) 

where 

N Un I 0 (»P) ~ &o (»m)/K<> (np), 
n being odd, and m = ^ , p — ^ , and 

C„ = ± 4I« Po /nnJ - ([*6*X (gf - I* Po a/j] N to - 2rt6A (s) N„) , 

positive for n = 1, 5, 9, 
negative for n — 3, 7, 11, , 

with 

2k6N 1b = 2nb I x («m)/I 0 (np) N 0 , 4i/nl 0 (nm) K 0 (np), 
n being odd 

The expansions of the Bessel functions I 0 , Ij, and K 0 are given m Whittaker 
and Watson, “ Modem Analysis,” chap 17 
The senes on the nght-hand side of (5) converges rapidly and the calculation 
of the first three terms allows A to lie obtained by successive approximations 
Equations (4) and (ft) have each been used in the calculation of k for a number 
of different representative experiments with each tube In this way the 
correction is determined, which must be applied to the values of k deduced 
from the simpler equation (4) The correction is less than 1% 

Before equation (4) can be used, X for the wire must be determined The 
same apparatus is used to determine both X and k The tube is evacuated 
to a pressure of the order 10 -4 mm. Hg, when the lateral loss by molecular 
conduction is small enough to be neglected 
It has been shownf that X is given by 



* Kannuluik and Martin, ' Proc Hoy Soo.,’ A, vol 141, p. 144 (1933) We ate indebted 
to Professor T Cherry for this solution, 
t Kannuluik, loe. cU., and Weber, loc. cU, 
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where h T cal era sec _1 deg -l la the small residual lateral loss of heat by 
radiation This radiation correction reaches a maximum value in our experi- 
ments of 0 6% 

Description of Apparatus — We have departed from the usual practice m 
hot wire work of mounting the wire in a glass tube, preferring 
with Eucken* to use metal tubes which have the following 
advantages — 

(1) The ends of the wire are maintained exactly at the 

temperature of the bath, the wire bemg soldered through 
thin copper caps, which close the tube 

(2) It is unnecessary to corn* t for a temperature drop 

through the wall of the tube, and the gas at the wall 
is everywhere at the temperature of the bath 

(3) Euckent has pointed out that with glass tubes thermal 

equilibrium is attained very slowly The use of metal 
tubes considerably decreases the time taken for the 
steady state to be reachod and it can therefore be 
detected with greater cirtainty 

A thorough test of the possible sources of error in the method 
and apparatus has been made The space factor has been 
varied by using two copper tubes of different dimensions, each 
provided with a copper wire, while the wire material has 
been varied as well as the space factor, by constructmg a 
third tube of stainless steel provided with a platinum wire 
In this way two wires are used, the conductivity of one bemg 
more than live times that of the other 

The principles followed in the construction of the tubes 
may lie inferred from the diagram, fig I, and a detailed Pro 1 
description of the third tube 

This tube was of “ Two score ”J stainless steel of internal diameter 1 277 om 
and length 10 61 cm The wall was 1 mm thick The tube is dosed by 
thin copper caps approximately 1 mm thick, the lower one being insulated 
from the tube proper by a copper-glass joint A platinum wire 1 490 mm in 

* ‘ Phya Z,' vol 12, p 1002(1911) 

t Loc cit 

t Carbon 0 08/0 18, aillcon 0 3/0 5, manganese 0 5/0 7, chromium 18/20, niokal 
0 18/0 2 
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diameter is mounted axially m the tube by soldering it through holes in the 
end caps which were bored accurately central with respect to the tube by 
rotating this in a lathe Measurements of the coefficients of linear expansion 
of different varieties of steel showed that “ Two Bcore ” had a coefficient of 
expansion, 0 000010, which is only slightly greater than that of platinum 
A platinum wire mounted in a stainless steel tube provides a permanent 
apparatus, and it was used for measuring tho conductivity of a series of different 
gases. 

All three tubes were thus compensated for the expansion which occurs in 
baths of different temperatures The dimensions of the copper tubes are 
shown in the following table - 


Table I —Dimensions of Tubes 


Apparatus 



Internal 

diameter 

Outer 

diameter 

Diameter 
of wire 

cm 

cm 

<m 

am 

IS 63 

0 950 

1 826 

0 06106 

10 21 

1 1 592 

2 207 

0 06120 

10 01 

1 977 

1 472 

0 1490 


The copper wires for Cu (1) and (Ju (2) were drawn from a piece of Hilger’s 
spectroscopically pure copper rod , the platinum wire was a very pure specimen 
of this metal by Heraeus The diameters of the wires were measured in terms 
of standard Johansson gauges using contact methods. Each wire used was 
circular in section 

The metal tubes were constructed in the following manner A length of 
drawn tube, or solid rod through which a hole had been bored, had forced 
through it a steel ball-bearing the diameter of which was slightly greater 
than that of the hole 

This produced a smooth central channel which was fairly circular in section 
but was not quite straight The tube was pressed as near straight as posable, 
and was then internally lapped with a senes of mild steel laps of increasing 
diameter, the graded abrasive being held in a spiral groove cut in the lap 
The tube was now mounted with a press fit on a hardened steel mandril which 
had been carefully ground on centres to be straight (as tested against a Brown 
and Sharp surface plate) and accurately circular in section The outside was 
next ground to produce a wall of uniform thickness Great care was taken m 
this operation as the outer surface controls the centring of the wire The tube 
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m 


was now relapped until it was found that a steel ball fell through it with a slow 
uniform speed, when the tube was held vertically with one end closed with 
adhesive tape 

A central section of the tube produced in this manner was used in the con- 
struction of the apparatus, the diameter being measured by means of a senes 
of “ go ” and “ no go ” plug gauges The mt< rnal diameter of the tube was 
also contoured by dropping into it a ball bearing, the diameter of which was 
vaned, by heating it to different known temperatures The greatest variation 
in diameter found m any tube amounted to 0 002 cm 

It may be mentioned hen that a slight displacement S of the wire from the 
axis of the tube does not lead to appreciable error in the space factor The 
expression blog, aft of equation (3) must be nplaud by 
b log, {ajb - ajb 8 */(« 2 ~ &*)}, 

and substitution for particular cases shows that in our experiments the 
positioning was earned out with more than sufficient accuracy 

The following sources of error have been tho most senous in previous hot 
wire methods* — 

(1) The transfer of heat through the ends of the wire 

(2) The temperature discontinuity at the surface of the wire 

(3) Heat losses by convection 

In our experiments these sources of error are reduced to a minimum The 
thermal conductivity X of the wire is determined with the wire m position. As 
a result of the temperature discontinuity at the wire and wall surfaces the 
normal spaoe factor 6 log, a/6 must be replaced by 

6 {log, a/6 + y (1/a + 1/6)}, 

where y is related to the temperature discontinuity AT by the equation of 
Kundt and Warburg 



The wires uBed by us are much thicker than those used by previous workers 
so that the term containing y in the space factor is much decreased Moreover 
with our apparatus it ib unnecessary to work at low gas pressures when y 
becomes large, in order to eliminate convection For example, for air, the 
gas conductivities are independent of the pressure from 60 to 10 cm Hg It 
was considered that the independence of k of p over Buch a wide pressure 
• Weber, ‘ Ann Phyrik,’ toL 82, p. 478 (1827). 
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range constituted sufficient evidence of the absence of convection m this range 
Accommodation coefficients determined at low pressures aro m good agreement 
with existing data, but m obtaining mean values of k, we have preferred to 
consider only those values which lie within the pressure range where the effect 
of the temperature discontinuity has not yet become appreciable 

Experimental Procedure 

Apart from measuring the geometrical constants of the wire and tube, the 
experimental part of the work involves the determination of — 

(1) The electrical constants, R 0 ohm the resistance of the wire at 0° C , and 
a the temperature coefficient of the wire at 0° C 

(2) The thermal conductivity X of the wire 

(3) The small i liange in resistance (R — R 0 ) ohm of the wiro when heated 

by a suitable current 1 amp 

As the success of the experiments depends on the accurate determination 
of a small change in resistance (R — R 0 ) corresponding m the majority of 
cases to a mean rise of temperature of the wire of 4° to 6° only, it is necessary 
to make very precise determinations of R 0 For this purpose the pressure 
of air in the tube is reduced to less than 10~ 4 mm Hg so that the conditions 
for the application of equation (6) are satisfied For our tubes the terra 

(l -f- Vo • in (6) is only slightly greater than unity and may be calcu- 

lated with ample accuracy using approxunate values of R 0 and X It is 
evident from (6) that 1/R is a lrnoar function of 1* multiplied by tho factor 
mentioned above, so that 1/R 0 can be obtained by extrapolating 1/R to zero 
current This method yields very accurate values of R 0 

To determine a the tube is filled with hydrogen, and a very small heating 
current I is passed through the wire, the resistance of which is determined at 
the ice point, the steam point and the transition point of sodium sulphate 
32 383° G Assuming that the resistance of the wire is a quadratic function 
of the temperature, a can be determined from the relation 
R ( = R 0 (l+«f+pf») 

For the copper wires [3 is positive, for the platinum wire it is negative While 
the transition point of sodium sulphate is an excellent fixed point, only material 
of the highest punty may be used * Merck’s C R was used 

* See Dioldnaon sod Mueller, 1 Bureau of Standards,' rob 3, p. 656 (1907) 
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To determine X the apparatus is evacuated with charcoal and liquid air, 
and corresponding values of B are obtained for a number of different values of 
I, when X can be calculated from (6) The calculation of the radiation cor- 
rection has been described in a previous paper * fn these experiments it 
amounts to approximately 0 5%, being smaller for the tubes (1) and (2) than 
for (3) 

A three dial type of the “ thermo-kraft-frei ” potentiometer by Wolff is 
used to measure K and R 0 , and also the current 1 amps in terms of a standard 
0 01 ohm resistance and a Weston Standard cell 
After evaluatmg X, the additional measurements required to determine k 
are a senes of corresponding values of R and I when the tube is filled with a 
gas at a senes of different pressures The pressures are measured with a U-tube 
mercury manometer The apparatus is immersed in a Dewar ilask containing 
pure ice and water which is hand stirred vertically The approximate values 
of k are obtained from equation (4) and these are later reduced so that they 
agree with the values wluc h would be obtained directly from (5) 

The electrical and thermal constants of each of the three wires are given m 
Table II 

Table II —Constants of Wires 


Constanta 

Cu 1 

('u 2 

l Pt 

B, (ohm) 

0 00864717 

0 00647941 

i 0 00601816 


0 004267 

0 004244 

O 003967 

ft 

0 0,42 

0 0,37 

-0 0,63 

A cal om hoc -1 deg 1 

0 949 ± 0 001 

0 929 ± 0 001 

0 1672 ± 0 0003 


The thermal conductivity X for Cu 2 is somewhat lower than for Cu I 
although each wire was drawn from the same rod of Hilger’s spectroscopically 
pure copper This difference is due to different beat treatment, specimens 
(2) being rapidly cooled after being heated m an annealing furnace No attempt 
was made to remove this difference since it provided two copper wires of 
slightly different conductivity and so gave a check on the method The 
mean values of X are obtained from at least six different corresponding values 
of R and I 

Representative runs for air, neon, and hydrogen are shown in Tables III, 
IV, and V respectively In these tables, column five, under the heading of /, 
gives values of (1 /pl)*(l — tanh pi/pl) The values of k' given m the last 

* KannuJuik, * Proc Roy Soc ,’ A, vol 131, p 320 (1931) 
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column need to be corrected to the true space factor, and for the temperature 
of the gas 

It will be noticed that the effect of the temperature discontinuity for hydro- 
gen appears at relatively high pressures For the present purpose it is con- 
venient to divide the phenomenon of gas conduction as a function of the 


Table III —Conductivity of dry air measured w ith tube 1 Mean temperature 
of gas 3 3° (J 




28 6 
17 j 
10 3 


7 7565, 
3 7547, 
3 7538, 
3 7536, 
3 7536, 
3 7570, 
3 7616, 
3 7504. 


K - It, 

/ 

P 

L' 10* 

0 00024024 

0 1560 

0 04814 

5 875 

24052 

0 1563 

0 04800 

5 867 

24041 

0 1564 

0 04793 

5 849 

24040 

0 1503 

0 04800 

6 857 

24052 

0 1664 

0 04792 

5 849 

24036 

0 1664 

0 04792 

5 849 

24058 

0 1666 

0 04782 

6 836 

24242 

0 1579 

0 04712 

5 750 


Mean i' in preaaure range 60 to 10 cm 5 85, ± 0 007 y 10 -* at 3 3 s C Mean t' at 0° C , 
uaing a temperature coefficient 0 003, 5 793 X I0~* On uaing oorrcct apace factor, l, — 6 748 
X 10"‘ cal cm ~ l aec '* deg -* 


Table IV — Conductivity of pure neon measured with tube 3 Mean tempera- 
ture of gas 1 7° C 


Pee*,,* 

I 

it K, 

/ 

P 

l' X 10* 

67 0 

4*™289. 

ohm 

0 00008818 

0 1603 

0 1132 

11 28 

67 0 

4 3260, 

8795 

0 1503 

0 1132 

11 28 

65 6 

4 3261, 

8788 

0 1502 

0 1133 

11 29 

42 4 

4 3262, 

8791 

0 1602 

0 1133 

11 29 

30 6 

4 3264, 

8786 

0 1501 

0 1134 

11 30 

19 4 

4 3263, 

8786 

0 1501 

0 1134 

11 30 

19 4 

8 5478, 

5870 

0 1492 

0 1135 

1 

11 31* 


* Mean temperature 1 1* C 

Mean i' in premare range 87 0 to 19 4 cm , 11 29 ± 0 01 x 10-* at 1 7" C Mean V at 
0° C uaing a temperature coefficient 0 003, 11 28 x 10-* Using correct spaoo factor 
Jr, J1 12 x 10~* oal cm _1 eeo ~ x deg 


pressure into two regimes At relatively high pressures the conductivity is 
independent of pressure, while at moderately low pressures there is a range 
determined by the geometry of the apparatus and the mean free path of the 
gas where the effect of the temperature discontinuity must be taken into 
account. 
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This is accomplished by replacing the normal temperature gradient 6/d by 
0/(d + A) where A is inversely proportional to the pressure If this cor- 
rection be introduced into the space factor of the apparatus it can be shown* 
that p/k 0 is proportional to p dow n to pressures at which molecular conduction 
appears If pjk 0 and p are plotted using all the data m Table V, a straight 
line is obtained from which the conductivity is deduced from the cotangent of 
the angle made with the pressure axis The value so obtained, k' = 41 85 X 
10 4 , is in excellent agreement with the value gnen above This procedure 
does not involve a knowledge of the accommodation coefficient itself 


Table V — Conductivity of pure hydrogen measured with tube 2 Mean 
temperature of gas 0 9° C 



P 


0 2067 
0 2931 
0 2903 
0 2061 
0 2940 
0 2911 
0 2875 
0 2017 


L , 10* 


41 82 
41 74 
41 90 
41 87 
41 57 
41 16 
40 (16 
37 01 


Kean V in pressure range 63 to 31 cm , 41 S3 i 0 06 X 10~‘ at 0 9 J C Kean k‘ at 0° C , 
lining a temperature coefficient 0 003 - 41 71 X 10~* On uning correct apace factor, 
k, ■== 41 3 x 10 - * oal aeo - 1 cm 1 deg 1 

It haa already been mentioned that a difficulty ariaea in reducing k to 0° C on account of come 
uncertainty m the Tallica of the temperature ooefhcicnta of k The correction la a amall one 
in thia work and it ha* been auffiment to uae one significant figure in tho value* of tbe coefficient* 
adopted. 


Experimented Results 

The methods employed m the preparation of pure gases are those reooin- 
mended m Traver’s “ Study of Gases ” and m the “ Handbuoh der Arbeits 
Methoden m der Anorgamschen Chemie,” vol 4 

Air — The air was dned by passing it through phosphorus pentoxids The 
carbon dioxide was not removed, as Weber has shown that its presence does not 
appreciably affect the conductivity of air The results for air are shown in 
Table VI The values of k ' m column 3 are the mean values obtained with 
each tube, the corresponding gas temperatures being shown in column 2 
Column 5 gives the conductivity corrected for temperature, and column 6 the 
final value for each tube after a correction has been made for the curvature of 


* Gregory and Archer, ‘ PhiL Mag.,' vol 16, p 301 (IMS) , see also Kannuluik and 
Martin, • Proo Boy Sou A, vol 141, p 144 (1033) 
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the lines of heat flow This description also applies to further tables giving 
results for other gases 

Table VI —Air 


Apparatus 

temperature 
of gas 

V x 10* 

Temperature 

coefficient 

k' x 10* 
at 0° C 

Jfc, < 10+* 


•V 





Cu 1 

1 3 

5 36, ± 0 007 

0 003 

5 79 

6 75 

Cu 2 

1 7 

5 S3, t 0 009 

0 003 

5 81 

5 76 

" 

1 7 

& 84, to 006 

0 003 

5 82 

5 76 


Mean value of i, 6 76 x 10~* r&l cm -• aec '* deg 1 


The agreement between the three tubes is satisfactory and is certainly 
much better than we had hoped to obtain when planning these experiments 
We believe that the absolute accuracy is somewhat less than is indicated by 
this table, and is probably better than 0 5% 

Hydrogen — The apparatus was first pumped to an X-ray vacuum, and then 
filled with pure hydrogen which was prepared by passing commercial hydrogen 
through a palladium tube heated electrically to a bright red The whole 
apparatus was washed out several times with hydrogen so prepared 


Table VII —Hydrogen 


Apparatus 

Mean 

temperature 
of gas 

k' v 10* 

Temperature 

ooeffloient 

k' X 10* 
atO 0 V 

*, e 10* 

tV 1 

1 3 

41 83 ±0 10 

0 003 

41 66 

41 3 

Cu 2 

0 9 

41 83 t 0 05 

0 003 

41 71 

41 3 

Pt 

1 7 

41 71 *0 07 

0 001 

41 53 

41 2 


Mean value of *, - 41 3 x 10-* ca) cm nee deg - 1 


Carbon Dxoxtde — Two methods were used to produce pure carbon dioxide 
For tube 1, the gas was produced by heating pure magnesium carbonate, the 
gas being passed through concentrated sulphuric acid, and then through 
phosphorus pentoxide For tube 2, pure gas was obtained by Lord Rayleigh’s 
method, in which the gas is drawn off an inverted cylinder after a considerable 
volume has been blown off from the cylinder m the erect position The gas 
was dried by passing it through phosphorus pentoxide As for all gases, the 
apparatus was first pumped to an X-ray vacuum, and was then washed out 
several times with the gas, before being filled 
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Table VIII —Carbon Dioxide 


Tube 

Wean 

temperature 
of gaii 

*' X 10* 

Temperature 

cotmciint 

k’ v III* 
at 0° r 

k , x 10* 

Co 1 

2 4 

3 492 f 0 024 

0 004 

3 40 

3 44 

Pt 

1 0 

3 508 i 0 008 

0 004 

3 48 

3 43 


Mean lalue of 1 0 -= 3 41 lO * ral cra 'wi -'don' 1 


Oxygen — The gas was prepared by heating potassium permanganate and 
was then passed through eoncintrated sulphuric acid and over phosphorus 
pentoxido 

Table IX — Oxygm 


JuIm- 

Moan 

temperature 

L 10* 

Tempi ratlin 
«m fh< ii ul | 

k A 10* 
at 0* 1 

t, x 10* 


"C 


1 O 003 



Cu 1 

l 7 

| 5 929 + 0 00(1 


-> 88 

5 84 

Pt 

1 7 

6 913 J 0 009 

I 0 003 

1 ft 88 

n 82 


Mean \alue of k t -» 6 83 ' IO-*i.al cm -'mi ' dig 1 


In view of the excellent agreement in the results obtained with the different 
tubes for air, hydrogen, carbon dioxide, and oxygen, the conductivities of 
the remaining gases, carbon monoxide, nitrous oxide, and the inert gases, 
helium, neon, and argon have been measured with the platinum wire tube 
only 

Carbon Monoxide and Nitrous Oxide — Carbon monoxide was obtained by 
the interaction of puro concentrated sulphuric acid and pure sodium formate 
The carbon dioxide present was removed by passing the gas through caustic 
potash, and the gas was finally dried by passing it through phosphorus pent- 
oxide 

Nitrous oxide was generated by heating puro ammonium nitrate to a 
temperature not greater than 260° C , thus preventing the formation of mtnc 
oxide The gas was passed over caustic potash and then through concentrated 
sulphuric acid and phosphorus pentoxido 

Monatomic Gases — The helium and neon used in this work were obtained 
from the British Oxygen Company, and the argon from Philips Lamp Company 
(Holland) The certificates supplied with these gases gave the neon and argon 
as 100% pure and the helium 100% pure except for a trace of neon. The 
oonductivitiee of helium were determined for the gas as received and after it 

2m 
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Table X — Carbon Monoxide and Nitrous Oxide 


Ou 

temperature 

ofgae 

V x 10* 

Temperature! L' ' 10* 
coefficient ut 0° C 

k, X 10* 

Carbon monoxide 

•e 

l 7 

6 447 + 0 008 

0 00) i IS 420 

6 37 

Nitrons oxide 

2 0 

3 677 ±0 00ft 

0 004 i l 64ft 

3 61 


bad been passed through charcoal immersed in liquid air it was found that 
the second value was approximately 2% greater than the first, and thiB is 
probably due to the adsorption by the charcoal of the trace of neon stated to 
be present The same procedure was adopted with neon, but here no change 
was observed m the conductivity 

It was also our intention to pass the argon over heated calcium to eliminate 
possible impurities, but on account of an accident to the apparatus this has 
been postponed to a further series of experiments on temperature coefficients 
However, the conductivity of the argon as received has been measured, and 
comparison of the value obtained with the values of other observers seems to 
imply the absence of any appreciable impurity, as this would certainly lead 
to a higher value 

Table XI — Inert Gases 


t.SH 

Temperature 
of gaa 

V 10* 

To mpe future 
oueuuunt 

V v I0‘ 
at 0° 0 

k . < 10* 

Helium 

2 0 

34 83 ±0 02 

0 003 

34 62 

34 30 

Neon 

1 7 

II 29 +0 01 

0 003 

11 23 

11 12 

Argon 

2 0 

3 88, L 0 009 

0 003 



3 86 

3 82 


Discussion of Results 

Table XII contains the thermal conductivities at 0 U 0 obtained by the 
authors, together with those for the same gases obtained by Weber and by 
Gregory, Archer, and Marshall, all of whom have earned out extensive senes 
of very careful measurements using some form of the hot wire method Our 
values appear to be m fair agreement with those given by Weber, particularly 
with his more recent values for air, carbon dioxide, and neon. There is some 
divergence, however, between our values and those of Gregory, Archer, and 
Mar shall , who obtain values which are, for some gases, 2% or 3% greater than 
ours. Unfortunately serious errors may easily be introduced in reducing 
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Table XII — k 0 x 10 s cal sec 1 deg _1 cm -1 


Oil 


Weber 



conductivities to 0° C For example, with air, Gregory and Archer studied 
the conductivity over a temperature range 7 4° C to 12 1° 0 and in reducing 
the conductivity to 0° C were obliged to extrapolate some 7 n The value of 
the temperature coelhcient implied in this extrapolation was 0 00297 Weber 
has studied the variation of the conductivity of air over a range of tempera- 
tures extending from 3° C to 18 5° C and finds a temperature coefficient of 
0 00366, which he points out if used to reduce the data of Gregory and Archer 
leads to a value for the conductivity at 0° C of 6 76 X 10 -6 This value 
agrees with that found by Weber and ourselves It may be added, however, 
that the value of the temperature coefficient used by Gregory and Archer is 
in excellent agreement with the value given by Laby and Nelson in the 
International Critical Tables 

In the single experiment on hydrogen, Gregory and Archer give a smaller 
conductivity than either Weber or ourselves An examination of the results 
of Gregory and Archer lead us to suppose that they have not made a sufficient 
correction for the temperature “ discontinuity,” and that when the necessary 
correction is applied, their result is in excellent agreement with ours 

The value found by Weber for this gas is nearly 1% greater than ours As 
Weber m his purification process passed the gas slowly over charcoal immersed 
m liquid air, this discrepancy may be accounted for by the presence in his 
hydrogen of a greater proportion of para-hydrogen than is typical of the 
ordinary gas 

It has been shown* that ordinary hydrogen, which is a mixture of ortho- 
and para-hydrogen present m the ratio of 3 to 1, if allowed to remain in contact 
* Bonhoefler and Harteok, * Z phyt, Chem ,’ B, vol 4, p. 113 (1929) , Euoken and 
Hiller, ‘ Z. phys Chem B. vol 4, p 168 (1929) , Deuniaon, ‘ Proo Roy Soo A, vol 
116, p 483(1927) 

2 H 2 
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with charcoal at the temperature of liquid air suffers a transformation, the 
equilibrium mixture now being one in which the ratio of ortho- to para- is 
12 1 This mixture is quite stable and persists for a considerable time after 
the gas has been raised again to room temperature The specific heat of the 
ordinary 3 to 1 mixture is 2 44R, while that of the mixture characteristic of 
the liquid air temperature is 2 49R, and since the thermal conductivity is 
proportional to the specific heat, a 2% increase m conductivity might be 
expected as a result of the change at the low temperature 

While it is probable that in Weber’s purification process the gas was moving 
too quickly through the charcoal to be transformed to the equilibrium mixture, 
Senftlebenf has shown that a very marked change (sufficiently great to be 
easily demonstrated to a large audience) takes place even m a minute or two, 
and it might therefore be reasonably expected that Weber’s value will he 
higher than the real value for ordinary hydrogen 
Maxwell’s Relation k 0 — —Table XIII gives values of i 0 , the viscosity 
7], and c„, while the fifth column shows the constant c for the different gases 
calculated from 

* = *oAloC. 


The values obtained for c for helium, argon, and neon agree well with the value 
2 5 deduced theoretically for monatomic gases by Maxwell, Chapman, and 
Enakog % 


Table XIII 


Gas 

1, X 10» 

V. X 10* | 



i(9y-6) 

He 

34 3 

18 76 

0 746 ! 

2 46 

2 44 

Ne 

11 12 

29 81 

(0 160)* 

(2 60) 

2 44 

Ar 

3 82 

21 02 

0 0746 

2 44 

2 44 

H, 

4) 3 

8 60 

2 43 

! 2 00 

1 90 

Air 

8 76 

17 22 

0 171 

1 96 

1 91 

& 

15 S3 

19 31 

0 167 

! 1 92 

1 96 

a 37 

16 66 

0 178 

1 81 

1 91 

& 

1 43 

13 74 

0 163 

i« 

1 72 

3 61 

13 66 

0 166 

1 1,1 

1 73 


e, value* Partington and Shilling, ‘ Specific Heat* of Uaaea, ' p 201 (1024) , landolt and 
Bomitein, ‘ Supp.,’ vol 2, Table 264A, p. 1227 (1931) 
value* Landolt and Bonutein (tor at ) 

* e, calculated from }R 


t ‘ Z. phys Chem.,' B, voj. 4, p 169 (1929) 
t Jeans, “ The Dynamical Theory of Oases,” chap 12 
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Eucken has suggested a formal combination of Chapman’s expression 
k 0 = 5/2 rjff v and the well-known equation c, = 3/2 (1 -f |J) R/Jm for poly- 
atomic gases The sixth column contams the values of J(9y — 5) which 
aocording to this method of introducing the rotational energy of polyatomic 
molecules should equal e 

In conclusion, we desire to express our appreciation of the continued interest 
Professor Laby has taken in tins work We are indebted to him for many 
helpful suggestions and for placing every facility at our disposal We wish 
to thank Mr A H Turner, of the Commonwealth Radium Laboratory, for 
help m the manipulation of the inert gases. One of us (W G K.) is indebted to 
the Melbourne University for a Fred Knight scholarship which enabled him 
also to take part in this work 

We are also indebted to Dr J K Roberts for reading the proofs 
Summary 

The thermal conductivities of the gases, air, H„ CO,, 0,, CO, N,0, He, Ne, 
and Ar, have been measured using a hot wire method The method is based on 
an exact theory for the flow of heat from an electrically heated short thick 
wire mounted axially in a metal tube maintained at a uniform temperature 

The apparatus realizes completely the requirements of the theory, is simple 
m construction and rapid m working Measurements earned out on several 
gases with three separate pieces of apparatus show excellent agreement These 
differ not only m their dimensions, but also m the material of the axial wire 

Possible sources of error m hot wire methods generally are discussed, and 
our results are compared with previous determinations for the above gases by 
other workers 

The constant c in the kinetic theory relation k Q — ojjc, is evaluated for the 
above gases The values of t obtained for He, Ne, and Ar are in good agree- 
ment with Chapman’s theoretical value 2 5 for a monatomic gas 
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The Calculation of Wave Resistance 
By T H Havblook, FRS 
(Received January 25, 1934 ) 


1 The wave resistance of a body moving m a fnctionless liquid has been 
calculated by various methods In a few oases it has been found directly as 
the resultant of the fluid pressures on the surface of the body Another 
method, which has been more generally useful, involves the introduction of 
a certain type of fluid friction into the equations of motion The wave 
resistance is then found by calculating the rate of dissipation of energy and 
taking the limiting value when the frictional coefficient is made vanishingly 
small This method has certain important analytical advantages, nevertheless 
it is highly artificial A third method, dealing directly with a fnctionless 
liquid, consists in examining the flow of energy in the wave motion , this has 
hitherto been used only for two-dimensional problems when the wave motion 
consists of simple waves with straight parallel crests, the usual theory of 
group velocity being directly applicable 

In the following note this method is extended to three-dimensional fluid 
motion Although no new special results are obtained so far as expressions 
for wave resistance are concerned, it seemed of sufficient interest to obtain 
them by this direct method, namely, by considering the flow of energy and the 
rate of work across planes far m advance and far m the rear of the moving 
body 

These quantities are examined first for a free wave pattern of simple type 
Then a general expression is given for wave resistance m terms of the velocity 
potential of the free wave pattern to which the disturbance approximates at 
a gjeat distance in the rear, and this is applied to a general form of wave pattern 
and to some special cases Finally, a similar examination is made of a oertain 
problem when the water is of finite depth 

2 With the origin O m the free surface of deep water, and Oz vertically 
upwards, the surface condition is 




* = o, 


(i) 


where ^ is the velocity potential and £ the surface elevation For a wave 
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pattern advancing steadily with velocity c m the direction 0®, we may write 
(1) in the form 

3-S-* ’-»• 

with k 0 = <j/c* 

A simple plane wave advancing m a direction making an angle 0 with Ox 
is given by 

S = a sm {<f 0 sec* 0 (® cos 0 + y sin 0 — ct cos 0)} 

<f> -- ac cos Oe"* 2 cos {^sw 1 0 (x cos 0 -f y sm 0 — ct cos 0)} 

We may generalize this to obtain a free wave pattern made up of plane waves 
advancing in all directions, so that the pattern itself moves steadily with 
velocity c in the direction 0® , we have then 

£ = j / (0) sm {*„ sec* 0 (x cos 0 -f V sin 0 - - ct cos 0)} d0 (4) 

We shall uuppose m the first place that the pattern is symmetrical with respect 
to Ox, so that we have 

C — 2 f* / (0) sin (iCg %' sec 0) cos (ic 0 y sm 0 sec* 0) d!0 

1 M 6) 

<f> — 2c 1 /(0) cos (k„®' sec 0) cos (* 0 y sm 0 sec* 0) cos 0 dO 

with x’ ~x — ct 

Consider a fixed vertical plane x — constant The rate of flow of total 
energy across this plane is given by 

lpc )>L {©)’ + (|)‘ + (&)’) * + (,) 

The variable part of the fluid pressure being pd<f>/dt, or — pcd<j>/dx, the rate at 
which work is being done across the same plane is % 

We shall assume that the wave pattern is such that these quantities are finite 
and determinate 

To evaluate these expressions with the values (fi) for <f> and £ we use the 
following theorem 


j (3) 
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Fj (y) — | (At cos yu -f B, sin yu) du, 

F a (y) -- j ( \ s cos yu + B s sin yu) du, 

A, B, being functions of u, then 

I * F, (y) Fj (y)dy~ tc 1 “ (A t A a -(- B x B t ) du, 


(8) 


(9) 


assuming that the integrals ure convergent 

To take one of the integrals in (6) as an example we have 

^ =s — 2/fflC I * /(0) sin (ic^r' sec 0) cos (u^y sin 0 sec* 0) dO (10) 

OX 

To put this into the form (d), we write u = k 0 sm 0 sec* 0, then carry out 
the process (9) and finally replace the variable u in terms of 0 , it is clear 
that we shall have to introduce into the integral m the final form a factor 
d0/du , that is, a factor cos* 0 /k o (1 + sin* 0) Thus we have 

= 4 f dz r{/(0)} 2 e ^^ ,, sm*(K o x'sec0) “f 

J -» Jo 1 + sm* 0 

“ a® 1 J* {/ (9)} 8 sull! <«✓ 9) jpjjp ^n° 9 (! 1 ) 


From (6) we find in this wav that the rate of flow of total energy across the 
vertical plane is 

upc* £' {/(8)}* {(3 - sin* 0) sm* ( K tf sec 0) 

+ (1 + sm* 0) cos* ( K J sec 8)} ^^ , (12) 

and that the rate at which work is being done across this plane is 

‘^PC* £ {/(9)>* «“* ("0*' ^ 9) ( 18 > 

It is the difference of these two quantities that is significant for our purpose , 
it is, as would be expected, independent of the tune and of the position of the 
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plane Subtracting (13) from (12), we find that the rate at which energy ia 
being propagated less the rate of work reduces to the simple expression 

7 tpc* | {/ (0)}* cos s 0 rfO (14) 

It may be noted that if we take mean values of (12) and (13) we have as the 
mean rate of flow of energy 

27tpc a P* {/(O)}* -■ < 16 > 

Jo if- sin* 0 

and as the mean rate of work 

lie) 

The connection indicated in (16) and (16) is a generalisation of the well-known 
result for simple plane waves that the mean rate of work is half the mean 
rate of flow of energy 

3 Consider now the forced wave pattern produced by a body moving through 
the liquid, or by a localized pressure disturbance The complete surface 
elevation may be separated into a local disturbani e and a wave pattern In a 
fhctionleas liquid a possible solution is one in which the wave pattern extends 
to an infinite distance in advance of the body as well as in the rear The 
determinate practical solution is that for which the wave pattern vanishes at 
a great distanoe in advance, and we may suppose this obtained by superposing 
over the whole surface a suitable free wave pattern In that case, considering 
the flow of energy and rate of work across two fixed vertical planes, one far m 
advance and the other far in the rear, we see that (14) is equal to Re, whore R 
is the wave resistance Hence we have 

R — wpc* {/ (0)}* cos 3 0 dd, (17) 

when the wave pattern at a great distance to the rear approximates to the form 

(4) 

For example, the forced wave pattern produced by a submerged sphere, or 
more precisely by a horizontal doublet of moment M at depth/, approximates 
at a great distance behind the disturbance, to the free wave pattern 
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Hence, from (17), the wave resistance is 

H = 167rp^ 0 ‘M* j^'sec 4 0 «-**/—• d©, (19) 

which is the known result for this case 
4 Before generalizing these results we may put (8) and (7) into an explioit 
form for the wave resistance 

The kinetic energy of the liquid in a strip between two parallel vertical 
planes at a distance Sx apart is 



Transform (23) into the equivalent form of a surface integral over the boundaries 
of this portion of fluid, assuming the wave pattern to bo such that the various 
integrals are convergent Thus we obtain the rate of flow of kinetic energy 
across a vertical plane as 

ipc Sj* ml. dy + r. dt r. {* $ + (sin * <24) 

Further, we may transform the other terms m (6) and (7) by using the surface 
condition (2) together with gX. — — od<f>/dx at z =■ 0 

Finally, equating the difference between (6) and (7) to Rc, we obtain for the 
wave resistance 

(26) 

In this expression <f> is the velocity potential of the free wave pattern to which 
the disturbance approximates at a great distance in the rear Considering the 
disturbance produced by a body of any form, it appears that this free wave 
pattern must be expressible, in general, m the form 

S = J* / (6) sin {k 0 sec* 6 (a/ cos 0 + y Bin 0)}d0 

+ j* F (8) cos {*„ sec* 0 (*' cos 0 -f y sin 0)}d0, (20) 

that is, in the form 

A cos B 4- P» cos A sin B 4- P* cos A cos B 4- P 4 sin A sin B) d0, 

(27) 

where A = sec 0, B = tc# sin 0 sec* 0 
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The corresponding velocity potential is 
ri* 

^ = c I (Pj cos A cos B — P, sin A am B — P, sm A cob B 

+ P 4 cob A sin B) coe 6 i0 (28) 

With this value of ^ in (25), we use (8) and (9) to evaluate the integrations 
with respect to y as in § 2 , and we obtain readily the general result 

R =-- irrpe* j 1 ' (Pi* + P, s -f P a * + P 4 *) cos* 0 <10 (29) 

The actual calculation of the quantities P for a body of given form is, of 
course, another problem Methods in use at present amount to replacing the 
body by some approximately equivalent system of sources and sinks , the 
functions P then appear, m general, m the form of integrals taken over the 
surface of the body We need not consider these here as the expressions for 
R given above lead to the same results as those obtained previously by different 
methods 

5 It is of interest to examine a similar problem when the water is of finite 
depth h It is clear from the derivation of (25) that we may use it m this case 
also, taking the lower limit of integration with respect to z to be —A instead 

of — co 

For the simple symmetrical type of free wave pattern given by (4), the corre- 
sponding velocity potential is 

</> = 2c [*7(6) , ( * - j K) cos (**' cos 0) cos (*y am 0) oos 0 dB, (30) 

Jo smh ten 

the relation between k and 0 being 

#c — * 0 sec* 0 tanh tth = 0 (31) 

We shall assume first xji > 1, that is c* < gh, so that (31) as an equation for 
k has one real root for each value of 0 in the range of integration In evaluating 
(25) we carry out the integrations with respect to y by means of (8) and (9) 
For this we have to change from an integration in 0 to one in a variable u 
given by 

« = k sm 0, (32) 

together with (81) The corresponding factor dB/du has now the value 


cos* 6 (ooth nh — ith cosech* *A) 
k 0 (1 + sm* 0 — sech* tek) 


( 33 ) 
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We have, for example, 


j>L(^ 


= 4 TO* 




cosh* k (z + h) (coth *h — kH cosech* kH) 
k 0 sinh* kK (1 + sin* 0 — kJi sech* kH) 


X sin* (kx 1 cos 0) k* cos* 0 dO 


- 27TC* [‘’{/(0)}* 


coth* k h — K*ti* coaech 4 ieh a 

k 0 (1 + sin* 0 — kJi sech* Kh) 


(kx' cos 0) k cos* 0 dO 

(34) 


Evaluating the remaining terms m (26), we obtain after a little reduction the 
result 

R = irpc* j‘' {/ (0)}* (coth kA - Kh cosech* Kh) cos* 0 dQ, (36) 


with k given in terms of 0 by (31) 

This may be compared with (17) for the similar wave pattern in deep water 
For a horizontal doublet M at depth/ in water of depth h, an expression for 
the oomplete surface elevation can be derived from results given previously * 
We have 




M(' dQ r cosh K(k-f)4‘i* 

7tc J Jo cosh Kh (k — K 0 sec* 0 tanh Kh -f- ip. sec 0) 


K*dK, 


(36) 


where we take the limiting value of the real part for p -> 0 
From this we may easily deduce the free wave pattern to which the dis- 
turbance approximates at a great distance in the rear It is given by 


Y 4k„*M f*' cosh k (h — /) tanh* Kh sec 4 0 , _ ... .. 

; - - j- j ss a (1 - " n ^ 9 + » e » * 

(37) 


From (36) this gives 

R = lerrpvM* 


K* cos 8 cosh* K(h—f) 


Jo cosh* Kh (1 — Kqh sec* 0 sech* kK) 


It will be found that this agrees with the result obtained by a different 
method in the paper just quoted, when the previous expression is corrected 
for an obvious slip , in formula (37) of that jwper 32 should be replaced by 16 
and tanh tth (1 + tanh Kh) by (1 + tanh Kh) 1 

* ‘Proe Roy Soc A , rol 118, p 32 (1M8) 
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When kJi < 1, that is c* >gh, the equation (31) for * has a real root only 
for a more limited range of values of 0, the lower limit being 0 O = cos _1 \/(/t 0 A) 
instead of aero It is readily seen that the expression for R will be as in (38) 
with 0 O as the lower limit of the integral 

Summary 

An examination is made of the transfer of energy m a free wave pattern, 
and expressions for wave resistance are deduced These are appbed to certain 
cases l>oth for deep water and for water of Unite depth 


Structures of the Metallic Carbonyl and Nitrosyl Compounds 
By N V Sidgwick, FR8, and R W Bailey 
(Received February 5, 1934 ) 

Our knowledge of the compounds containing carbonyl and nitrosyl (NO) 
groups attached to metallic atoms has been greatly extended in recent years, 
largely through the work of Hieber and Manchot and then: collaborators , but 
the structures which have been suggested, especially for the nitrosyl deriva- 
tives, are not m every way satisfactory In this paper an attempt is made to 
establish the structures of these compounds on a firmer basis 

1 Carbonyl Compounds 

The nature of the linkage formed between carbon monoxide and a metafile 
atom is now well established In its complexes tho CO group occupies one 
co-ordination place as donor — it provides two electrons to form a single link - 
as is shown, for example, by the ferrous pentacyano-compounds of the general 
formula MJTetCNJjX]* where X may be CO, H,0, NH^, pyndine, etc This 
formation of a single link is in agreement with the Langmuir formula for carbon 
monoxide,! 

1 C 0 6 = 6 II M C O M-C = Ot 

which has been shown§ to be supported by the electrical dipole moment, the 

* Omelin-Kraut, “ Handbuoh d. anorg Chem ,” 1 Iron,’ B, pp 740, 1046, 1066, etc 

t ‘ J Araer Chem Soc vol 41, p. 1643 (1910) 

J In the structural formula given above, the charge* assigned to the atom* are those 
which they would have if the electron* were equally shared. For the purpose of this paper 

the symbol A — B for the oo-ordinate hnk is more convenient than A *• B, whwh means 
the i f) 1 ** 0 thing. 

f See Hammiok, New, Sidgwwk and Sutton, ‘ J Chem Soc ,’ p 1876 (1930) , Sidgwiok, 
• Chem. Rev ,’ vol 9, p 77 (1931) 
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mteratomio distance, the heat of formation, the force constant and the paraohor 
The CO molecule is obviously capable of co-ordinating as donor with another 
atom, either through the carbon or the oxygen It is more probable that the 
link is formed through the carbon as m II, since (I) the 4 -covalent condition 
is the normal state of the carlion atom, whereas it only rarely (eg , m “ basic ” 
beryllium acetate Be 4 0(0 CO CH,) # ) occurs with oxygen, and (2) similar 
types of co-ordination < ompounds are formed by the isocyanides, for example 
with the cyanides of the metals Co, Ni, Cu, Ag, Cd, and with other salts, as m 
[Pt(CH,NC) 4 ]PtCl and [Pt^CHjNOjCl,] * Here the link must be formed 
through the carbon (which is in precisely the same state as m carbon monoxide), 
since the nitrogen has no unshared electrons The arguments that follow 
would not, however, be affected if we supposed the carbonyl group to be attached 
through the oxygen 

This structure (II above), involving a triple link between the carbon and 
the oxygen, is strongly supported by the observation of Sutton and Bentleyf 
that the electrical dipole moment of nickel carbonyl is zero Unless the 
M — C — 0 group were linear, the molecule must have a moment owing to the 
rotation of the groups, as occurs with methyl and ethyl orthocarbomo esters 
C(0 CO R) 4 The fact that a CO group can replace an H,0 or NH S in a 
complex shows that the link to the metal is single, and this is only compatible 
with a linear grouping of the atoms M — C — 0 if the C — 0 link is triple The 
Raman spectrum of nickel carbonyl confirms the presence in it of a triple 
link of carbon to oxygen + 

- + 

We may therefore accept the structure M — C E O as established Now 
five monometallic carbonyls (* e , containing only one metalhc atom in the 
molecule) are known 

CrlCO)^ Fe(CO)j|| N(CO) 4 Mo(CO),f W(CO),** 

E AN Cr 36 Fe 3b Ni 86 Mo 54 W86 

* Hofmann and Bugge, ‘ Bar dents chem Gog ,’ voL 40, p 1774 (1907), Itohugaev 
and Teearu, tbtd , voL 47, p 670 (1914) 

f ‘ Nature,’ voL 130, p 314 (1932) , Sutton, New and Bentley, ' J Chem. Soo p 652, 
(1933) 

J Anderson, ‘ Nature,’ vol 130, p 1002 (1932) 

jj Job and Cssssl, 1 Bull Soo Cbim ,’ voL 41, p. 1041 (1927) 

|| Mond and Langer, ' J Chem Soo ,’ vol. 69, p 1091(1891), Gmelin Kraut, “ Handbuoh 
d anorg. Chem.,” ‘ Iron,’ B, p 486 

K Mond, Hirti and Oowlap, ‘ J Ohsm Soo ,’ vol. 97, p 798 (1910) , Mond and Wallis, 
ibid., vol 121, p 34 (1922) The analyses varied between Mo(CO), and Mo(CO) iP bat the 
analogy of the ohiomiura and tungsten compounds fixes the oompoeHion. 

** Job and Rouvillois, 4 C R Aoad. SoL Paris,’ vol 187, p, 664 (1928) 



Carbonyl and Nttrosyl Compounds 


028 


It u generally recognised that in all these the effective atomic number (E A N 
the total number of electrons, shared and unshared, in the molecule , in these 
compounds the atomic number increased by 2 for every CO) of the metallic 
atom is that of the next following inert gas, as is shown above * This fact, 
which explains why monometallic carbonyls are not formed by elements of 
odd atomic number, is very remarkable As a rule it is found that the stability 
of a molecule depends, not on the total number of electrons in the E A N , 
but separately on the number in the core and that m the valency group In 
these substances, however (which are all derivatives of the transitional elements 
of Periodic Groups VI, VII and VIII), the determining factor seems to be the 
total number, irrespective of how it is divided between the shared and the 
unshared electrons , thus the numbers are (the shared electrons are under- 
lined) — 

Cr(CO) Or = 2, 8, 14, 12 =- 3<> 

Fe(CO) Fo ^ 2, 8, 16, 10 36 

Ni(CO) Ni = 2, 8, 18, 8 = 36 

Mo(CO) Mo = 2, 8, 18, 14 12 •= 54 

W(CO) W = 2, 8, 18, 32, 14, 12 = 8b 

It does not, however, seem to have been noticed that there is a further 
remarkable regularity in the composition of the carbonyls, which extends to 
those that contain more than one atom of metal in the molecule (the poly- 
metallic carbonyls) If we calculate the average E A N of the metallic atoms, 
by adding 2 to the atomic numbers for every CO, then the difference between 
the result and the atomic number of the next inert gas is always found to be 
one less than the number of metallic atoms in the molecule If we write the 
compound M a (C0) v , and if m is the atomic number of M, and G that of the 
next inert gas, then the equation 



is always found to be true Where x = 1 (monometallic carbonyls) we have 
seen that this holds throughout The other known puro carbonyls (con- 
taming only metallic atoms and CO groups) are the following , the molecular 

* This wm given by Langmuir (‘Soienoo,’ voi 64, p 65 (1921)) hs the cause of the 
liability of iron and niokel oarbonyfa, and also account* for the diamagnetum of these 
compounds , Oxley, * Proo Oamb Phil Soo vol 16, p 102 (1911) 
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weights of all are known, and they are all derivatives of iron or cobalt, so that 
G always equals 36 

Fe^CO),*t 2 x26 + ? - x9 = 35 x = 2 

way — ^4 x — 3 

Co*(CO),t 2 * 27 -- 8 =35 x = 2 


This equation, with the appropriate modifications for other groups m the 
molecule, can be shown to hold also for the great majority of metallic derivatives 
containing carbonyl groups, and, if we accept the view of the mtroeyl group 
proposed in the second part of this paper, for the majority of the mtrosyl 
derivatives as well We may fairly assume that in these polymetallic com- 
pounds the rule BtUl applies that the £ A.N is that of the next inert gas|| and 
that the necessary increase in the number of available electrons is secured by 
further co-ordination, which holds these atoms together It is very improb- 
able that the metallic atoms are muted directly, as this form of linkage is 
practically unknown except with mercury , but it is obvious that the CO group 
is capable of forming a second co-ordinate link through the oxygen as donor, 

as m M«-C=EO-+M or M — Cr O — M Since equation (1) holds 
for these compounds, it follows that when the number of M atoms in the 
molecule is 2, 3 and 4, the numb< r of extra electrons needed m the molecule to 
make up the £ A N of every M to that of the next inert gas is 2, 6 and 12, and 
hence the number of new co-ordinate links required is 1, 3, and 6 respectively 
This implies that every metallic atom in the molecule is joined to every other 

* Aland and banker, ‘J Ohem Soc ’ vol 59, p 1092 (1801), Dewar and Jones, 
‘Proc Hoy Soc A, vol 76, p 573 (1905), Speyer and Wolf, ‘ Ber deuta ohem 
Ges, vol 60, p 1424(1027) 

t Mond, Hirt* and Cowap, ‘ J Oiem Soc vol 97, p 796 (1910) 

J Dewar and Jones, ' Proc Roy Soc ,’ A, vol 79, p 75 (1907) , Freundhoh and Coy, 
' Ber deuta ohom Gee vol 56, p 2265 (1923) 
i Hieber, Mflhlbauer and Ehmann, ‘ Ber deuta chem Ges vol 66, p 1090 (1982) 

I) This is supported by the fact that Pe,(CO), and Fe,(00)„ an diamagnetio, like 
PefCO), and Ni(CO), , Freundlich, ‘Ber deuta chem Ges,' vol 56, p 2264 (1928), 
Berkmann and Zooher, ‘ Z phys Chem vol 124, p 318 (1926) 
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through a link of this kind For two such atoms this is secured by joining 
them through a single CO, for three, by placing them at the angular points of 
a triangle with a CO in each side, and for four by placing them at those of a 
tetrahedon, with a CO group on each edge 

These curious relations may be regarded in two ways either (o) they depend 
on the validity of equation (1), or ( b ) they are connected with the linear, tri- 
angular, and tetrahedral structures For x = 2, 3, or 4, either hypothesis 
gives the same result, but for higher values of x they differ If equation (1) 
is the determining factor, then since that involves a link between every metallic 
atom and every other, and since for physical reasons these links must obviously 
be of the same length, no value of x greater than 4 is possible, for we cannot 
have more than four points equidistant from one another in space As a fact 
no carbonyls with more than four metallic atoms in the molecules are known, 
and this may be the reason , or it may only be an ac< ident that they have not 
yet been discovered If tho real principle is the adoption of a senes of simple 
geometrical forms (together with the attainment of the inert gas number), 
then we might expect the tetrahedron to be followed by an octahedron, and 
that by a cube For an octahedron, with a CO on each edge, the formulm 
which would give each M an inert gas number are Fe„(CO) la , Co 4 (CO) 15 , and 
Ni a (CO) xl These do not satisfy equation (1), which would require x to be 5, 
not 6 A cube, with 8 points and 12 sides, would give the same result as a 
tetrahedron (4 and 6) and so is not likely to occur 

The structures assigned on this hypothesis to Fcg(CO)„ Fc s (CO) xt , and 
Co 4 (CO) xl , Fe 4 (CO) M , which wo should expect to exist, have not been obtained 
are given m figs 1 to 3 

The crystal structures of the first two of these structures have been examined 
by Bnll * We are much indebted to Mr H M Powell for the following note 
on Brill’s results — 

With Fe a (CO) g Brill finds that the substance crystalbxes in the hexagonal 
system, and concludes that the symmetry of the molecule is either 
C f , C 3 „ Cj*, D„ or Dj*, but he does not detennmc the atomic positions 
The structure he suggests is different from that given m fig 1, and has 
three layers of three CO’s each, with the two iron atoms, which must 
both be on a threefold symmetry axis, between them But in a note 
(p 89) he says “ It is possible to bring some of the CO’s into onefold 
positions Tins leads to crowding of the threefold axis, and is chemically 

• Eb,(CO) t , ‘ Z KrieUllog vol 85, p 88(1927), Fte,((X))j*, tbti., vol. 77, p. 36 (1931) 
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not very probable ” The proposed formula I has the symmetry 
or, if one group of three CO’s is rotated relative to the other through 
an arbitrary angle, C a it could therefore be put into some of the possible 
space groups found by Brill We have no independent evidence of the 
disposition in space of five covalencies (which cannot in any event be 



Si a X— Fe^Ctoh- 8— FeJCO)^. 


0 

1 

c 





Fio 3. — Co 4 (00), t . 

symmetrically equivalent in three dimensions), but that given in fig 1 
is at least as probable as any Moreover, the dimensions required by 
the formula agree with Brill’s observations The long vertical axis is 
0 = C — Fe — C = 0 — Fe — C = 0, if we may assume the two 
valencies of the iron to be at 180° this must be linear, as the X-ray 
results show it to be , if we take the lengths of the links to be G — 0 
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1 14 C — Fe 0 77 + 1 27 - 2 04 O - Fe 0 70 + 1 27 = 1 97 ,* 
the distant* between the centres of the terminal oxygen atoms should 
be 11 5 A The whole height of the cell according to Brill is 15 8 A , 
which means that the distance between the oentrea of two neighbouring 
oxygens m different molecules is 4 3 A This is about the usual value , 
in graphite two carbon atoms in different sheets (t e. , molecules) are 
3 4 A apart, m benzene hexaohloride two such chlorines are 3 74 A 
apart f Thus there is no unduo crowding on the threefold axis, and 
the structure, fig 1, proposed for Fc a (CO) # in no way conflicts with the 
X-ray evidence 

With Fe s (CO) ia the X-ray evidence is leas easy to interpret The molecule 
has symmetry C a Formula 11, fag 2, (an be given symmetry very near 
to C, if we distort the triangle slightly in the direction of the arrow 
shown m the figure, which then represents the twofold axis ThiB is on 
the assumption that a carbon and an oxygen atom are indistinguishable, 
which is probable since on the proposed structure each has the same 
number of electrons The formula which Bnll prefers requires at least 
as much distortion to make it fit the observations 

It might be objected to these formula) that thoy involve too great a strain 
in the ring, the chain of atoms M — C = O — Fe being in its unstrained con- 
dition linear But we may assume tliat the natural angle between the two 
nearest valencies of a 5-covalent atom does not exceed 90°, as m fig 1 Hence 
in the triangle, fig 2, the total strain is 3 (90° — 60°) = 90°, and this is 
divided among 9 atoms, giving only 10° per atom, which is to be compared 
with the strain of 50° per atom m cyclopropane, or 20° per atom m oyclo- 
butane 

In addition to the pure carbonyls, there are a large number of mixed deriva- 
tives which contain CO groups, and of those the majority, though not all, 
when their E A N ’s are calculated in the usual way, give the values required 
by equation (1) , they must therefore be supposed to have similar structures. 
Thus wo can have one or more of the CO groups replaced by an equal number 
of other donor molecules such as ammonia or pyndine (py), or two CO groups 
by a chelate molecule (» one containing two donor atoms m positions suitable 
for forming a ring) Buch as ethylene diamine (en) (I), the di-ethyl ether of 
dithioglycol (th) (II), or o-phenanthrohne (phth) (III) 

* These distance* are taken from Sidgwwk, “ The Covalent link,” pp. 88, 88 (1033) 

t Hendrick* and Bilioke, ‘ J Amer Chem So©.,’ roL 48, p. 3007 (1026) 


2 m 2 
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Examples are Fe(CO) 4 (py)t , Fe(CO),(py) # t|| , -(NH,),§, Fe(CO) 1 («i)||**, 
— (pfcA)tt , Ni(CO)j(pM)tt , and among the polymctalho compounds 
Fe,(CO) s (en),*t ** , and Ni,(CO ) 4 (py), In aU theee the E A N 

remains 36, and the covalency that of the simpler carbonyls (5 for iron, 4 for 


C,H S 



nickel) In another senes we find the E A N preserved, but the covalency 
increased for iron from 5 to 6 The most remarkable of these is the volatile 
hydrogen compound H,Fe(CO) 4 §§ This is a volatile unstable yellow liquid 
melting about —68° C , which is formed by the action of alkalis on iron penta- 
carbony 1 Fe(CO) # + 2[OH]~ = Fe(C0 4 )H 1 f [CO,}— 

It is obvious from its volatility that it is covalent, and it gives a scries of deriva- 
tives in which the hydrogens are replaced by halogens, as m Fc(CO) 4 Cl,, 
— Br„ — 1„|||| or by mercury, as m Fe(CO) 4 Hg Fe(CO) 4 (HgCl) a , — (HgBr)* 
— (Hgl)„|i || or they can be replaced by metals with the formation of salts, 
and the reduction of the covalency to 5 or 4, as in Fe(CO) 4 H [Na], 
Fe(CO) 4 HJBa], Fe(CO) 4 [Cdj Similar derivatives are known with 
several metallic atoms in the molecule, and these still satisfy equation (1) , 
examples are Fe^CO) 7 BrJ| || and Fe,(CO),Br 6 (molecular weight determined) ^ 
We also find compounds containing both halogens and co-ordinated molecules, 
such as Fe(CO),Cl^pA<A) , —Bt^phlh ) , Fe(CO) , - (py), f 
• Hieber and Sonnekalb, ‘ Ber deute chem Gee ,’ vol 61, p 666(1928) 
t Hieber and Bader, ibid , p 1717 (1928) 

$ Hieber and Sonnekalb, ibid , p 2421 
| Hieber, ‘ SitiBer heidelberg Akad. Wish,’ vol 3, p 4 (1929) 

|| Hieber and Beoker, ‘ Ber deuta cbem Gee ,’ vol 63, p 1405(1930) 

H Hieber, ‘ Z. anorg Cbem vo) 201, p 329 (1931) 

•* Hieber and Leutert, ‘ Ber deuta ohero Gee ,’ vol 64, p 2832(1931) 
ft Hieber and Mflhlbnuer, Und , vol 65, p 1082 (1932) 

JJ Hieber, Mtthlbauer and Ehmann, ibtd , p 1090 
H Hieber and Leutert, ‘ Naturwiae.,’ vol 19, p 360 (1931) 

IHI Gmelin Kraut, “ Handbook <L anorg. Diem • Iron,’ B, pp 499-502 

Keigl and Krumhole, * Z anorg Chem vo) 215, p 242 (1933) 
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Some examples of the working out of the E A.N and of the sue of the valency 
group may be given — 


Fe(CO) # (e») 

26 + 2 X 3 + 4 

— 36 

2, 8, 16, 10, 

H,Fe(C0) 4 

26 + 2 + 2 X 4 

= 36 

2, 8, 14, 12, 

Fe(CO) 4 H[Na] 

26 + 8X4 + 1 + 1 

= 36 

2, 8, 16, 10, 

Fe^COUen), 

2X26 + 2X5 + 2X4 
2 

= 35 

x = 2, 

Fe a (CO) g Br 4 

3x 26 + 2x9 + 6 

3 

= 34 

a; = 3 


The rule is obeyed equally by other series of compounds in which CO re 
places water or ammonia in recognized complexes, as m the pentacyano- 
compounds M s [Fe(CH) 4 (CO)] already mentioned It is clear that this rule 
expresses the condition of stability of metallic atoms of the transitional elements 
attached to carbonyl groups 

II NUrosyl Compounds 

The mtrosyl compounds have one or more NO groups attached to a metallic 
atom In their preparation and properties they show a close analogy to the 
carbonyls They are commonly formed by the same metals , they are usually 
prepared by the direct action of mtric oxide, as the carbonyls are by that of 
carbon monoxide, and often those two gases can drive one another out of their 

I espective compounds * We may therefore expect to find that the nitrosyls 
and the carbonyls have analogous structures 

The suggestion that the metallic nitrosyls are derivatives of hypomtrous acid 
N— OH 

I I has been sufficiently refuted by Manchot f They are formed from 
N— OH 

mtric oxide and not from hypomtrous acid, except under conditions where the 
latter formB mtric oxide, they readily liberate nitric oxide (as the carbonyls 
liberate carbon monoxide) with acids, whereas the hypomtntes with acids give 
nitrous oxide Also this assumption would require us to double the formula 
of many of them, such as the mtroprussides and generally those whioh have 

* Manchot and Schmidt, ‘ Z anorg Chero ,’ vol 216, p 99 (1933) 

t Manchot and Davidson, ‘ Bor deuts chem Ges.,’ vol 62, p 684 (1929) See also 
Manchot and Schmidt, ‘Z anorg Chem vol 216, p 109 (1933) It is not impossible 
that metallic oomploxes derived from hypomtrous acid may occur, but they are not found 
among the normal nitrosyls. 
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one NO to one metallic atom , there is no evidence in favour of this, and much 
against it 

We may therefore conclnde that each NO group is separately attached to 
the metal, and the first question is what is the nature of the attachment It 
can be shown that this is a single co-ordinate link M by the fact that it 
is possible to replace a CO by an NO in a senes of complexes of the co-ordination 
number 6 Examples of these are given in Table I 


Table I 

KJMn(CN) 1 (NO)]* 

KJPe(CN),(NO)] 

K,[Fe<CN),(CO)] 

K J fFe(CN) l (H 1 0)] 

w 

Sfi&er 

[Ru(NH i ) 4 Cl(NO)] Br,§ 


KJRufCN),] 

KJOaCI,(NO)]|| 

i 

KJOaCL] 

KJO^CN),) 


• Manohot and Schmidt, ‘ Ber douta. chem Geo.,' vul OB, p 2300 (1926) 
t Manohot and DOaing, t bid , voL 63, p 1226 (1930) 

t Jdy, ‘ 0. B. Acad Hoi Pan*,’ vol i07, p. 994 (1888) , Howo, 4 J Amer Chem Hoc vol 
16, p. 388 (1884) , Manohot and Schmidt, * Z anoiv Chem ,’ vol 216, p 99 (1933) 
f Roaenbohm, 4 Z. phya. Chem ,’ voL 93, p 693 (1919) 

|| Wlntrobert, 4 Ann Chun Phys , vol 28, p 16 (1903) 

Of these compounds the nitroprussides MjFe(CN) 6 (NO)] are the most 
familiar, and m this anion, as we have seen, the NO can be replaced not only 
by CO, but also by H,0, NH a , and other molecules , the replacement is always 
accompanied by a fall m the electrovalency of the anion, which will be dis- 
cussed later The suggestion that the NO is doubly linked to the metal cannot 
be entertained The co-ordination number 6 (group of 12 shared electrons) 
is universal in complexes of the pcntacyano-type, and is, as Werner showed, the 
commonest of all complex forms , a co-ordination number 7 is almost unknown 
throughout chemistry, and has never been observed with these transitional 
metals Moreover, for iron and manganese a co-ordination number greater 
than 6 is not only unknown, but is impossible according to the covalency rule * 
We may therefore take it as proved that the metal is ]omed to the NO by a 
single co-ordinate link That the attachment to the metal is through the 
nitrogen is shown by the fact that the mtroso-group m these compounds can 
be oxidized to a mtro- group 

If we accept these conclusions, there are three structures possible for the 
M— N— O group 

* Sidgwick, 44 Electronic Theory of Valency,” p 152 (1027). 
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(1) It may contain a true mtroso-group M — N = O, as in the organic 
mtroso-compounds Hub view cannot be maintained , the mtrosyls are 
devoid of the characteristic tendency of the mtroso-compounds to polymerize 
with loss (or change) of colour , also this structure would involve the assump- 
tion of valencies for the metallic atoms for which there is no parallel elsewhere, 
such as the quadnvalency of iron in the nitroprussides. Moreover, Werner 
and Karrer* have obtained a complex salt whioh has the characteristics of such 
a true mtroso-denvative This is [Co(NHg)i(NO)]X t , a senes of salts were 
prepared They occur in a black monomolecular form which changes to a red 
dimenc form These belong to quite a different type from the mtrosyls , 
regarded as mtroso-compounds they correspond to f O^NHg) jCIICIj, and the 
cobalt is tnvalent, as it normally is m its 6-co-ordination compounds 

(2) It might be supposed that they arc formed by simple co-ordination, by 
the shanng of a lone pair of electrons of the nitrogen in the mtnc oxide 
molecule with the metal, without any further change occurring Then 
the mysterious link — presumably of 5 electrons — which exists in nitric oxide 
must be maintained m the mtrosyls This link, however, is, so far aB we know, 
except m nitric oxide and perhaps m a few of its organic derivatives, too unstable 
to exist, and it may be expected to pass over in the complex into some more 
normal form Moreover on this hypothesis that the N — 0 link is the same in 
the complex as in mtnc oxide (which is the one most generally accepted for the 
nitroprussides), the replacement of CO by NO should involve no other change 
in the molecule, whereas in fact it is always accompanied by a change in the 
electrovalency, as from KJTc(CN) 4 (CO)] to Kj[Fo(CN) s (NO)] (see Table I) 
This second hypothesis is quite unable to account for such changes 

(3) The dose similarity between mtnc oxide and carbon monoxide, and 
between the mtrosyls and the carbonyls, suggests that the structures of the 
latter are similar, and that there is a tnple link between the nitrogen and the 
oxygen giving M — N = 0, corresponding to M — C EE O But mtnc oxide 
has one more electron than carbon monoxide (balanced of course by an extra 
positive charge on the nitrogen nucleus) , this electron, if it does not remain 
as part of an “ odd-electron ” N — O link, must go somewhere We have 
evidence of this tendency of the NO link to lose an electron in the existence of 
positive [N0] + ion, which has been established by Hantzsch and Berger f 
They have shown that mtrosyl perchlorate [N0]C10 4 is anhydrous, and gives 
a conducting solution in mtromethane , and that the so-called “ mtrosulphomc 

* ‘ Hclv Chem Act*/ vol 1, p 64(1918). 
t ‘ Z. Mtorg. Chem ,’ vol 190, p. 821 (1980) 
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acid ” which is usually written NOjSOjH, is dissociated in concentrated 
sulphuric acid, and is no doubt mtrosyl hydrogen sulphate [NO] S0 4 H. Another 
salt of this type is mtrosyl fluoborate [NO]BF 4 , obtained* by treating con- 
centrated aqueous fluobonc acid v, ith oxides of nitrogen, which has been shownf 
to have this composition and to be free from water It is thus evident that 
a cation [NO] + can exist This forms with [CN] and CO a senes of diatomic 
molecules with identical electronic arrangements, as shown in Table II The 
positions of the electrical charges, on the simplifying assumption that the 
electrons are shared equally, are given in the second line of symbols , every 
atom m these molecules has 2 unshared and G shared electrons, equivalent 
to a total of 5, and this gives the residual charges as C — I, N zero, 0 + 1 
If we suppose a combination of the neutral groups CN, CO, NO with a metallic 
atom M, we get the structures given in the table for M — C— N, etc , the CN 
group contributes one electron to the E A N of the metal (normal covalency), 
the CO two (co-ordinate link), while the NO, in addition to the 2 for the co- 
ordinate link, adds a third, by the complete transference of an electron from 
the NO to the M, and thus contributes three These charges diminish the 
electrovalency of the complex by 1 and 2 respectively, as is shown in the 
formulte of the pentacyano-compounds at the foot of the table 


Tabic II 


[ c Nr 

( O 

i b <> r 




C N 

c o 

V -o 

M C N 

M ( 0 

M N () 

M — C= N 

M — C - O 

M N _ O 

KJFelCN).] 

K a [ie(CN),(CO)j 

KJFe(C\).(NO)) 


If we make this assumption that the NO group, though it is only attached 
to the metal by a single link of two shared electrons, yet contributes a further 
electron, and counts as 3 towards the E A N of M, the whole series of mtrosyl 
compounds given m the left-hand column of Table I is brought into 
line with the other complexes of these metals, m the other two columns | 
* Wilke Dfirfurt and Bale, Und., vol 159, p 197 (1927) 
t *Z anorg Chem ,’ vol 190, p 321 (1930) 

t R«ff, ‘Z anorg Chem vol 202, p 376 (1931) suggests that this contribution of 
three electrons made by the NO to the E A N of the metallic atom explains the existence 
and the diamagnetism of Co(CO),(NO) (see below), but he does not seriously discuss the 
nature of the linkage 
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Thus the mtroprussides are MJTe(CN),(N0)] while the corresponding 
carbonyl compounds are Mj[Fe(CN) # (CO)] , if we allow for the extra 
electron going to the iron in the former, this makes the mtroprussides, 
like their carbonyl analogues, ferrous and not feme compounds Now among 
all the known compounds of the type M„[Fe(CN) 4 X], where X may be CN, NO,, 
AaOj, SO a , H,0, NH„ or CO,* it is always found that the ferrous are more 
stable than the feme , the latter when they occur have ferrous analogues, 
but the reverse is not true , in particular, there is no feme analogue of 
Ma[Fe(CN) 4 (C0)] Tt is therefore definitely in favour of this view that it 
represents the mtroprussides as ferrous compounds , the anomaly of a stable 
ferric pentacyano-compound with no ferrous equivalent is thereby removed 
In the same way the manganese in the compound in Table I has the same 
valency as in the colourless cyanide Kj[Mn(CN) # l, and the ruthenium com- 
pound as in the only stable cyanide of ruthenium K 4 [Ru(CN)J Further, the 
E A N of tho elements in Table I is Mn, Fe 36 Ru 24 Os 86 , that is, the 
mtrosyl like the carbonyl derivatives follow the inert gas rule 
Another way of retaining the E A N when a CO is replaced by an NO is to 
replace at the same time the central atom by an atom with an atomic number 
less by 1 This is illustrated by the remarkable series of volatile compounds 
analogous to nickel carbonyl 

Ni(CO) 4 Co(CO),(NO) t Fc(CO),(NO),t 

°C °C °C 

B Pt 43 78 b 110 

M Pt —2,3 -1 1 -f-18 

Hieber and Anderson who prepared the iron compound from iron ennea- 
carbonyl Fe^CO),, draw attention to this parallelism, and recognize (as Reiff 
also does with respect to the cohalt compound) thut the NO group contributes 
an extra electron , they point out that we might expect to get Mn(CO)(NO), 
and Cr(NO) 4 , although the marked instability of the iron derivative make 
this rather improbable They suppose, however, that the NO is attached by a 
double Imk (four shared electrons) to the metal, which would make tho cobalt 
5- and the iron 6-covalent This is not only an unnecessary complication, but 

* See Qmelm Kraut, “ Handbuch d anorg Chein , ‘ Iron,’ B, pp 732-742 
t Mond and Wallis, ‘ J Chem Soo ,’ vol 121, p 34 (1922) , Reiff. ‘ Z. anorg Chem 
vol 202, p.376 (1931), Hieber and Anderson, tbtd., vol 211, p 132(1933) 
t Hieber and Anderson, toe ctt., and t bul , vol 208, p 238 (1932) , the boiling point of 
the cobalt compound is given by mistake as 48 tf° 
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as we have seen it cannot be applied to the manganese and iron nitrosyl com- 
pounds in Table I, because it would give them a co valency of 7, whioh is above 
their ma ximum The marked rise in the boding point as we go from the mokel 
to the iron compound is sufliciently accounted for by the considerable dipole 

moment which the M-NEC) group must give to the molecule 
This method of formulation further explains the characteristic colour reaction 
of the nitroprussides with the sulphides They do not react with hydrogen 
sulphide, but on addition of alkali or of an alkaline sulphide to the solution 
the deep purple colour of M 4 [Fe(CN) S (N08)] at once appears, showing that 
the reaction is with the sulphide ion * In the same way hydroxyl ions convert 
the nitroprussides into nitro-compouuds M 4 [Fo(CN) 6 (NO s )l f It is evident 
+ + 

that the strongly positive N = 0 group attracts the negative OH - or S~ 

(or HS~) ions, with the production of a mtro or thionitro-group 

+ + Jd 

M — N = 0 > M- N/* or M- 

This reaction involves the withdrawal of two electrons from the central atom, 
and hence, m order to maintain the BAN, an increase of the electrovalency 
by two, the products having four atoms of M instead of two in the molecule 
It is particularly to be observed that m all the nitrosyl compounds hitherto 
mentioned this method of formulation involves the inert gas rule being mam- 
tamed This rule is so nearly universal among the carbonyls that it is a 
strong support of our hypothesis that it involves its extension to the mtro- 
syls as well For a molecule M^COJ^NO), we get the equation 

Q- ^+y+^ -i, w 

which expresses the composition of the carbonyl-mtrosyls of iron and cobalt 
given above Many mixed nitrosyl derivatives comply with this equation, 
such as Fc(NO),(pM) and Co(€0)(SO)(phth) % It is important to notice 
that equation (2) holds for nitrosyls containing more than one metallic atom 

* Virgili, * Z analyt Chem vol 40, p 409 (1900) 

t Cambi and SsegO, ‘Rend Acc Cancel,’ vol fi, p 737 (1927), ‘ Gox* Cbim Ital ,* 
vol 68, p 71 (1928) This is usually formulated as a nitrito -compound M — O - N ” 0, 
but according to Weiner, “ Neuere Anschauungen,” pp 131, 339 (1913), the stable form 
when M is a transitional clement is the trufrnitro-fonn U - NO, 
t Huber and Anderson, ‘ Z anorg Chem ,’ vol 211, p 132(1933) 
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in the molecule One example is Fe,(NO) 4 (py) s , * here, since each pyridine 
molecule, like a CO, adds two electrons, we have 

«r-» 

Others are the curious “ red and black salts of Roussin,” which have long been 
known f Their formulae are M^Fe^NO^SJ (red, unstable) and 
M[Fe 4 (NO) 7 SJ [black, stable) The black salts arc obtained by the action of 
nitric oxide or nitrites on iron salts m the presence of sulphides , alkalies convert 
them into the red senes, which arc unstable and readily revert to the black 
The molecular weights of the black salts have been confirmed by conductivity 
measurements % Those of the red series are known through their esters, 
which Hofmann and Wiede§ prepared by the action of nitric oxide on a mixture 
of ferrous sulphate and ethyl mercaptan , they found their molecular weight 
m solution to correspond to the formula (CjHgJjFe^NO^S, On the probable 
assumption that the sulphur is doubly linked to the metal (in the ion as Fe — S, 

contributing two electrons, in the ester as Fe — 8 — CjH 6 , contributing 
three, and so compensating for the disappearance of the lomc charge) these 
compounds satisfy equation (2) 


M*[Fe,(NO) 4 S,] 

2x26 + 3x4 + 2x2 + 2 __ 

2 _35 

x = 2 

Fe,(NO) 4 (S CgHj) a 

2x2b + 3x4 + 2x3 

2 “ 

x = 2 

MtFe^NO)^,] 

4x26 + 3x7 + 3x2 + 1 no 

2 33 

x — 4 


This implies for the black salts a tetrahedral structure, like that given for 
C'o 4 {CO) la m fig 3 

Among the mtrosyl compounds described m the literature there are a number 
which do not comply with this rule Some could be brought into line with 
it by assuming a sufficient degree of polymerisation, and the substances in 

* H ie bor and Anderson, Z anorg Uhem ,’ vol 211, p 132(1933) 
t Gmelm Kraut, loe eU . ‘ Iron,’ B, pp 471-477 , Manchot and Ianokh, ‘ Ber dents 
ohem Gee vol 69, p 407 (1926) , Manohot and Gall, ibtd , vol 60, p 2318 (1927) , 
Mane hot and Lehmann, ‘ Liebigs Ann ,’ vol 470, p 266 (1929) 
x Marohlewski and Sachs, ‘ Z anorg. Chem ,’ vol 2, p 181 (1892) . Belluoci and Came- 
vaH, ‘ Rend. Aoo Lined,’ vol 18, p 664 (1907) 

{ *Z anorg Chem ,’ vol 9, p 301 (1896) 
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question are obviously polymerized, but we do not know to what extent 
Some give support to our general theory of the structure of the mtrosyl group, 
though not to the particular rule Such are the carbonyl and mtrosyl deriva- 
tives of copper The molecular weights and henco the complete structures of 
these compounds are unknown, but it is clear that the stable forms contain one 
carbonyl* or one mtrosylf group to one copper atom. Now the carbonyl 
compounds are all derived from cuprous copper, as Cu(CO)Br, and the mtrosyla 
from cupnc copper, as Cu(NO)Cl, and Cu(N0)S0 4 It is evident that the 
extra electron contributed by the NO balances the defect m the copper Other 
substances, such as Manchot’s iron tctramtrosyl (FofNO)*),,^ must obviously 
have some totally different structure But it is submitted that the method 
of formulation which we have proposed accounts for the composition and 
behaviour of the great majority of mtrosyl compounds, and brings their 
structures into conformity with those of the very similar carbonyls 

Summary 

I Carbonyl Compounds — These contain the group M — C = O For all 
< arbonyls M„(CO)„ G — - - m = x—1 (m — atomic number of M, G of 

next inert gas) x — 1, 2, 3, or 4 When x ~-= 1, M has effective atomic 
number (E A N ) of inert gas Assuming this to be true when x > 1, M atoms 
— + + - 

must be held together thus M — C = O — M , if the molecule contains 2M 
they must have one such link , if 3, they must be at the angles of a triangle 
with a CO m each side , if 4, at the points of a tetrahedron with a CO on each 
edge The crystal structures of Fe^CO), and Fe,(CO) ls are compatible with 
this Nearly all carbonyl derivatives follow these rules, with necessary 
modifications for the other groups present 

II NUrosyl Compounds — In M — N — O the nitrogen is attached by two 
shared electrons to M But when NO replaces CO in a complex the negative 
electrovalency falls by 1 Mj[Fe(CN) 8 (CO)], Mj[Fe{CN) # (NO)] This is 

» + + 

explained if the structure is M N 0 or M — N = O, corresponding to 
— + 

M C 0 or M — C = 0, and the NO contributes there electrons to the 
E A N of M, as CO contributes two 
* Wagner, ' Z anorg Chem vol 196, p 364 (1931) 

t Manohot, ‘ Liebigs Ann vol 37 5, p 308 (1910), * Ber deota chem Geo.,’ vol 47, 
p 1601 (1914), Manohot and Linokh, ibvk, vol 39, p 407 (1926) 
t Manohot and Enk, ' Liebigs Ann voL 470, p. 273 (1929) 
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On this hypothesis the structures of the great majority of mtrosyl derivatives 
are shown to follow precisely the same rules as the carbonyls The changes m 
electrovalency of the anions, and the similarity of the volatile compounds 
Ni(CO) 4 , Co(CO),(NO), FefCO^NO), arc explained, and the mtrosyls with 
several metallic atoms in the molecules arc shown to obey an equation corre- 
sponding to that given above 


An Annual Perturbation tn the Range of Tide 
By R H Corkan, M Sc , Liverpool Observatory and Tidal Institute 
(Communicated by A T Doodson, F R 8 — Received November 17, 1933 ) 

1 Introduction 

In the following paper the existence is established of an annual perturbation 
in the range of tide The perturbation became evident during an intensive 
examination, by a method* described in the paper, of the residual semi-diurnal 
tide at Liverpool Direct analysisf of hourly heights for an annual perturba- 
tion m the principal constituent of semi-diurnal tide showed the perturbation 
to be consistent from year to year, and to exist, generally in British Waters, and 
throughout the world at large Analysis of high and low waters further 
confirmed the results A study of the general distribution of the perturbation 
provided a number of interesting results, as also did a study of its relation 
with local meteorological conditions 

The paper concludes with a short discussion on possible causes of an annual 
perturbation in the range of tide 

2 Observed and Synthesized Tides 

It is a noteworthy feature of Doodson’s method of analysis in that it pro- 
vides for each species of tide (diurnal, semi -diurnal, etc ) two numerical 
quantities for each solar day Thus the hourly heights are treated in the 

* The method, which is new, u described in detail m Appendix I It is dependent upon 
Doodson’* method of tidal analysis, and waa first indicated m his paper on the “ Analysis 
of Tidal Observations,” ‘Phil Trans.,’ A, vol 227, p 223 (1928). 
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first place aa though the tide were solar and the semi-diurnal part of it expres- 
sible m the form 

R cos (30° t — t) = P cos 80° t -f- Q sin 30° t, 

where 

t — the tame m solar hours from a fixed hour of the day, 
e/30 = the tame of high water in solar hours, 

P =s R coe c and Q = R sin c 

The numerical processes of analysis give each day two quantities, related to 
P and Q, which arc almost entirely free from perturbations by diurnal and 
other Bpecies of tide The values change from day to day, and computed 
quantities are precisely defined at a certain fixed hour of the day Essentially 
therefore, P and Q determine what we may regard os the average tide for the 
day The observational values not only Bhow the regular variations to be 
expected from the normal tidal constituents but thoy also show erratic day 
to day changes, obvious on account of their magnitude It is clear, therefore, 
that the method is of very great value, even if the analysis for the tidal con- 
stituents is not afiocted, in providing observational data for meteorological 
perturbations of the Bemi -diurnal tides (and similarly of all other species of 
tide and of sea level) If, however, the analysis is completed so that the 
harmonic constituents are determined, then it is possible to synthesise these 
constituents (say for the semi-diurnal species only) to give synthesized values 
of P and Q which we can call P, and Q,. Alternatively the whole of the data 
can bo expressed in the form R, a, R„ and e. 

It was the examination of the quantities 

X = R/R, and — 

which led originally to the present investigation 

The synthesized semi-diurnal tide will include all the principal tidal con- 
stituents, and thus X and rj will reveal— 

( 1 ) Harmonic constituents neglected m the synthesis , 

(u) Harmonic constituents of unknown origin , 

(m) Erratic variations, probably due to meteorological changes. 

Further details of the method are given in Appendix I 

3 Perlurbcdxom of the Sem\-d\urnal T%de 
The method already described was applied to the semi-diurnal tide at 
Liverpool for the year 1918 Values of R and c had already been tabulated 
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at the time of the analysis, whilst K, and t, were obtained from quantities 
generated on the predicting machine from the 1918 Harmonic Constants 
Daily values of the quantities X and rj are given m Table I 
A cursor} examination of the results shows that in g« noral the perturbations 
occur more or less t usually, though on several occasions they remain noticeably 
consistent over a period of several days The maximum perturbation is 
about 16 minutes in times and 1 5 feet in range It seems reasonable to 
suppose that eventually the casual variations will be explained in terms 
of the meteorological conditions Up to the present, however, correlation 
methods whuh have been applied have shown little success This would 
further indicate, ‘that in the ultimate solution of the meteorological tide, 
dynamical methods must largely replace the statual methods of the past ” 
Table I also contains monthly a\erages of the quantities rj and X which we 
shall call /j m and X m 

Monthly time errors of the synthesized tide are indicated by r) m It will be 
sun that in April the average time error amounted to 3 minutes, whdst m 
the remaining months of the year it was 2 minutes or under There is no 
obvious periodicity m the values, but it is noticeable that m Apnl and again 
in August, when the tame errors were greatest, the range was nearest normal 



Fro 1 — Annual perturbation in the range of semi-diurnal tide at Liverpool, 1918 

Monthly range errors are indicated by X* These show a prominent per- 
turbation which is illustrated in fig 1 It is dear that the actual tide is less 
than the synthesised tide during the winter months and greater than the 
synthesized tide during the summer months, the discrepancy in range being 
of the order of 2% With an average semi-range of 10 feet this indicates an 
average discrepancy of nearly 3 inches in semi-range of tide during the summer 
months 
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The existence of a perturbation of this magnitude, whether casual or con- 
tinued, is of considerable practical importance quite apart from any theoretical 
interest it may possess, and it is with a more complete investigation of the 
annual portion of this perturbation that the present paper ib concerned If 
the phenomenon were due to a single harmonic semi diurnal constituent of 
amplitude 0 2 feet we should expect it to disturb high and low water times by 
2 minutes, but the observed disturbance of times is not as great as this We 
shall show later that the disturbance can lie expressed by means of two harmonic 
constituents 

4 Annual Perturbation of the Principal Constituent of Semi-diurnal Tide- 

Tidal analysis in the past has been restricted to a search for constituents 
indicated by the tide generating potential and by the shallow water theory 
In the Report of the British Association for 1923 Proudman has shown that 
additional frictional constituents arc passible 

None of the above suggests an annual variation m the range of tide 
For the purpose of continuing the investigation, a direct method of analysis 
for such an annual perturbation was considered desirable, und m Appendix II 
Doodson’s tables for the analysis of tidal observations have been extended 
to include two new constituents which have been called MA S and Mo,, and 
which perturb M„ the principal lunar constituent, once m the year These 
constituents, which are conjugates with respect to M„ have boon chosen so 
that MA g loses and Ma a gams on M a very approximately 1 degree per day 
For comparison purposes a method is also gmn whereby the constants 
obtained for MA a and Moj may bo combined so as to give an expression for the 
annual perturbation m semi-range of M t m tlio form 

Rco 8(*4- l°d), 

where 

R — the amplitude of the perturbation (semi-range), 

« = the phase lag of the perturbation on January 1, 
d — the number of dayB elapsed from January 1 

6 Analytical Results at Liverpool 

Five years’ observations of the Liverpool tides, 1918, 1920, 1922, 1924 and 
1930, have been analysed for the new constituents, and the results are given 
in Table II 
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We may summarize our observations on this table as follows — 

(1) There can be little doubt of the continued existence at Liverpool of an 
annual perturbation of M, 

(n) The perturbation shows a definite consistency of phase from year to 
year In all five years the range of phase lies within 66°, whilst if we exclude 
the year 1924 the range is within 30° (A phase difference of 30° corresponds 
to a tame difference of 1 month ) 


Table II —Analytical Results at Liverpool 


Year 


1918 

1020 

1922 

1924 

1930 


Veotor average 


0 080 


K co» (a 1- 1° i) 1 






0 / H (MA,) 


o/ H 
n (M,) 



HIM.) 

/0 H(M.) 

K 




0 198 

196 

1 22 

1 01 

1 98 

a 087 

220 

1 17 

0 69 

0 87 

II 119 

193 

1 26 

0 33 

I 86 

0 098 

248 

0 46 

0 67 

0 98 

0 166 

222 

1 DO 

1 71 

1 66 

0 126 

213 

0 86 I 

0 40 

1 26 


(in) In 1918 the perturbation was unusually large, amounting to nearly 
2% of M, In 1920 it was less than half this value Over the fivo years 
oxanuned the average perturbation was 1 26% of M a 
A rather interesting fact is that tho year to year magnitude would appear 
to follow tho year to year magnitude of Mg. 

(iv) If we confine our attention to the constituents, MAg would appear to 
be the more important of the two, with an amplitude averaging double that of 
Ma t There is also on apparent tendency for the phase lag of MAg to increase 
steadily with a period of roughly 40 years This tendenoy was first notioed 
in the years 1918 to 1924 and is further confirmed by the year 1930 If further 
observations show this steady increase to be maintained, it will moan that the 
true period of the phenomenon is not exactly 1 year but slightly less 
It is convenient here to compare the results obtained from the monthly 
averages of X with those from the direct analysis of hourly heights In order 
to do this the twelve mean values of X were analysed, and the results expressed 
in the form R cos (a + 1° d) The actual expression obtained from the 
analysis was 


0 212 cos (197 + l°d), 
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as compared with 

0 198 cos (196 + 1° d), 

from the 1918 analysis of hourly heights 
These results show conclusively that the annual perturbation in range 
originally found in the semi-diurnal tide may be considered to be adequately 
represented by these two now constituents 

6 Perturbations tn the High and Low Water Range of Tide 
In the preceding sections an examination was made first of the semi- 
diurnal tide as a whole, and then of the principal constituent of the semi- 
diurnal tide We shall now extend this examination to the tide as observed 
at the tunes of high and low water 

The simplest method of proceeding would be to analyse the monthly averages 
of the differences between observed and predicted tides A more satisfactory 
method is to make use of existing analyses for shallow water constituents 
[The method of analysis for shallow water constituents, though devised by 
Doodson several years ago has not yet been published The quantities 
analysed are the daily differences between observed and predicted tames and 
heights of high and low waters A search for annual (Sa) variations in these 
quantities is included m the method Simple differences between the Sa 
term for high water, and that for low water, give the perturbation in the 
rango of tide The semi-range of the perturbation may then bo easily expressed 
m the form R cos (a -f- 1° d) ] 

One year’s observations, 1924, have been analysed for Liverpool by the 
above method, and the expression obtained for the annual perturbation was 
0 110 cos (228 + 1° d), 
as compared with 0 098 cos (248 -f 1° d), 

from the analysis of 1924 hourly heights 
The mam difference, that of 20° in phase, is not considerable, and could 
easily anse from the independent methods of analysis, one of hourly heights, 
and the other of high and low waters It is possible, however, through variable 
shallow water effects, to have an annual perturbation in the high and low 
waters, independent of one m the semi-diurnal tide This may also partially 
account for the difference 

7 Annual Perturbation »n British Waters 
(I) From Hourly Heights — Proceeding to the region of the British Isles 
generally, Table III gives the values of the constants MA, and Ma«, and the 
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deduced perturbation R cos (a + 1° d) at all places in these regions for which 
analyses of hourly heights already existed at the Tidal Institute Additional 
quantities are given in which amplitudes are expressed as a percentage of the 
amplitude of These quantities are sIbo given in the tables for Liverpool, 
and are later used for comparison purposes They will be referred to as 
“ relative amplitudes ” 


Table III — British Waters, Annual Perturbation from Analysis of Hourly Heights. 


Place 

Year 

MA, 

Mo, 

B coa (a + 1° d) 

o/H(MA.) 

0/ H(Mo,) 
0 H(M,) 

H | 

9 j 

1 ^ l 

9 | 

R 1 

“ 


Stornoway 1 

1020 

0 020 

67 

0 056 

163 

0 018 

321 

0 44 

1 20 


1010 

0 030 

261 

0 016 

221 

0 038 

133 

0 70 

0 36 

tmrninphnm | 

1026 

0 130 

13 

0 160 

168 

0 076 

223 

1 39 

2 19 

Harwich 

1011 

0 073 

276 

0 046 

113 

0 082 

198 

1 72 

1 06 

Southend 

1026 

0 181 

330 

0 077 

182 

0 141 

201 

2 75 

1 17 

Southampton 

1024 

0 063 

198 

0 021 

106 

0 003 

147 

1 42 

0 47 

Portland 

1024 

0 086 

151 

0 011 

231 

0 061 

245 

2 67 

0 63 

Avomnoulli 

1024 

0 108 

161 

0 084 

200 

0 180 

287 

0 77 

0 60 


/o H (ST) 


0 

o 


The tables indicate at once that the perturbation exists generally in British 
waters , and at a number of places is of even greater importance than at 
Liverpool An examination of the changes from place to place, in phase and 
amplitude of the constituents and perturbation, lead to the following interesting 
results 

Commencing at Stornoway the phase lag of MA g stoaddy increases as one 
proceeds southwards down the North Sea, reaches a maximum at Immingham, 
and then diminishes slightly at Harwich and Southend In the lower approaches 
it increases as one proceeds into the Irish Sea and also up the English Channel 
This mcreaso m phase lag as one advances from the Atlantic into the neighbour- 
ing seas is precisely what one would expect, were the constituent generated 
in the open sea, and propagated m a manner similar to that of an ordinary 
astronomical tide 

The changes of phase of Mo, are not nearly so definite as those of its con- 
jugate constituent Over the whole of the North Sea and English Channel 
the phase is, within a range of 100 degrees, more or lees constant At Liver- 
pool, in the Irish Sea, it differs by roughly 180 degrees from that in the above 
two regions. 

Concerning the variations iri the relative amplitudes of the constituents, 
of the two, MA, is dearly the more important, though there are occasions, aa 
at Stornoway and Immmgham, where the reverse is true Over the southern 


ISSS2SS 
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North Sea and English Channel, the relative amplitude of MA, is roughly 2% 
of M a , and it is striking that this is more than double its value m the Irish 
Sea and on the Scottish coasts 

The constituent Ma a is practically constant over the Irish Sea and English 
Channel, where its relative amplitude is approximately 0 5% of M, In the 
North Sea its amplitude is somewhat greater, and at Immingham rises to a 
prominent maximum of 2% of M, 

If we confine our attention to the resultant annual perturbation the indica- 
tions are, with the possible exception of one station, Aberdeen, that the per- 
turbation occurs steadily later m tho year as one proceeds inward from the 
Atlantic 

At tho approaches, both North and South, the maximum perturbation occurs 
between the middle and end of February At Southend and Harwich it 
occurs in June, whilst at Liverpool it occurs about half a month earlier 
If we take an average of a over the whole region we get a value of 214° 
If we take an average of the corresponding phase for the change in sea level, 
we got a value of 76° The difference between the two is roughly 140° This 
might suggest a tendency for the perturbation in range to be opposite in 
phase to tho perturbation in sea level This would mean a maximum per- 
turbation in range to be associated with a minimum sea level, and t nee versa 
As to tho changes m tho relative amplitude of the perturbation, m the Irish 
Sta and English Channel the perturbation would appear to decrease in 
amplitude as one proceeds inwards from the Atlantic In the North Sea an 
opposite result is found Between Stornoway and Immingham the per- 
turbation is practically constant, whilst a very rapid increase occurs at Harwich, 
and this is further maintained at Southend 
The importance of tho perturbation relative to M a is at Immingham and 
Aberdeen 1% of M a and at all other places 2% of M a 

(II) From High and Low Waters -Table IV gives the expressions for the 
annual perturbation as derivod from existing shallow water analyses For tho 
majority of places tho results are in fair agreement with those from hourly 
heights It is noticeable that where agreement is least, particularly in phase, 
shallow water constituents are abnormally large 
It will be noticed that up to the moment no mention has been made of 
London Bridge This was unnecessary because of the close agreement of 
the results with those of Southend 

The stations are, however, worth comparing one with another, because of 
light they may throw on variations in the perturbation in a large tidal river 
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Comparisons between yearly amplitudes and phases at the two places show 
that abnormal values at the one are associated with corresponding abnormalities 
at the other, whilst the five year average indicates the perturbation at London 
Bridge to be slightly greater, and to occur a little later than at Southend It 


Table IV — British Waters, Annual Perturbation from Harmonic Shallow 
Water Analysis. 




R cos (a 

+ l°d) 


Place 

Year 




“ /o H (M^ 



R j 

e. 

Harwich 

1031 

0 086 

181 

2 00 

Southend* 

1926 

0 086 

230 

1 30 


1928 

0 064 

224 

0 83 


1927 

0 101 

181 

1 64 


1928 

0 095 

225 

1 45 


1931 

0 151 

188 

2 30 


Vector average 

O 001 

205 

1 39 

London Bridge* 

1926 

0 077 

201 

0 96 

1926 

0 074 

218 

0 93 


1927 

0 148 

178 

1 86 


1028 

0 078 

235 

0 98 


1931 

0 141 

192 

1 77 


Vector average 

0 097 

| 199 

1 22 

Southampton 

1924 

0 070 

262 

1 68 

Portland 

1924 

0 058 

301 

2 80 

Avonmouth* 

1924 

0 160 

284 

1 07 


1926 

0 108 

257 

0 78 


1926 

0 172 

249 

1 23 


Vector average „ 

0 137 

] 263 

0 99 

Liverpool 

1924 

0 110 

j 228 

1 09 


• The veotor averago refers only to Southern!, London Undgo and Avonmouth 


is difficult from the results to imagine the origin of the perturbation to be in 
the river , the indications are much more m favour of it being propagated 
inwards from the mouth. 


8 Perturbation tn General 

Table V contains the results of analyses, at a small number of places, widely 
distributed over the surface of the globe, 
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St John, NB,\e situated in the Bay of Fundy in a region where reeonanoe 
effects may be expected. The results both in amplitude and phase are very 
similar to those at certain places in the British Isles, m particular to Harwich 
and Southend Two years of analyses exist and it is clear, as in previous 
cases, that considerable variation in amplitude, and to a less degree m phase, 
can occur from year to year It is interesting that the results further confirm 
what was previously found to exist at Liverpool, viz , that yearly changes m 


Table V —Perturbation in General 



Roo«(a 

+ l°d) 






n,H(MA.) 

° H(W,) 

o/ R 
/o H(MT) 

R 

a. 




0 162 

246 

1 1 76 

0 24 

1 63 

0 206 

168 

2 30 

0 04 

2 06 

0 013 

222 

' 3 48 

3 16 

0 84 

0 081 

162 

! 2 66 

0 72 

2 00 

O 060 

229 

| O 82 

0 82 

0 87 

O 322 

ICO 

! 0 20 

6 30 

8 40 


the amplitude of the perturbation are accompanied by yearly changes m the 
amplitude of M, Thus in 

1930 H of M a = 9 957 whilst R = 0 162 

1931 n of M, = 10 083 whilst R = 0 290 

Ponia Delgada, m the Azores is suitably situated to be typical of tides in 
the middle of the Atlantic It is very striking that the magnitude of the 
perturbation found here should be practically the same as at Stornoway and 
Aberdeen on the open Scottish coasts 

Port Hedland, which is placed on the North-west coast of Australia, is m 
an open position comparable with Ponta Delgada, but on the opposite side of 
the globe The magnitude of the perturbation at the two places is much the 


Johore Bahru, in the Singapore Strait, has a prominent perturbation larger 
than at any place in the British Isles The conditions at this place are peculiar, 
for it is situated m a comparatively deep channel, but the flow of water through 
the channel is restricted by an artificial causeway The winds along the 
direction of the channel have an annual variation. 
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Netcchwang, on a tidal river m the Yellow Sea, ib icebound for a portion 
of the year As a result, considerable freshet effects are experienced at times, 
and this makes the results of particular importance The existence of a large 
perturbation in the range of tide at Newchwang lias been known for a number 
of years, and it has always been attributed to the very abnormal conditions 
What is of importance is that practically the whole of tho perturbation exists 
m the semi-diurnal tide, and docs not arise, except to a very minor extent, 
from variations in tho shallow water constituents 

9 Annual Perturbation and Local Meteorological Condition* 

It was stated early in tho paper, that little success had resulted from an 
attempt to correlate the day to day c hanges in the perturbation with the local 
meteorological conditions It is now proposed to replace day to day values 
by mean values for the month Also an assumption (similar to that adopted 
by Doodson when considering mean sea level variations*) will be made 
that the average perturbation in range of tide can be expressed as a linear 
function, of the departure from the mean of the local pressure, and of the local 
east and north pressure gradients Thus if 

B = the departure from the mean of the average local pressure for tho 
month, 

E = tho departure from the mean of tho average local easterly pressure 
gradient for the month, 

N = tho departure from the mean of the average local northerly 
pressure gradient for the month 

then the average range perturbation for the month (X m ) — aB -f £JE + yN, 
where a, (3, y, are constants depending upon the correlation and also on the 
units used 

Twelve mean monthly values of X m at Liverpool were obtained from the 
curve for the average perturbation, for the years 1918, 1920, 1922, 1924, 1930 
Monthly averages for B, E, N, at Liverpool were obtained from “ The 
Weather of the British Coasts M O 230 ” The figures are based upon the 
7-hour observations at the Telegrapluc Reporting Stations of tho Meteoro- 
logical Office in the ten years 1906 to 1915 
With special reference to Liverpool 

B = the monthly avorage of the departure from the mean of the 
pressure at Liverpool, 

* 'Mon Not R Astr Sue , Qeophys Suppl ,’ vol 1, p 124 (1024) 
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E = the monthly average of the departure from the mean of the 
pressure between Spurn Head and Blacksod Point, 

N = the monthly average of the departure from the mean of the 
pressure between Thurso and Plymouth 

These quantities are given m Table VI The twelve equations obtained 
from the above values were solved by the method of least squares for a, (1, y 
The results gave 

X m = 0 7B - 8 OE + 2 8N 

Fig 2 shows the annual perturbation, together with the perturbation as 
•deduced from the meteorological conditions by substitution in the above 
formula 


Table VI — Value of B, E, N, at Liverpool from 10 jear Average 



Jan | 

lob | 

Mar 

Apr 

May j Juno 

July j 

Aug j 

Sept j 

Oot | 

1 Nov j 

Dec 

B 

■ «| 

-3 2 

-2 5 

1 8 

I 8 | 2 3 

2 0 | 

0 8 

r» 3 

“I 2 j 

-2 2 

-7 3 

E 

0 8 

0 4 

-1 0 

~oT 

0 3 -11 

-1 5 

-0 7 

-0 2 

2 4 

-0 H 

+ 1 4 

N 

-4 J 

-4 3 

-0 » 

1) 9 

J 1 2 4 

1 4 

0 5 

1 9 

3 7 

_ 

r l _l 

-2 It 


Tho annual variation is undoubtedly reproduced by the metcrological 
conditions, though there are marked differences in many of tho monthly 
values A tendency for tho results from the meteorological conditions to lag 
roughly one month behind tho actual perturbation is hard to explain It is 
possibly due to the selection of local meteorological conditions instead of 
those far out at sea 

The contributions from B, E, N, to the perturbation m fig 2 os deduced 
from the meteorological conditions, were in the ratio 21 86 70 From 
this we would infer the effects from easterly pressure gradients to be slightly 
greater than those from northerly pressure gradients, and roughly four times 
greater than tho offect from local barometric pressure 

10 Previous Experience of an Annual Perturbation 
The earliest reference to a seasonal change m semi-diurnal tide is to be found 
in Darwin’s paper on the “ Harmonic Analysis of the Antarctic Tidal Observa- 
tions of the ‘ Discovery ’ ” The observations discussed in his paper were 
taken during the years 1902 and 1903 at a position on the south-eastern 
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extremity of Roes Island For analytical purposes the observations were 
grouped into periods of one month The feature of these monthly analyse* 
which was of particular interest was that the M t tide showed a progressive 
annual change both in amplitude and phase during each of the two season* 
analysed The change was such that the average range was least and the 
average tide most retarded during the months of June, July and August 
The magnitude of the change was even greater than at any of the plaoea 
discussed m the present paper, having a relative amplitude of 38% It is 
particularly interesting that no other constituent showed this progressive 
annual change Darwin also found that an inequality of 13 months would 



Fig 2 — Perturbation as doduocd from meteorological conditions Perturbation, 
actual , as deduced from meteorological conditions 

satisfy the conditions better than one of 12 months and from this he suggested 
a possible connection with the 14 months period for the variation in latitude 
In recent years several references to on annual perturbation in the range of 
tide have appeared m special publications of the U S Coast and Geodetio 
Survey The references have been based upon monthly averages of the 
observed high and low waters at individual places In Special Publication 
No 162, “ On the tides and currents m Chesapeake Bay and Tributaries,” we 
find the following remarks — “ At Philadelphia on the Delaware River, the 
average seasonal variation in range is about 1 foot, whereas at Boston near the 
open coast it is only 0 2 feet It appears, therefore, that such a variation is 
largely a river effect, and it is probably due to the varying quantities of 
drainage water in the river ” The existence of the perturbation at Newchwang 
was discovered in 1925 following a senes of monthly analyses made at the 
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Tidal Instatute The perturbation was so prominent and so regular that it 
has been included m the Newchwang predictions since 1927 
Analyses for shallow water constituents were commenced m 1924 and the 
unequal annual changes in the high and low waters were obvious from tliat 
time The small number of these analyses available prevented an examination 
of the perturbation at an earlier date 


11 Discussion 

Perhaps the most fundamental of all the causes likely to produce a perturba- 
tion m the range of tide, is a periodic change m the boundary conditions This 
cause will not provide a universal explanation of the phenomenon, but it 
should be particularly apphcablo to the seas of the polar regions Darwin 
found that in the Antarctic the least range and greatest retardation of tide 
occurred during the months June, July and August, when the Antarctic seas 
are frozen over to their greatest extent When we consider that it is during 
these months that the greatest restrictions to the free flow of the currents will 
be present, the occurrence of a reduced range of tide during this period is 
exactly what we should expect 

In a tidal river the perturbation may arise m several ways, provided there 
is an annual change in the average depth or in the non-tidal ourrent in the 
nver A change m the average depth from the ordinary law for the propagation 
of a* wave m a canal will affect the speed and consequently the phase at a 
particular place to a first order, whilst it will affect the range to a second order 
The phase and range of tide will also change with any variation of the non- 
tidal current m the river This may be seen as follows — 

The equations of motion for the tides in a canal of rectangular section will 
be found in Lamb’s “ Hydrodynamics ” If we neglect second order terms 
other than those arising from the interaction of tidal and non-tidal current 
and consider the currents as made up of two parts, one a tidal portion u and 
the other a non-tidal portion U, the modified equations of motion become 


-3L 

9 dx 

ti 8C 

_ + A _ u 5> 


where x is the distance from the origin along the length of the canal , g u the 
acceleration due to gravity , t is the time , X, is the elevation of the surface 
from the mean level. 
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Solving these diff er ential equations in the usual manner and assuming a 
tidal oscillation of the form Re*'*, where a is the speed, the expression for £ 
becomes 

n = Ac^trc+'J + 

where A and B are constants and c* =gh 
The real part of this may be written in the form £ = R cos (at — t), where 

R* = A« + B* + 2AB cos 

* ax ax 

te ». = “"cTl? 

Acc-^ + Bco,^ 

Clearly, then, provided A and B are neither equal to zero, any change in U 
will produce a corresponding change in R and t 

The range of tide in a mer may also be affected by changes m certain of 
the shallow water constituents which themselves may vary from changes in 
the average depth and of the constant current 

The observational data already discussed in this paper have shown that 
though in particular cases, as in the Delaware River, the changes can largely 
be explained as a river effect, this is not universally so, and the explanation 
is not applicable to the River Thames where the perturbations at Southend 
and London Bridge are found to be practically the same 
The formula, deduced above for a tidal oscillation and a variable 
non-tidal current, is also applicable to an open ocean, provided we can prove 
the existence of a variable non-tidal current The existence of such a current 
m the Atlantic having an annual variation, is now a well-established fact in 
oceanographical research, and is confirmed by the sea level changes m the 
marginal seas and by observations of sea temperature, sabmty, density, 
distribution and character of plankton, both in the Atlantic Ocean, and in the 
marginal seas, and also in the connecting channels Clearly, however, from 
the relations between c and U m the open ocean the changes m U must be 
much greater than can be reasonably expected if they are to produce the 
changes that are observed Again, the present paper has shown that in the 
open ocean the magnitude of the perturbation is of the same order as 
the change in the mean sea level This would practically rule out any explana- 
tion of the perturbation in terms of sea level changes in the open ocean We 
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must admit then, that no satisfactory explanation of the perturbation m the 
open ocean has yet been found 


Conclusion. 

We have seen established an annual perturbation m the range of tide, which 
at a number of places is of sufficient importance for inclusion m future tidal 
predictions Under what conditions is the additional labour, which such an 
inclusion would involve, justified * 

Considering the yearly variations in the perturbation, the results have 
shown, that though the consistency in phase can generally be reliod upon, the 
value of the amplitude may vary considerably from year to year This would 
lead us to proceed with caution where the amplitude is concerned, and it would 
appear advisable for this reason alone, to have two, and possibly three, years’ 
analyses available, previous to considering the inclusion of this perturbation 
m predictions A reasonable limit for the amplitude of the perturbation, 
would bo one greater than 1% of that of M s , though for places of particular 
consistency the limit might easily be fixed at a lower value 

As is necessary m a paper of this type, attention has been drawn to indica- 
tions which later observations may, or may not, prove to be truo It is intended 
that these be taken, purely for what they are worth, on the mforhiation avad- 
able, and that they be kept in mind as future data come to hand More 
definite and satisfying conclusions should be possible by a revision, and 
expansion of the paper, in, say, ten years’ tune 
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APPENDICES 

In the following appendices constant reference wdl be made to Doodson’s 
paper on the “ Analysis of Tidal Observations,” and it will be assumed that 
the reader is familiar with both the notation and theoretical basis of this 
paper 
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Appendix I 
Let 

£ = the tidal elevation above a known datum 
a — the increment in phase of a constituent, in degrees per mean 
solar hour 

p = the increment m phase in degrees per mean solar day with 
integral multiples of 360° omittod 
t = the number of hours measured from the origin of time 
T = the number of complete days measured from the origin in 
time 

R = amplitude of the constituent 

R cos (at — *) = a typical tidal constituent with phase — s at tho origin of 
time 

H — the hour of the day measured from midnight 
Taking a tidal constituent in the form 

R cos (at — «), 

the height of tide due to this constituent at hour H on the day T may be 
written in the form 

R cos (<jH + pT — e) 

If we take any combination of hourly heights such as £ n -f C H+1 -f- £ H +3 
then it can be shown that the results may bo expressed in the form 

JR cos (aH -f pT — e 4- Y)), 

where J and tj are constants depending upon the combination used 
Doodson has shown that it is possible to obtain daily expressions of the 
above form which are functions of one species only For tho semi-diurnal 
tide two such expressions are obtained 

X = JR cos (pT — t + 1 ]') 

Y = JR cos (pT — e + yj") 

The quantities > j' and uj" are chosen so that the initial hour of X is midnight 
preoeding the day, whilst that of Y is 3 hours later 
The computation of the initial phase of the amplitude require two further 
expressions 

A = X + Y 
B = X — Y, 
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of the form 

A = oR cos (S — pT) and B = 6R sin (8 — pT), 

so that 

a = 2J cos } (if — ij") and b = — 2J am \ (■»)' — tj"), 

8 — c — A and A = ^ (■»)' + ?]") 

It will thus be seen that for any particular day the phase of both A and B — 

(1) as obtained from observations through X and Y, 

(2) as obtained by generation from the final constants, at intervals of 24 

hours from the time origm (taken as zero hour of the central day), 

is the phase of the tidal constituent (1) from observation, (2) from synthesis, 
A/a hours after the preceding midnight 
The value of A/a for the average semi-diurnal tide is 15 5 hours Thus if 
on any day we write the semi-diurnal tide in the form 

R cos (30° l — e') = P cos .10° t + Q am 30° t, 

where t = the time in solar hours measured from 15 5 hours after the pre- 
ceding midnight , — s' = the phase of the seuu -diurnal tide at this time 

P = R cos e' and Q = R sin 

b _ SB (for the semi-diurnal constituents) 
o £A (for the semi-diurnal constituents) ’ 

and 

2 (a* -f 6 s ) R* = 2A S + 2B* 

To a first approximation the magnitude of both a and 6 for the semi-diurnal 
tide may be taken as 34 

The values of R and *' from observation are easily found through 2X and 
2Y the quantities tabulated daily in the analysis Values of R ( and e„ the 
synthesized quantities, are obtained from 2A, and SB,, which are generated 
on the predicting machine The quantities R and 8 necessary in the synthesis 
are obtained from the completed analysis, whilst values of a and b are given 
in Doodson’s paper 

The L4g4 predicting machine which was used for the purpose provides for 
ten semi-diurnal constituents as follows — 


2SM„ 2N„ [!„ N„ v* L„ T„ S„ K r 
Since we are only interested in daily increments of the constituents it is possible 
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to generate additional minor constituents by making use of the following 
relationships 

MN8, has the same p as MN a 

R a has the same p as Kj (very approx.) 

MSN, has the same p as Mm 
OP a has the same p as Mf but of opposite sign 
X a has the same p as Mm but of opposite sign 

The constituents MSN a and X a were generated as compound constituents. 

Much care was taken m the reading of EA, and EB, The scale used was 
4 cm to 1000 units, readings being to the nearest. 0 05 cm. 


Appendix II. 

Analysts Tables for an Annual Perturbation of M 2 

Constituents which will produce an annual perturbation of M a may be 
considered as having cither of the following arguments 

[(Argument of M a ) — A] 
or 

[(Argument of M a ) -f- A], 

where h is the mean longitude of the sun 

In the present section Doodson’s analysis tables have been extended to 
include the above two constituents which have been called MA a and Ma a , 
respectively 

The eight new functions which it is necessary to calculate for tho determina- 
tion of the new constituents are in the notation of Doodson’s paper, for 

R cos 8 — A an , B ata , Bg,!, Ajja, 

and for 

R sm 8 — B aal , A^, A**, B^ 

Table VII contains values of a, p, A, a, b, D, M, for MA a and Ma a . Tho 
quantities a and p are the hourly and daily speeds of the constituents, whilst 
A is a constant used in determining the final constants , a, b, D, M, are necessary 
for the calculation of the number of contributions from MA, and Mo a to the 
various functions 

Table VIII sets out in tabular form the correction process for [R cos 8] 
and [Rsin8] whereby contributions from all constituents other than MA t 
and Ma t are eliminated Except for a correction through the terms A 1U , 
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and Bui for an annual perturbation which arises from O t> and abo the use of 
a uniform divisor of 10,000, the tables are similar m form to those of Doodson. 
Table IX contains the factors for the calculation of R oos 8 and R sin 5 from 
[R cos 8] and [R sin 8] 


Table VII -Data relative to MA, and Ma, 


D, - 1 482 

D, - 2 862 

l> t 28 064 

D, 81 S74 

I), 2 342 

D, - 1 220 


2 024 
i 488 
30 476 
30 132 
- 0 832 
0 002 



0 457 
II 272 
-14 020 
- 0 464 


0 372 
11 216 
15 128 
0 274 


Table VIII 


Correction Tables for the Calculation of [R cos 8] 


p_„ r . 




Correction term*— Multiples of 




Di vigor 

3 

function 

a mi 

Am 

A«, 

B|,« 

A,., j A„, 

Bim 

A m . 

I‘“ 

| A ‘“ 

! 

Am 

0 004 

0 002 

-0 023 

0 039 

-0 00o[ 0 026 

-0 073 

0 003 

-0 010 

[ 0 083 

10,000 

A 

B im 

-0 005 

0 001 

0 081 

-0 018 

0 005 -0 140 

0 007 


0 012 

-0 040 

10,000 

B 

B* 

0 084 

-0 023 

-0 029 

0 067 

-0 008 0 041 

-0 040 

0 001. 

0 008 

0 029 

10,000 

0 

Atta 

0 109 

0 012 

-0 160 

0 016 

— 0 005 0 086 

-0 039 

— 

0 012 

0 094 

10,000 
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Correction Tables for the Calculation of [R sin 8] 


Principal 

function 




Correction tern 

u — Multiple, of 




1 

Bm 

A*oi 

B m 

A u . 

Bm- 

B.„. | Am. | Bh„ , 

Bm 

B,re. 

Diviaor 

B« 

0 004 


-0 022 

-0 036 

-0 009 

0 027 0 062 0 002 

-0 009 

0 040 

10,000 

A' 

A.m 

0 005 

0 002 

-0 086 

-0 018 

1-0 006 

0 164 0 007 -0 001 

-0 010 

0 130 

10/100 

B' 

A* 

-0 085 

-0 019 

0 031 

0 067 

0 009 

-0 048;— 0 040 -0 002 

-0 006 

-0 095 

10/100 

O' 

B*. 

0 109 

-0 004 

-0 161 

-0 015 

-0 005 

0 086 0 033 0 001 

0 008 

0 04^ 

10/W0 

I Y 
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Constituents expressed as a Perturbation in Range of M r 
Let H 2 , H t , H„ be the amplitudes and ft, g t , ft, the phase lags of M„ MA*, 
Ma*, respectively 

Then the phases of the constituents relative to M* are, of MA, 


and of Ma, 


(9i~9» + b) 


Table IX — Calculation of R cos 8 and Ksm8 from [R cos 8] and [R sin 8] 



The perturbation m the semi-range of M, is given by 

[H t cos {h — (ft — g ,)} + H, cos {h + (ft - ft)}], 


which may be expressed in the form 


where 

and 


R cos (h p), 


tan 


H, sin ( gl - j a ) -H, an fa -ft) 
H 8 cos (ft— ft) + H,cos(ft-ft)' 


R« = [H,« + H,* + 2H*H, {cos (2ft - ft - ft)} ] 


If a is the phase of the constituent on January 1 when the value of A is 
280°, and if d are the number of days elapsed from January 1, then since the 
daily increment in h is with sufficient accuracy equal to 1° per day, an alterna- 
tive form for the annual perturbation is 


R cos {(« + 280 P) 4- 1° <2} 


This is the form used m the paper 
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Summary 

The paper establishes the existence of an annual perturbation in the range 
of tide The perturbation became evident during an intensive examination, 
by a method which should be of particular interest, of the residual semi- 
diurnal tido at Liverpool Direct analysis of hourly heights for an annual 
perturbation m the principal constituent of semi-diurnal tide showed the 
perturbation to be consistent from year to year, and to exist generally m 
British waters and throughout the world at large Analysis of high and low 
waters further confirmed tho results A study of the distribution of the per- 
turbation provided a number of interesting results as also did a study of its 
relation with local meteorological conditions The paper concludes with a 
short discussion on possible causes of an annual perturbation m the range of 
tide Appendices describe the method by which the residual tide was obtained, 
and also contain tables for the direct analysis of hourly heights for an annual 
perturbation in tho range of tide 


The Production of Showers by Cosmic Radiation 
By C W Gilbkbt, B A 

{Communicated by Lord Rutherford, 0 M , P R S — Received November 17, 1933 ) 
Introduction 

The production of secondary particles by the passage of cosmic radiation 
through matter is a well-known feature of the cosmic ray phenomenon. Cloud 
chamber photographs of Blackett and Occhialun,* Anderson, f and KuntzeJ 
show that the secondaries often occur in groups, which have been named 
“ showers ” The production of those showers was investigated by observing 
the simultaneous discharges of tliroe Geiger-Miiller counters so arranged that 
they only recorded showers of at least three particles The mam experiments 
were earned out at the Forschungs-station Jungfraujoch, in Switzerland, at 
a height of 3000 metres Other experiments were made at Eigergletscher 

* 4 Proo Roy Soo ,’ A, vol. 139, p 699 (1933) 
t 4 Phy*. Rev ,’ voL 43, p 368 (1933) , voL 44, p 406 (1933) 
t *Z Phyrik,’ voL 80, p 659 (1933) 
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(2300 m ) and Zfinch (500 m.) to investigate the variation of frequency of 
the showers with altitude 


Experimental Method 

The experimental arrangement was similar to that used by Rossi* and by 
Ffinferf Three Gciger-Mllller counters were used, arranged as shown in 
fig 1 The lead under investigation was placed above in such a position 

8 7cm 

X u."'t 

1 / 

1 / 

\ / 

l i 15cm 

1 I I 



Fro 1 — Experimental arrangement of counters and lead. 

that no particle coming from the lead could go through more than one counter 
The tuple coincidences due to the presence of the lead must thus be due to 
showers of at least three particles The coincidences were recorded by a 
method described by Roesi X The impulse from a fourth valve was fed to the 
grid of a thyratron by resistance capacity coupling, fig 2 This impulse was 
a negative kick, but the accompanying positive back-kick was sufficient to tap 
the thyratron Thu arrangement rendered the circuit very stable and free 
from external pickup 

• ' Z. Phywk,’ vol. 82, p 181 (1933). 

t Ib*L, vol. 88, p. 92 (1933). 

*• Nature. 1 vol 128, p. 688 (1830) 



Production of Showers by Cosmic Radiation 801 

The counters used were 20 cm long X 4 2 cm diameter These gave about 
120 counts per min ute at sea level and between 200 and 300 per minute at 
3500 m , at this rate the mechanical telephone counter used could not respond 
to all tho counts The number of casual triple coincidences was only 2 or 3 
per hour From tho number of casual double coincidences the resolving 
power was found to be 10~ 3 seconds Tho rate of casual triple coincidences 
was very much smaller than the rate of counting of triple coincidences and 
so no correction was made for them 



E,, about 10 v, E*. about 100 v 

Difficulty was encountered at the Forschunga-station Jungfraujoch, on 
account of the damp atmosphere , and the roof of the building was so thick 
that satisfactory measurements were only possible on the roof So the counters 
and recording set were placed in a tin box which stood on tho roof, which was 
then protected by a wooden box from snow and sun Leads were taken from 
the tin box through a length of large bore rubber tube into the building for the 
L T supply, counter HT, telephone counter, etc The air in the tin box was 
dned with PjOs and tho box heated by two 40-watt lamps The voltage for 
the counters was supplied by a 1500-volt dry battery and it was found necessary 
to place this near a heater to keep it sufficiently dry at night By those means 
it was possible to work the counters on the roof, day and night under all 
weather conditions* 

The coincidences were recorded on a telephone counter and also on an auto- 
matic recorder supplied by the Cambridge Instrument Company This 
recorded each coincidence on a slowly moving paper disc, and gave a useful 

* The mean atmospheric temperature in July was about 1° 0 It frequently snowed 
and waa often very misty 
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check on the performance of the apparatus, as well as the necessary data for 
investigating the distribution of counts in time 

Experimental Results 

Triple coincidences were observed at Jungfraujoch with the arrangement 
shown m fig 1, with varying thicknesses of lead over the counters As the 
thickness of lead was increased the number of coincidences was found to rise to 
a maximum at 2 2 cm and then to fall off rapidly (Table I and fig 3) The curve 

Table I — Dependence of showers on the thickness of lead 
Thioknraa of lead in cm I 0 0 lo 77 I 1 35 1 1 90 L loL 48 j 2 07 I 3 08 1 fi 77 I 7 07 1 8 40 


hr umber of porkxla of 
oounlmg 

Total time in houni and 


50 9 04 5 72 0 78 4 1 81 9 77 9 75 0 



0 2 4 6 8 cm 10 

Thickness of lead 

FlO 3 — Showers observed with different thicknesses of lead above the oountor at 3500 m 
C, observed points , +, oaloulated. 


is very similar to curves obtained by Rossi and Fdnfer at sea level The most 
notable difference is the different position of the maximum, which for Rossi’s 
and Flinfer’s curves was at 1 6 cm. 

With no lead triple coincidences are obtained at a greater rate than the rate 
of casual coincidences, which are due to showers originating in the atmosphere 
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This background count will not be greatly affected by the presence of the 
lead After subtracting this background the fall away from the maximum is 
exponential with a coefficient of p. = 0 38 cm _1 Rossi’s and Fttnfer’s curves 
give rather lower values The curve will be discussed m more detail later 
Fiinfer observed that the lead side screens round his counters gave an 
increased count which was dependent on the count from the lead over the 
counters He found that the maximum effect was reached with a thickness 
of the side screens of 0 6 cm He obtained a similar effect with lead under 
the counters* To investigate this 2 Ocm of lead were placed over the counters 
and varying thicknesses placed underneath , an increase in the counting rate 
was obtained which reached a maximum at 0 6 cm , fig 4 Then 2 0 cm of 



Thickness of lead 


Kio 4 — Showers obsoivcd with different thicknesses of load under the counter 

lead were placed under the counters and the lead abovo varied The 
curve obtained, fig 5, was similar to the one without lead underneath The 
difference between the curves of figs 3 and 5 also shows a maximum, fig 6 
Because of the statistical errors the position of this maximum cannot be fixed 
at all accurately, but it almost certainly lies not far from 2 cm The 
mitTiimini increase is about 40% of the count due to the upper lead Fiinfer 
had attributed this effect to reflection by the lower lead of the shower particles 
from the upper lead However, such an explanation would require that about 
20% of the shower particles would be reflected back through nearly 180° 
Cloud chamber photographs show that there is no such large backward scatter- 
ing Further, Blackett and Occhialim obtained conclusive evidence of high 


‘ Z Phywk,’ p 83, vol 92 (1933) 
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energy particles thrown backwards from showers The explanation thus 
appears to be that the increase is due to particles thrown in a backward 
direction from showers occurring in the lower lead 

Measurements were made at Jungfraujoch, Eigergletscher* and Ztirichf to 
determine how the increase with altitude of the frequency of the showers 



above. 



Fro 6 — Showers duo to lead under the counter with different thicknesses of lead over the 
oounter Difference between curves of fig 3 and fig 5 


* I wish to thank the management of the Hotel £igergletscher for allowing mo to carry 
out these measurements on the hotel roof and for their kind assistance 

1 1 also wish to thank Professor Dr P Schcrrer of the Physikahsohes Institut der 
Toohnischon Hoohsohule, Ziinch, for his kind permission to make the Zttnch measurements 
on the roof of the Institute I am also very grateful for the ass is tance given me by the 
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compared with the increase of the general cosmic radiation. At these places 
measurements were made with the arrangement Bhown in fig 1 with 2 2 cm 
of lead over the counters , the frequency of showers being taken as the differ- 
ence in counting rate with and without the lead Measurements were also 
made with the three counters one above the other in a vortical plane This 
gave a measure of the general cosmic ray intensity Since the maximum of 
the showers at Zurich is below 2 2 cm the frequency of showers for this 
station must be corrected This is done by estimating the number, using the 
curve of fig 3, that would have been recorded if the shower particles had had 
sufficient energy to reach the counters The results are shown in Table II 


Table II — Comparison of frequency of showers and cosmic radiation 
intensity 



lungfrau]ooh 

FigorgIetechi.r 

dttnch 

Atmoxplu nc pressun , in cm of llg 

*50 7 

77 0 

72 3 

Showers from 2 2 cm of lead, count per hour 
Corrected 

f ountors in \crtical plane, count per minute 
ionization int< nsity, ions per c o per sec 

31 0 

5 45 

5 08 

24 3 

4 40 

4 21 

11 (• 

14 4 

2 50 

2 74 

Showers 

1 00 

0 78 

0 48 

Cosmic radiation intensity— 

Counters 

1 00 

0 80 

0 45 

Ionisation 

1 00 

0 73 

0 48 


The first line gives the showers observed from 2 2 cm of lead, the second line 
the rate of (.minting with the counters in a vertical plane The third line 
shows the cosmic ray intensity measured by Wollan with an ionization cham- 
ber * The next three lines are the samo measurements reduced so that the 
value at Jungfrau] och is 1 00 The number of showers thus increases with 
altitude at about the same rate as the general cosmic ray intensity, as measured 
by both the total ionization and the number of particles producing coincidences 
in these three counters placed in a vertical plane 

The Transition Curve for Lead 

The curve showing the dependence of the number of showers recorded on 
the thickness of lead above is very similar to those obtained by Rossi and by 
Flinfer The chief difference is the change of the position of the peak. The 
* Compton, ‘ Phya Bev vol 43, p 394 (1933) 
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position of the maximum observed at Jungfraujocli was 2 2 cm Both Rossi 
and Fttnfer located the maximum at 1 6 cm Preliminary measurements 
made at Cambridge before gomg to Jungfraujoch had shown the peak to 
occur at about 1 fa cm , and later measurements made at Cambridge confirm 
this, fig 7 

It appears certain that the curve must be interpreted* to be a transition 
effect on passing from air to lead The shower particles to which the counters 
respond must be charged since they produce ionization in the counters, and so 
they have a range in lead f When the thickness of lead is greater than the 
range of the shower particles the showers from the upper part of the lead can 



Thickness of lead 

Flo 7 —Showers olmerved with different thicknesses of lead above the oounter* at sea 
level 

no longer be recorded Hence the curve will have a maximum at tho thickness 
of lead equal to the range of the shower particles m lead The curve must 
then fall off with the absorption coefficient of the radiation producing the 
showers Since this absorption coefficient is very much larger than the absorp- 
tion coefficient of the general radiation, 0 38 cm _1 in lead as compared with 
0 006 cm." 1 , the immediate cause of the showers cannot be the general cosmic 

* Rossi, • Nature,’ vol 132, p 173 (1933) , soe also Johnson’s “ Analyses of SohindJer’s 
transition ourves,” ' Phys Rev ,’ vol 41, p 546 (1932) 
t A ohargod particle loses energy continually and so has a definite maximum range 
But the particles of an uncharged radiation lose all or at least a considerable portion of 
their energy in a sin gle event, so tho radiation is absorbed exponentially There is, then 
fixe, a finite probability that some of the radiation will travel any given distance and have 
no maximum range 
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radiation Since the absorption coefficient of the radiation producing the 
showers is so large and also the absorption exponential, the production of 
showers is probably the main cause of absorption We shall call this radiation 
the shower-producing radiation This radiation could not penetrate the whole 
of the atmosphere and so must bo produced by some other radiation, which 
we shall call the primary radiation After traversing sufficient depth of 
homogeneous matter an equilibrium will be reached between the amount of 
primary and shower producing radiation present The curves obtained are 
thus transition curves duo to the readjustment of this equilibrium in passing 
from one medium to another 

Suppose that the shower producing particles are produced by a primary 
radiation with absorption coefficient p and so the intensity of the primary at 
any depth x in the atmosphere is I = treating tho problem as one- 

dimensional, where x is measured downwards 

Let I„ bo the intensity of the shower-producing radiation at depth x and let 
p„ be the absorption coefficient, and a the coefficient of production of shower- 
producing radiation by the primary « may bo considerably less than p 
since the production of shower-producing radiation may not be the only means 
of absorption of the primary 

Then 

The solution is 


Up - i* 


on writing 


= Be"*** -f AI, 

A = — g — 
Up — V- 


If p < p, then after traversing a large thickness of matter tho second term 
is the only significant one, and so the equilibrium intensity of the shower- 
producing radiation is given by 

I, = AI 

A is a constant for any homogeneous medium but may vary from medium 
to medium. 

Consider now the effect of putting varying thicknesses of a material over the 
counters, see fig 8 
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Let 

S be the number of Bhowers observed 
a the mean range of the shower particles in the material 
Z the thickness of material whoso upper surface ib at * = 0 


Let the index (1) denote coefficients in the air and index (2) coefficients in the 
material 


Air 



Fig 8 


We have 

I,® =-- Be >* {i)x + A® I 

But at * = 0 

I -A® I, 

and so 

B = (A® - A®) I 


We thus have, where p = z if * < a and a if z >• o, 

S — C ,ip® I,® (z — y) dy, 

= cf (i, I 0 {(A (1) - A®) + dy, 

Jo 

C (A® - A®) I 0 — — (1 - e _( ' , p +M) ') I- CA® I 0 ^*(l - e~^)for z < a, 
l A » + 1* I 1 

H C (A® - A®) I 0 __ !) e -(M P+ M)* -f CA® I 0 (e 4 " — 1) c _M * 

K'p « H 

for z a, 

where C is a constant depending on the chance of observing a shower To 
this number of showers must be added the background This, in the experi- 
mental arrangement of fig 1, will bo approximately constant Denote this 
background by D If p < then the second term has little effect on the 
shape of the curve until a considerable thickness has been reached Thus for 
small thicknesses the shape of the curve is given by 

f O' (1 — e"'*#*) + D for z ^ a 

8 “ i 

LC'(«’V-l)e-V-|-D for z>o 
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This formula agrees very well with the experimental results with the values 
a = 2 2 cm 
(x = 0 38 cm _1 
0' = 53 9 counts per hour 
D = 51 0 counts per hour 

The points calculated using these values are shown by crosses in fig 3. 

For large thicknesses of material the tail of the curve falls away less rapidly 
and finally lias an absorption coefficient jx * The sliarpness of the peak of 
the experimental curve suggests that the energy of the shower particles is 
fairly homogeneous f The curves of Rossi and Fiinfer have not such sharp 
peaks. This may be due to the fact that they used much wider sheets of lead 
and so many showers would be recorded that had come through the lead at 
on angle 

The shape of this transition curve is similar to the transition curves (t)ber- 
gangskurven) obtained by Schindler using an ionization chamber J The fall 
of his curves immediately past the maximum gives an absorption coefficient 
which agrees well with the values obtained with counters The position of 
the maximum is also in rough agreement It thus appears certain that the 
transition effects observed by Steinke,§ Schindler ( loc cU ) and others with 
ionization chambers are essentially the same as those observed with counters, 
and therefore are mainly an effect due to the showers 

The Shower Particles 

The position of the peak of the curve vanes from 1 6 cm at sea level to 
2 2 cm. at 3500 m The corresponding energies of the shower particles as 
calculated from Heisenberg’s|| formula are 70 and 95 million electron volts, if 
the particles are positive and negative electrons. The measurements of 
Anderson^ confirm Heisenberg’s data at these hi gh energies That the particles 
are positive and negative electrons seems certain from the expansion chamber 
photographs of Blackett and Occhiahm (loc oU ) and Anderson ** 

* Rossi, * Nature,’ loc n t 
t Bhabha, ‘ Z Phynk,’ vol 86, p. 120 (1933) 

} Schindler, ‘ Z Phynk,* vol 73, p 625 (1931) 
f *Z. Phyrik.’ vol 48, p 647 (1928) 

|| * Ann. Phyiik,’ vol 13, p. 430 (1932) 

H * Phys. Rev ,’ voL 43, p. 381 A (1933) , voL 44, p. 406 (1933) 

** ‘ Phys. Rsv ,’ vol 44, p. 406 (1933). 
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Ellnfer’s (loo otl ) results give the ranges of the shower particles of showers 
produced in lead, iron and aluminium as 1 6 cm , 2 5 cm and 1 Ocm in lead 
iron and aluminium respectively All these values correspond to an energy of 
approximately 70 million electron volts Thus it appears that the energy of 
the shower particles does not vary greatly with the atomic number of the 
material 

Shower Producing RaduUwn 

The absorption coefficient of the shower producing radiation as observed 
at Jungfraujoch is 0 38 cm -1 m lead Since the absorption coefficient is 
exponential the absorption probably takes place through single, or at the 
most a few, events Thus the greater part of the absorption is probably due 
to the production of showers The relation 

(i = No, 

where N is the number of nuclei per unit volume and a the effective cross-section 
for production of a shower, gives the value of cross-section for this absorption 
coefficient as 11 4 X 10 - * 4 sq cm (radius 1 90 X 10 -1 * cm.) This is a very 
large cross-section, being larger than the nucleus itself Prom the data of 
various workers the cross-section, for production of a shower can be estimated 
far lead, iron and aluminium. The results are shown in Table III Thus 


Table III — Effective cross section for production of a shpwer 



| Lead 

Iron 

Aluminium. 

Absorption oooffioient of shower producing 
radiation in cm. -1 of the material 

0 30* 

0 29t 

0 38J 

0 34f 

0 064* 

0 Ilf 

0 017* 

Radius of cross-section x 10“ cm. 

17 5 

5 8 

3 0 

Atomio number, Z 

82 

26 

13 

Area oross -section 10 „ 

1 43 

1 54 

1 66 

Z* 





* Fflnfor, toe rU. 

t Howl, ' Z Phynk,’ vol 82. p. 151 (1933) 
j The author 

i Sohindler, 1 Z Physik,* voL 72, p. 628 (1931) 

the area of cross-section vanes nearly as the aquare of the atomic number 
This is in striking contrast to the usual mass absorption rule holding for cosmic 
radiation m general Recent calculations of Oppenheimer and Plesset|[ 

|| ' Phys. Rev ,’ voL 44, p 53 (1933) 
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show that for y-rayB of high energy the cross-soction for production of a parr of 
positive and negative electrons is given by 
Z a e* 

a ~l37^ 

Furry and Carlson* show tliat for high energy electrons the cross section is of 
the same order For lead the cross-section derived by Oppenheimer and 
Plesset is 3 9 X 10 ' M sq cm as compared with the observed value of 
11 4 X 10~ M sq cm for the absorption coefficient of the shower-producing 
radiation f 

The mechanism of production of the showers by the shower-producing 
radiation is probably that pans of electrons are produced in the field of the 
nucleus. Oppenheimer and Plesset have only dealt with the production of a 
single pair, but it is possible that in the showers many pairs are produced 
simultaneously The showers thus appear to be creation of particles and not, 
as at first looked probable, the disintegration of the nucleus 

The experiment with lead under the counters shows that there are showers 
with particles thrown backward with a range in lead of approximately 0 0 cm 
that is an energy of about 30 million cloctron volts Further, these showers 
depend in some way on the showers produced m tho lead above, for as the 
thickness of the lead above is increased the number of showers from the lower 
lead increases, reaches a maximum lying between 1 and 3 cm. and then 
decreases 

Thus the showers from the upper lead must contain some land of radiation 
which is capable of producing showers m tho lower lead. This is m agreement 
with the remark of Blackett and Occhialuu (loc cU , p 717) that “ when one 
shower occurs there is a surprisingly large chance that another will occur a 
short way below it This leads one to the view that a shower-producing 
radiation can be produced in the showers themselves, but as is shown later, 
this cannot be the mam cause of the shower-producing radiation 

About the nature of the shower-producing radiation little can be said Its 
chief means of absorption is probably the production of showers and since 
the mean free path for this is so small no information is given by its absorption 
as to whether it is charged or not. It may possibly consist of gamma 
radiation 

* ‘ Phys. Rev ,’ voL 44, p 237 (1933) 

t Heitler and Banter, ' Nature,’ vol. 132, p 892 (1933), obtain aero** section for pro 
duotion of poeitive and negative electron* m lead of 33 x 10 - * 4 sq om for y rays of 
energy SO million electron volts 
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Primary Radiation 

Since the shower-producing radiation has such a small mean free path, 
there must be some mechanism of reproducing the radiation We have seen 
that it can be reproduced in the showers themselves, but this cannot be the 
only method for this alone cannot give the transition effects observed These 
require that the shower producing radiation be in equilibrium with some other 
radiation and that the equilibrium value changes on passing from one material 
to another It thus apptars necessary that the shower-producing radiation is 
produced by a primary radiation which traverses the whole atmosphere 

For large thicknesses of material the number of showers falls off with the 
absorption coefficient of the primary radiation Further, the number of 
showers increases with altitude at the same rate as the general radiation So 
the absorption of the primaries is probably the same as that of the general 
cosmic radiation Now the absorption of the general radiation in large 
thicknesses of different material obeys approximately the mass absorption 
rule Hence the primary radiation probably obeys the same rule From the 
absorption measurements of cosmic radiation in large thicknesses of material 
we can get an upper limit for the cross-section of production of the shower- 
producing radiation by the primary radiation (Table IV) 


Table IV — Effective croes-scction of absorption of primary radiation 



Lead 

Iron 

Water 

Absorption coefficient in om.' 1 of the 
material 

0 0064* 

0 0070* 

0 0002 If 

Area of oroaa section X 10“ om 

2 6 

1 7 

0 44 


• Schindler, * Z Phyaik,’ vol 72, p. 628 (1931) 
t Regener, * Phya Z voL 34, p. 300 (1033) 


The majority of the particles present in the cosmic ray stream m the atmo- 
sphere may have originated in showers the primaries would then probably 
be charged so as to give the observed latitude variation 

Energy Relations 

The fact that the energy of the showers increases upwards m the atmosphere 
suggests that the energy of the showers comes from the primary radiation 
and is not released from the nucleus by some trigger action. 

The energy earned by the shower particles is probably of the order of 
1 5 X 10* electron volts at sea level, assuming 20 particles in a shower Sinoe 
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the energy required for an electron to penetrate the atmosphere is 5 X 10* 
electron volts, the energy of the primary radiation is probably of the order of 
10 10 electron volts Particles of this order arc required by the theory of 
Lemaitre and Vallarta* to explain the observed latitude effect On going 
from 3500 m to sea level an electron which hail 10 10 electron volts energy when 
it entered the atmosphere will suffer a 26% decrease m energy This compares 
favourably with the 25% decrease of the i nergy of the shower particles between 
these levels 

I am indebted to the Department of Scientific and Industrial Research for 
a grant to enable me to work in the Cavendish Laboratory, and to the Royal 
Society for a grant to cover the travelling expenses of myself and the apparatus 
to Switzerland for the measurements at high altitudes 
I wish to thank Professor W R Hiss and the admi lustration of the 
Hochalpine Forschungs- station, Jungfrau] wh for permission to make use of 
that station, and for their kind assistance 

I wish also to thank Professor P M 8 Blackett for his invaluable help 
both in the conduction of the experiments and m tin discussion of the results 

Summary 

Experiments made with triple coincidence counters show that the frequent v 
of showers produced m had by the passage of cosmic radiation is proportional 
to the general cosmic radiation The transition curves for air to load wert 
obtained at 3500 m and it was found that there tin energy of the shower 
particles was greater than at sea level To explain the curves obtained, three 
types of radiation are needed, a primary radiation, a shower-producing radiation 
and the showex particles The nature and properties of these radiations are 
summarized in Table V 

Table V 


Radiation 

| Kind 

1 F vide nee 

1 

1 Absorption. 

Primary 

^ Probably charged 

| Latitude effect 

1 Mika* absorption 

' <r*Y 

Shower producing 

Unknown 


Exponential absorption 

„ _ ^ ?*_ 

| 137 m*c* 

Shower particle* 

Positive and negative 
electrons 

Wilson cloud chamber 
photographs 

Mam absorption 
range ~ l/p. 


* • Phy*. Rev vol 42, p, 014 (1932) 
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The Nuclear Spin of Tin 

By S Touansky, Ph D (1861 Exhibition Senior Student), Imperial College of 
Science, London 

(Communicated by A Fowler, F R S - -Received November 22, 1933 ) 


Introduction 


In a previous note to ' Nature, ’f the author has briefly reported the main 
conclusions arrived at from an investigation of the hue structures of the lines 
of the spark spectrum of tui It was stated there that the nuclear spin of the 
two main odd isotopes of tin was the magnetii moments being negativi 
aiul also identical in value for both Almost immediately after this noti 
appeared, an independent report was published by Schiller and Westmeyer,! 
who reached identical conclusions about the spins The present paper gives 
a detailed account of the author’s observations ou the Sn II spectrum In 
addition to this, the value of the nuclear spin has been conhrmorl by measure- 
ments m the Sn 1 spectrum 

Aston has reported 11 isotopes in tm, the relative abundances of which are 
shown in Table 1 

Table I 


Isotope | 112 j 114 j 115 | 116 j 117 j 118 I 111) j 
% Abundance j 11 | 0 7 j 0 4* j 14 2 j I) 8* | 21 5 | 11 0*j 


120 
27 0 


121 | 122 
2 0* 0 0 


124 
6 2 


The odd isotopes, indicated by asterisks, comprise about 24% of the total 
lu accordance with what has usually been observed m atoms containing a 
mixture of odd and even isotopes, it is to be expected that the even isotopes 
will have zero nuclear spin, or at least very small nuclear magnetic moments, 
Each even isotope will contribute a single component to the pattern of a given 
line, and if there is no isotope displacement effect these will all superpose, 
producing a single strong component 

On the other hand, the odd isotopes will possess nuclear mechanical and 
magnetic moments, and the coupling of the nuclear magnetic moment with the 
external electron magnetic moment of the atom will cause the terms to split, 
such that the even isotope in each term is at the centre of gravity of the split 

t ‘ Nature,’ vol 182, p 318 (1933) 
x ‘ Naturwiw ,* vol SI, p. 800 (1933) 
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term As a result, the expected line patterns will consist of tiny multiplet 
groups, the summed intensity of which will be 24% of the total, and at the 
centre of gravity of » acli group will be a single strong line comprising 76% of 
the total intensity, and representing the contribution of the even isotopes 
If this central Htrong component is split up or even appreciably broadened, 
this is an indication that oven isotope displacement is taking place 

The present investigation is largely concerned with the Sn II lines emitted 
by a hollow cathode discharge in tin The torm scheme of this spectrum has 
l>een given by Green and Loring* and further details have been reported by 
Langt 

The transitions winch have been studied here are shown in the term schemi 
in hg 1 Other transitions lie in a region unsuited to the silvered Fabry-PArof 
interferometer wlneli was used as the resolving instrument In the normal 
state, the tan ion has a nd 5 p electron configuration, so that a group ol 
doublet terms is built up by the fyp electron going into various orbits From 
the point of view of fine structure analysis, the i losed fw* group tan be neglected 
and the doublet terms treated as if they arise from a one ele« tron system Such 
a procedure is entirely justified both on theoretical grounds and by previous 
expernnental evidence However Lang (lor cU ) has shown t.lrnt in addition 
to the doublet group discussed above, there exists a doublet and quartet 
system based upon fw 5 p 2 Tin observed terms due to this configuration 
arc shown to the right oF fig 1 and it will be shown later that there is evidence 
that fine structure perturbations take place between the *1) terms of the two 
configurations 

Experimental 

The 8n II spectrum was excited both in water cooled and hot hollow cathode 
discharges The tubes employed were slight modifications of the type used 
so successfully by .Schiller for the production of intense lines free from broaden 
mg effects Helium was continuously circulated through the tubes at about a 
millimetre pressure and currents of 200-300 milliamperes omployod The 
resulting tin spectrum was extremely bright The lines were examined for fine 
structure by means of a variable gap, silvered, Fabry- P6rot interferometer of 
large aperture, crossed with a two pnsm spectrograph Using Ilford hyper 
sensitive plates the pattern of the strongest line could lie photographed in a 
few minutes, although it includes a relatively weak component whose intensity 
is only 5% of that of the complete pattern 

* ‘ Phyi. Rev voj 30, p. 574 (1927) 
t ‘ Phy* Rev ,’ vol 36, p. 445 (1W0) 

2 Q 2 
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The observed structures are shown m Table II As usual, the separations 
are given in cm -1 X 10 - *, and the visual estimates of intensity indicated 
below each component m brackets. 



Fig 1 

Table II 


Vave length 

Allocation j 


Structure 


Total width. 


! 





OB* 1 X 10“* 

0844 3 

6a •*,/,- Op ‘1’,/j ( 

1 100 

(56 

0 

181 

281 



(1) 

<S) 

(16) 

(1) 


6462 8 

6a Is,/, -6 p ‘P,;, ! 

+ 

63 

0 

164 - 

207 


I 


(3) 

(16) 

(1) 


6709 3 

hi *D,/, — 4/ >F ! 

+ 

162 

0 

239 - 

391 

6698 1 

6,. ‘Pj/j — hi ‘Dj, | 

.Single — sharp 


(10) 

(2) 

_ 

6689 4 

hi *D,/, — 4/ *F 

Single -diffuse 



~ 76 

6662 9 

Op 'Pj/t — Oi ’!>»/» 

Single — sharp 





6646 9* 

* 1 

1 116 

64 

0 

81 - 

260 


1 

(2) 

(3) 

(«) 

(1) 


4611 6* 

I 1 

+ 

69 

0 

188 - 

266 


1 


<D 

(2) 

(2) 



* It is not quit* certain that these two lines belong to the Ski IT speotnua 



Nudear Spin of Ttn. 


577 


Analysts of Structures. 

The analysis of each lino will now be separately dealt with, and it will be 
shown that all the structures are completely accounted for on a nuclear spin 
of i for the two mam odd isotopes, and a zero spin (or minute nuclear magnetic 
moment) for the even isotopes The lmes will be considered in the order best 
suited for analysis 

X 6452 8 (6» *S 1/2 — 6 p *P 3/1 ) — The structure in this line consists of a strong 
central component contributing about 75% of the total intensity of the pattern, 
flanked on either side by two weak components whose intensity ratio is 3 1 
It is at once apparent that the central strong component arises from the even 
isotopes and as the two odd isotopes 117 and 119 are present to the extent of 
9 8% and 11 0% respectively, the two weak satellites arc almost entirely 
produced by these, any contribution from 121 being difficult to observe since 
its components will only be of intensity 1% and therefore practically negligible 
The 3 1 intensity ratio of the components shows that both isotopes con- 
tribute to each component The ratio of the intervals between the satellites 
and the central strong component is exactly 1 3, so that the strong line is at 
the optical centre of gravity of the pattern The lower term is a 6» *S l/i 
term, and as it involves a penetrating s electron it will show fine structure 
On the other hand, it is already well known that the 6p *P s/2 term should show 
a relatively very minute structure, for all p *P s / 2 terms yet investigated have 
conformed to this rule It follows that the structure in the line is the structure 
of the lower term 

The number of fine structure levels in a term is 2J + 1 when the spin, I, 
is greater than J, or 21 + 1 when J > I From this it is seen that a term with 
J = | always splits up into two fine structure levels, no matter what the value 
of I An intensity ratio of 3 1 is only produced by a spin of £, the next 
value, namely, 3/2 giving an intensity ratio of 5 3 which could not be con- 
fused with the previous value However, it will be shown later that the fDg/, 
term is also double, and as the J value is 5/2 here, this proves conclusively 
that the spm is J In addition, it will be further shown that a spin of } is 
unambiguously deduced from fine structures m the Sn I spectrum. 

The analysis for the lino under consideration is shown m fig 2 The upper 
term is single The nuclear spm $ combines with the lower J = J to give the fine 
structure quantum numbers F = 0 and 1 Both the odd isotopes must be 
treated as one, since otherwise four satellites instead of two would appear 
The dotted lmes show the even isotope transition, and m order to get this the 
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lower even isotope term has been placed at the centre of gravity of the lower 
term, * e , one-fourth of the distance from the level with F = 1 (the quantum 
weight of a fine structure level F is 2F + 1) As the stronger satellite is to the 
violet, the fine structure levels are inverted, the higher F term lying deeper 
This means that the nuclear moment is negative, so that I — — i It will 
be observed that the calculated position of the even isotope line is 155 units 


1 



Ro 2 — Pino structure of X 6452 8 {6s *8, /»— 6p *P; '«/■ ) 


from the weaker component and experimentally it is found to be 154 units 
away This is considered to be exact agreement 

X 6844 3 (6s *S 1/2 — 6p *Pjy s ) — The structure of the lower term has already 
been determined from the analysis of the previous line, so that by simple 
analysis that of the upper term can be directly obtained It was found experi- 
mentally that the intense even isotope line blurred the near by component of 
intensity 2, making accurate measurement of the position of this component 
very difficult However, this does not invalidate the analysis, for it will be 
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seen from fig 3 that the structure of the upper term is determined by the 
separation of the remaining outer components The even isotope level is 
ugain placed at the optical centre of gravity m both tonus The calculated 
structure is shown at A and the observed pattern at B Tin agrennent is 


1 



Fro 3 — Finn structure of X 6844 5 (6« *N X /, — Op ! P,/,) 


fairly satisfactory when account is taken both of the smallness of the separa- 
tions and the difficulties caused by the over-exposed even isotope central 
component 

The upper term has a structure 74 units in width, with an uncertainty of 
perhaps 10 units at the utmost As in the lower term the levels are inverted 
The transition AF = 0 -*• 0 is, of course, absent 
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X 5598 1 (6p *P 3/a — fid *D a /2 ) — This line shows no trace of structure, thus 
confirming the previous conclusion that the 6 p *P 3/2 term ih single It proves 
that the upper term, fid *D s/ j also shows no structure 

X5799 3 (5 d *D Wt — 4/ 9 F) — There is a strong central component due to 
the even isotopes, but instead of being quite sharp, as in the previous lines, it 
is distinctly diffuse In addition, there are two weak satellites arising from 
the odd isotopes, the structure being relatively quite wide, for the components 
are 391 units apart The odd isotope structure is due entirely to the lower 
term, for it will lie shown later that the 4 / *F term is single This is also 
shown by — 

(а) The fact that the even isotope is almost at the centre of gravity of the 
doublet 

(б) The fact that the stronger component is nearer to the violet shows 

that the structure is in the lower term, since the spin is negative 

The analysis of the line is shown in hg 4 Of particular importance is the 
fact that the lower term has only two fine structure components, lor this at 
once proves that the spin is — ^ 

The diffuse nature of the central component indicates a very small even 
isotope displacement 

X 5589 4 (5d 4/ *F) —This line is also Hingle but is diffuse The 

absence of weak compom nts shows that the structure in both upper and lower 
odd isotope terms is extremely minute This therefore confirms the previous 
conclusion that 4 f *F shows no structure It is difficult to tell whether the 
small isotope displacement is in the lower or the upper term. An approximate 
estimate of the width of the line is 75 units, which would indicate a displace- 
ment between the even isotopes of the order of 20 units This tentative value 
can only indicate the order of the cffei t 

X 5562 9 (6p *P 3rt —6 d *D Wl ) — This line is very sharp and single, and as 
"the lower term has already been proved to be single by two other lines, it 
follows that the upper fid a D s/1 term is also single 

Two other linos, namely, XX 5545 9, 4511 5, show peculiar structures, but 
it is not known whether they belong to the spoctrum of 8n II These are 
quite strong, however, and have not been identified with any probable impurity 
lines X4511 5 is particularly intense and is reported by Hemsalech as a 
weak tm line occurring in the spark Although none of the remaining observers 
quoted m Kayser’s ‘ Handbuch der Spektroskopie,’ vol 6, have observed 
this line, it appears with great intensity in the discharge tube employed That 
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does not, however, show whether or not it is an impurity line The structures 
m these two lines are quite different from those m all the other lines examined, 
for neither possesses a strong central even isotope component If these lines 
do belong to tin, then they both show large even isotope displacement effects 
In particular the intensities of the components of X 5545 9 agree fairly well 
with tho abundance ratios of the even isotopes, when it is remembered that the 
odd isotope components will be distributed amongst them If this is correct. 



Fro 4 — Fine atruc>ture of X 5799 3 (5 d *£>,/, — If *F) 
it would imply an even isotope displacement of the order of 60 units The 
peculiar structure m the other line could also arise from the superposition of 
a large isotope displacement effect on a small spin structure It is, however, 
entirely unsafe to speculate about either of these lines since it is not known with 
certainty if they are tin lines or not 

Discutsxon 

It is Been that the fine structures are consistently explained by attributing 
a nuclear spin of — } to the two mam odd isotopes Both of these isotopes 
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have the same magnetic as well as the same mechanical moments, so that their 
respective patterns superpose exactly There is no evidence of any measurable 
displacement effect between the two odd isotopes That the spin must be A 
is proved by the structure of the r xl *D 5 >« term, for if I had any other value 
than this more than two components would have resulted Furthermore 
the even isotope lines only fall at the centres of gravity of the patterns if the 
spin is taken to be 4 As the higher valued F level lies deeper in all the terms, 
the spin is negative for both th< isotopes, as for the neighbouring atom cadmium 
It is possible to deduce the interval factors m a number of terms, and these 
are shown in Table 111 According to the interval rule, the interval between 
two fine structure levels F + 1 and F, is given by A (F + 1) where A is a 
constant for a term and is called the interval factor The values in the table 
refer only to the odd isotopes 

Tabic III 


Term ! 

Width of utructure 

! 

J 

Interval factor 

«* s \lt i 

307 

1 

207 

«'P *Pi/» | 

74 


74 

op >iv, : 

Small 


Small 

6rf «JV, 

391 

i 

130 

M ’Uj/, 

Small 


Small 

ttd MV, 

Small 


Small 

M ’IV, | 

Small 


Small 

4/ *K 

Small 

I 

1 

Small 


In accordance with theoretical expectations, the 6# *8^* term has a relati vely 
wide structure, since it possesses a penetrating s electron The structure in 
the 6p *P a/a term is too small to measure and this fact is in complete agreement 
with what has been found in other spectra The interval factor for the 6 p *Pi /z 
term is 74 As in other one-electron spectra this is quite appreciable and 
appears to be due to the fact that in heavy atoms a pm electron is relatively 
penetrating * 8ince the d and / electrons are non-penetrating, no observable 
fine structures are to be expected in terms involving them. It appears there- 
fore that the interval factor 130 for M 2 D S/S is anomalously great Associated 
with this is the question of the observed small even isotope displacement 
This occurs in two lines 5 d * 0 ^ — 4/ *F and 5 d s D a/I — 4 f *F, but appears to 
be slightly more marked in the latter line, although this is difficult to decide 


* Breit, * Fhy* Rev.,’ vol. 88, p. 462 (1881) 
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The multiplet separation of the *F term is not resolved * It follows that th< 
even isotope displacement occurs either in the two *D terms or in the *F term 
It will now be shown that the a D terms are probably responsible, although it 
is not unambiguously proved 

It is very probable that the 5 d *D terms are perturbed in the Sn II spectrum, 
for both Green and Lonng (loc cit ) and Lang (loc nl ) have shown that in 
addition to the normal doublet system having i* j) os its basic configuration, 
there exists a paralh 1 v p 1 system of doublets and quartets It is seen from 
fig 1 that the 5 *D terms of these two systems lie fairly close to each oth« i 
Russell and Shenstonef have shown that it is just such terms, namely those 
with the same n, L, J values, but iiising from different electron configurations, 
that perturb very strongly, even if a large interval separates them The Pb 11 
spectrum is very similar in structure, and the two sets of *D terms are almost 
identically situated m both spectra It is known that there is a strong per- 
turbation between these terms in Pb II so that the same will be likely in 
Sn 11 These, perturbed t* rms in Pb II show abnormally wide even isotope 
displacement % It is therefore to be expected that even isotope displacement 
should oixur in both the M *D 5/J and the 5 d s D J/4 terms of Sn II, and as 
shown previously, the experimental evidence supports this 

The abnormally laige value of the 5 d 2 D 5 y 2 interval factor is also very prob- 
ably a result of the same perturbation that produces the isotope displacement 
It was shown by Schiller and Jones§ that when fine structure perturbations 
occur between two terms there is an apparent repulsion between levels of the 
same F value Tin repulsions are proportional to F so that if all the levels 
of a term are perturbed (which is the case when the J values of the two per- 
turbing terms are the same) the interval rule still holds m the perturbed 
structures The perturbation may either close or open up a structure, depend- 
ing on the relative positions of the perturbing levels Jones|| also pointed 
out that the strongly perturbed 1 P 1 term in Hgl and the 6d *D terms of 
Pb II are associated with a very large even isotope displacement Taking all 
the evidence into consideration, it suggests that the explanation of the abnormal 
*D structures is probably to be sought m perturbations In this respect it 
may be noticed that the even isotope line in 5 d J D 5/4 — if *F is not exactly 
at the calculated centre of gravity of the fine structure multiplet, but is dis- 
* An analogous case exists in the very similar Pb II spectrum 
t ‘ Phys Rev vol 39, p 415 (1932) 

% Sohttler and Jones, ‘ Z Physik,’ vol 75, p 563 (1932) 

| ‘Z Physik,’ vol 77, p 801 (1932) 

II ' Proc Phys Roc vol 45, p 501 (1933) 
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placed to the violet by 10 units, which, although small, is apparently real 
Such a displacement would arise if a perturbation took place, as can easily be 
shown 


Nuclear Magnetic Moment 

Recent theoretical developments due to Qoudsmit* make it possible to 
calculate the nuclear magnetic moment, for a one-electron spectrum, with a 
high degree of certainty, if the necessary fine structures are known The 
values of the nuclear magnetic moments are ]ust as important as the values 
of the mechanical moments, for although the latter are quantised, the former 
are not, showing that although the nuclear particles have half integral 
mechanical spins, these spins are associated with different magnetio moments 
for different lands of particles Goudsmit has shown that, if g (I) is the ratio 
of the magnetic to the mechanical moment of a nucleus, the former being 
expressed m Bohr magnetons, the following relationship holds for the structure 


m an t *S 1/t term 


8 Ra* Z,Z 0 * k (i Z,) 


The symbols have the following values for the present term under considera- 
tion — 


a is the interval factor of the term and is equal to 0 207 cm.' 1 
n # = 2 686 is the Rydberg denominator of the term which in this case 
is the 6« *Sj/ t term 
R = 109,737 is the Rydberg constant 

Zf is the effective nuclear charge in the inner portion of the penetrating 
orbit, and as the fine structure interaction comes from the region 
very close to the nucleus, Z 4 = Z where Z is tho atomic number 
For tin this is 60 

Z 0 is the charge in tho outer portion of the orbit and since the spectrum 
is that of Sn II, equals 2 

k (J, Z<) is a calculated relativity correction depending on the value of 
Z and J and is m this case 1 30 
«* is the spectroscopic doublet constant = 5 805 X 10" 8 


On substituting these values into the above equation, the value obtained for 
g (I) is — 1 78 Alternatively, the magnetic moment is — 0 89 Bohr 
proton magnetons or 1/2060 that of the electron 


‘ Phys Rev rol. 43, p. 638 (1933) 
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Fint Structure in the Sn I Spectrum, 

When the pressure of helium m the tube was reduced, the Sn I line 6631 & 
(2 p 3» *Pj) came up very strongly The structure of this line is as 

follows — 

+ 168 0 82 — 

(1) (10) (2) 

As in the Sn II lines, the central strong sharp component is due to the even 
i so topi s and the weaker components to the odd The analysis of this line is 

F 



Kin 6 — Fine structure of the Sn I line X 6631 9 (2p '8 # — d * ’P,) 

of particular value, since the lower term has a J = 0 and therefore remains 
single, no matter what the value of the spin (2J + 1=1) Thu two satellites 
therefore give the structure of the upper term, and as the J value of this term 
is 1, the doublet fine structure proves that the spin is J, for any other value 
would result in a triplet structure The analysis of the line ib shown m fig 6 
The bigger P level lies deeper, again proving that the magnetic moment is 
negative The even isotope line falls extremely close to the calculated optical 



Nuclear Spin of Tin 


centre of gravity of the pattern The F values being £ and 3/2, tho quantum 
weights of the levels are in the ratio 1 2, so that the centre of gravity is 80 
units from the stronger component The measurementh give it at 82, which 
is extremely good agreement 

The interval factor for the 3s 1 * 3 P t term of Sn 1 is 1M) It may therefore 
be taken as definitely proved that tho nuclear spin of tin is — V, for this value 
is obtained from independent analysis of Sn I and Sn II lines This is true 
for the two stronger odd isotopes 117 and 119 It is usually considered that 
as the e\en isotopes show no structure, this is due to a zero spin, but it is well 
to point out the no structure is produced when the nuclear magnetic moment 
is small even when associated with a mechanical moment It can therefore 
only be concluded with certain^ that the nuclear magnetic moments of 116, 
118, 120, 122, 124 are very small, possibly zero Unfortunately nothing can 
be Haid about the weak tin isotopes 1 15 and 121 These are rnobanc with 
indium and antimony respectively and a comparison of isobar spins would 
ha\e been of value Cadmium is the only other atom in which both the odd 
isotopes are known to possess negative spins Table IV is of interest, showing 
how abruptly the spins change from small negative to largo positive values, 
although the atomic weights form a regular senes 


Table IV 


Atom 



1 Cd 

In 

Sn 

Sn 

Sb j 

| Sb 

Jaotop 


! in 

< 111 

US 

U7 , 

11U 

| 121 

123 

Spin 


' "1 

| 

9/2 

-1/2 j 

-1/2 

j »/2 

7/2 
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Fowler, F R 8 , for his continual assistance and encouragement during this 
work, and for the excellent facilities he has afforded me in his laboratory 
l also wish to thank Professor \Y E Curtis, of Newcastle, for the loan of a 
pair of interferometer plates 

Summary 

The fine structures of the visible lines of the SnII spectrum have been 
analysed by means of a silvered Fabry-P6rot interferometer The structures 
of eight terms have been observed, and it is shown that the nuclear spin of 
the two mam odd isotopes 117 and 119 is — £ The nuclear magnetic moment 
for theee isotopes has been calculated and g (I) found to be — 1 78, giving a 
magnetic moment 1/2060 that of the electron. 
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Even lBOtope displacement is found m sonic lines, and it is shown that this 
is probably due to perturbations taking place between the *D terms arising 
from the s* d and the » p* electron conligurations, as in the Pb IT spectrum. 

The fine structure of the 2p *§□ — 3s 3 P X hne of the Sn I spectrum is reported 
and analysed, and from this a nuclear spin of — J is also deduced, thereby 
< onfirmmg the value obtained from 8u II 

Attention is drawn to the very abrupt changes which take place in the 
signs and values of the nuclear spins in the series of odd isotopes between ill 
and 123 


Hyper f me Structure m the Arc Spectrum oj Xenon 

Bv E Gvwnnk Jonkh, Beit Scientific Research Fellow, Imperial Colloge ol 
Science, London 

(Communicated hy A Fowhr, F R S — Received Nov i mber 22, 1933 ) 

The spectrum of neutral xenon (Xe-1) was first analysed by Moggers, de Brum 
and Humphreys* in 1929 One of the objects of their investigation was to 
determine whether any of the lines ol xenon would be suitable for consideration 
as wave-length standards to replace the A 6438 of cadmium, which is con 
sideredf ^o bo unsuitable in many respects The analysis showed that the 
strongest fines m the region XX 4200 to 8800 are s — p transitions and are 
therefore theoretically suitable as standards, in the event of their not possessing 
liyperfine structures, smoe they are not subject to Stark displacements in the 
electnc field of the discharge J It is thus important that the spectrum should 
be thoroughly examined, with apparatus of the highest resolving power, for 
hyperfine structure 

Apparatus 

Xenon, on account ol its high atomic weight, emits very sharp luies in 
ordinary fight-sources, so that no great precautions were necessary beyond 
care that fines involving metastable terms (m particular Is,) should not be 
produced under conditions that would permit self-absorption to occur 

The fines were excited, by means of a transformer supplying about 10,000 
volts A.C., m a Pyrex discharge tube, of H-shape, so that both the “ end-on ” 

• ‘ Bur Stand J Roe ,’ vol 3, p 731 (1929) 
t ' 7th Oon£ Gen Po»d» et Mesures, p. 52 (1927) 

X Harkneaa and Heard, * Proo Roy Soc A, roL 139, p 416 (1933) 
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and “ aide on ” positions could be used The lower ends of the tube, which 
contained the aluminium electrodes, were much lengthened m order to keep 
the capillary free from sputtered material, as xenon causes very excessive 
electrode sputtering Currents ranging from 1/10 to 5 mA were employed — 
only the weakest exntations being used for lines ending on metastable levels— 
with exposure times varying from | minute to 7J hours 
Fabry-Plrot 6talons, mounted in the “ parallel beam ” of a large-aperture 
spectrograph, provided the necessary interferometric apparatus The 4talons 
were of the fixed separation type, with various thicknesses from 6 to 26 mm , 
the plates bung silvered by cathodic sputtering in argon to suitable densities 
for the different spectral regions The spectra were recorded on Ilford 
Monarch, hypersensitive panchromatic or infra-red plates according to the 
region examined It was necessary to “ sensitize ” the infra-red plates with 
ammonia for all but the strongest lines About 85 photographs, obtained 
with various 6talon separations, were retained for measurement 

Experimental Results 

It was established that the majority of the lines investigated possess fairly 
complex structures A few, notably some of those involving the term 1* 4 , 
have no appreciable structures but are slightly broadened , the analysis of 
other line structures shows that this is due to the small structure of the term 
I* 4 , which is only recognizable when in combination with another term possess 
mg a greater structure In general, the line patterns consist of an intense 
central component, together with a number of fainter lines whose total intensity 
is roughly the same as that of the central component In view of Aston’s* 
abundance ratios and of all other previously analysed hyperfine structures 
of elements with “ odd ’’ and “ even ” isotopes, it is clear that this Btrong 
central component represents the unresolved even isotopes (mass numbers 
124, 126, 128, 130, 132, 134, and 136, totalling 62 2% of the whole) and that 
the outer, less intense, components are due to the action of nuclear moments 
in the odd isotopes (129 and 131, respectively 27 1% and 20 7%) 

The problem is now to analyse these fainter components into a scheme that 
will relate the observed structures to definite terms and to assign nuclear 
momenta to account for these structures It has been found possiblef to 
allooate the line structures to the various terms, to assign the nuclear moment 

* 1 Proc Boy Soo ,’ A, vol 126, p 611 (1030) 
t CJ E. G Jones, ' Nature,’ to! 132, p. 781 (1933) 
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1 =■- | to Xe llt and to assert that for Xe lsl , I d/2 Owing to the fact that 
the less abundant odd isotope has the larger nuclear spin, it has not been 
possible to obtain the complete patterns since , for an atom with a nuclear 
moment greater than J, these contain numerous faint components which arc* 
difficult to recognize, particularly when the structures are comparatively 
narrow Nevertheless, the analysis can be earned out with certain! v for 
Xe m (1 = |), and the term separations for one odd isotope suffice to give a 
complete survey of the hyperfine structures occurring m the spertium For 
terms of given J value, the Xe, 31 separations will always liear a constant latio 
to those of Xe, 19 , and thus do not add to the knowledge of the coupling between 
the nucleus and the valency electrons 

In a very brief note (in which no details are givt n) Kopfermann* states 
that he has also analysed a number of xenon line structures and assigned the 
nuclear moments l m -= J and r isi '-'3/2 The two mdojiondcnt analyses 
thus lead to the same result 

Convincing proof of the correctness of the above interpretation is obtained 
when the various xenon line structures are compared with those of corre- 
sponding mercury lines a striking similarity ih at once evident- -tho xenon 
line structures are usually perfect mirror images, ou a smaller scale, of the 
mercury structures It has been shownft tliat, for me rcury, l he even isotopes 
have zero nuclear spins (I — 0), while for the more abundant odd isotope, 
Hg 1(l , I -= i and for the other, Hg M1 , I — 3/2 Thus a complete analogy 
between the structures is to be expected 

Notation 

Tho term notation adopted by Humphreys and Meggers§ is retained in the 
present work, but the appropriate J- value is added as a superscript to the 
term symbols. 

The Analysts of the Line Structures 

The observed line structures and the analysis for Xo, M are shown in the 
figs 1 to 9, in whioh the positions of the components are given m units of 
10 8 cm 1 The intensities of the various components, according to a rough 
visual estimate, ure proportional to tho heights of the lines and the theoretical 

• ‘ Naturwua ,’ vol 39, p 704 (1033) 

t Sohttler and Keygton, ‘ Z Physik,’ vol 72, p 423 (1931) 

t Sohtlltt and Jones, ‘ Z. Physik,’ vol. 74, p 631 (1932) , vol 77, p 801 (1932) 

S ‘ Bui Stand, J Rea ,’ voL 10, p 139 (1983) 
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intensities — calculated from the appropriate intensity rules* and Aston’s 
abundance ratios — are found in the term schemes The components assigned 
to Xe, w are indicated by capital letters, and those assigned to Xe m by small 
letters 

The structure of the line X 7967 (1» 3 ° — 'Ip, 1 ) is of particular importance, 
since the appearance of four components — apart from the oentral one — proves 
that the two odd isotopes have different nuolear moments The term 1* 8 ° is 
characterized by J — 0 and thus, in the absence of isotopic displacements, 
can have no hyperfine structure , hence, the term Sp? 1 lias at least four hyper- 
fine sub-levels arising from the odd isotopes Isotopic displacements are 


X7967(ls*-3/i,‘) 

X X 
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ruled out by the sharpness of the central component, X, in all lines Now, 
3p, J has J = 1 and thus cannot have more than a three-fold hyperfane structure 
unless isotopes with more than one nuclear moment are involved In view of 
the fact that Xe in is the more abundant odd isotope, the strongest com- 
ponents in the line patterns will belong to it , accordmgly in X 7967, " A ” 
and “ B ”, fig 1, are assigned to Xe 1M Their relative intensities ( - 2 1) 
and positions with respect to the “ null-line ” indicate tliat li»» = as other- 
wise another component (approximately half the intensity of B) would be 
required on the “ violet ” side and also the centre of gravity of this new pattern 
would no longer coincide with “ X ” The components “ a ” and “ b” are 
assigned to Xe 181 , but a third component, between « and X, is required in 


Otittwger and Pauli, ’ Z. Phyaik,’ vok #7, p 748 (1981) 
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order that the centre of gravity of Xe^ should coincide with X The com- 
plete analysis is presented in fig 1, which also contains the structure and 
analysis of Hg X 4916, likewise a J = 0 -► 1 transition, and therefore com- 
pletely analogous to Xe X 7967 

The fines X 7887 (Is, 1 — Ap^) and X 7642 (Is, 0 — ip, 1 ) have structures that 
may be similarly analysed, fig 2 These two lines are not so favourable as 
X7967 for the observation of faint components 


X7887(Ui- 2pf) X7642(lJf-2ft') 



Fio 2 


The structures of the lines X 8409 (ls 8 * - 2p 7 J ) and X 4792 (1* 6 * — 3pm 1 ) need 
special comment They are both exactly analogous to the mercury fine 
X5769, this agreement is very satisfactory since, in all these cases, both 
upper and lower terms possess structures and, as a result, the lme patterns 
are rather complex, figs 3 and 4 


\8409(l«,*-2p;) HgXWfilUe'P.-b’D,) 
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The structures of the terms ]« 5 * and 2p, x being now determined, it is possible 
to calculate the positions of the strongest satellites of Xe ll9 for X 4800 (Is,* — 
2p, 1 ) The agreement with experiment is very close. The structure of the 
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term l» s * permits the analyse of the lines XX 4203, 4524, 8231, 8819, 4624, 
4671, 4697, and 4792, from winch the Xe llt -structures can be derived for the 
terms 4Y, 2p, 2 2p„\ 2p,*, 3 p 4 2 , 3p, 2 , 3p, 2 , and lp l( ? 


X4792 (ls;-3#) X4500(l« t '-2 ft ‘) 



The lmes X 4734 (la* 1 — 2p, 2 ) and X 4524 (1» 5 * - 2p, 2 ) give the structures of 
2 ps, 1 and the important term ls 4 l The former term structure is again checker! 
by the line X 8346 (Is, 1 — 2p 8 2 ), which also shows two of the strongest Xe 13 , 
components, a (F = 5/2 -*■ 3/2) and b (F = 5/2 -*■ 5/2), indicating that the 
total separation of the Xe isr hyperfine structure is about 0 235 cm 1 for 
la, 1 The separation assigned to the term 2 p, 1 is only approximate, as it is 
estimated from the fact that X 4690 (1* 8 * - 2 p, 1 ) possesses no marked structure 
— showing that the separations of the temu 1*„ 2 and 2 p, 1 are nearly equal 
This estimated structure is in qualitative agreement with the incompletely 
observed hyperfine structure of the line X4916 (Is, 1 — 2p, 1 ) 


A 46^4 (1^-3/**) 
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The total separations of the terms of Xe, & appear to be slightly less than 
those of Xe ltt , and are always “ inverted ” with respect to those of the lighter 
isotope, proving that the nuolear magnetio moments are of opposite sign It 
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may also be shown, by the construction of tentative schemes for Xe m , that 
no additional intense components are to be expected in observable positions 
for any of the lines Thus the proposed analysis oxplains all tin observed 
structures of the 20 principal Xe-I lines 


X 



(Xr m CofG +2) 


X4203(1a*-4Y'> 
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'Dxmunon of Results 

The hyporfine separations (for the isotope Xe lM ) of the terms of the Xe-I 
spectrum, as derived from the preceding analysis of the line structures, are 
collected m Table I, which also shows the lines that were used in the deter- 
mination of the particular term structure It is noteworthy that, in all terms 


\8819<ls,-2/\»> 



X4671(UJ-3/i) 

X 



(Xr,» f.of(i*9) 


Xi 129 
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except 2p, and 4Y, the hyperfine level of greater P-value is lower in the energy 
diagram (i e the hyperfine levels of Xe m are usually “ inverted ”) 

No trace of an isotopic displacement was observed in any of the lmee , the 
component (X) due to the even isotopes is always quite sharp 




The trip,- and mp, -senes show the existence of selective perturbations in 
the hyperfine structures of the members with m — 3 , each perturbation is 
perceptible as an anomalous increase in the hyperfine separation of the term 
when compared with the lowest member The quantum defects of the terms 
are also anomalous and likewise indicate the presence of perturbations at 
m = 3 Exactly similar perturbations of hyperfine structures have been 
described* in the spectra Hg-I and Pb-11 


E. O Jones, ‘ Proc Phy». Soo vol 43, p. 001 (1983) 
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In conclusion, the writer wishes to express his thanks to Professor A Fowler, 
F R 8 , in whose laboratories the work was earned out, for his kindly interest 
and encouragement 


Summary 

(1) All the important lines in the region XX 4200 to 8800 of the spectrum of 
neutral xenon have been investigated, with Fabry-P6rot 6 talons, for hyperfinc 
structure It was found that 16 lines were complex, so that it may be con- 
cluded that the lines of Xe-1 ore not suitable as wave-length standards 



Fig '1 


(2) The observed line structures have been analysed and the corresponding 
term structures determined These structures are explicable if the nuclear 
momenta I =» 0 be assigned to the even isotopes, l — } to Xe 1M and I > d/2 
to Xe 1M The nuclear magnetic moment of Xe m has a sign opposite to 
that of Xe lw . 

(S) No isotopic displacements were found in any of the lines and the observed 
intensities of the components in the line patterns indicate that the even mass- 
numbers represent about 50% of the xenon isotopes 
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The Sender mg of Electron s in Ionizing Collisions imth Gas Atoms 

By C B 0 Mona, Ph D , Trinity College, Cambridge, and F H N 1001 .L, 
M St , Trinity College, Cambridge, 1851 Exhibitioner, University of 
Saskatchewan 

(Communicated by Lord Rutherford, 0 M , K It 8 — Reccivi d November 23, 1933) 
Introduction 

When electrons lose energy by colliding with gas atoms, they may do so 
either in definite amounts by exciting the atom to a discrete level, or by ionizing 
the atom, in which case the electrons may lose any amount of their energy 
over and above the minimum required for ionization The first process has 
now been studiod m several aspects by a number of investigators , m particular, 
the authors"' have dealt with the angular distribution of the scattered electrons 
The study of ionizing collisions, however, has so far been confined largely 
to the measurement of collision cross-sections, | while only Blight attention 
has been paid to the angular distribution and the energy distribution of the 
scattered electrons % The most valuable information concerning the collision 
process is to be derived from a detailed Btudy of the angular distribution of the 
scattered electrons, and such an investigation is described in the present 
paper 

Little work has so far been done on the angular distribution of electrons 
scattered in ionizing collisions Tate and Palmer (loc at ) have earned out 
a few measurements m mercury vapour, m which the collected electrons were 
separated into groups having a large energy spread In view of the results 
of the present paper, however, it is clear that reasonably good velocity resolu- 
tion of the col loc ted electrons is necessary in order to observe the interesting 
phenomena winch occur Hughes and McMilIen ( loc at ) have given some 
scattenng curves in argon and hydrogen for collected electrons which had only 
a few volta energy The results they have obtained will be discussed later 
The present paper describes experiments on the angular distribution of 
electrons which have lost different amounts of energy over and above the 

* ■ Proc Roy 800 A, vol 142, pp 320, 647 (1933) 

t Bkaknoy, ‘ Phys. Rev ,’ vol 36, p 139 (1930) , Smith, ‘ Phys Rev ,' vol 36, p 1293 
(1930) , Tate and Smith, ‘ Phys, Rev ,’ vol 39, p 270 (1981) 
t Tate and Palmer, 1 Phys. Rev ,' vol 40, p 731 (1932) . Hughes andMoMillen, ‘ Phys 
Rev,’ vol 39, p 586(1932), vol 41, p 39(1932) 
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amount required for ionization, and the investigation includes measurements 
on electrons which leave the atom with certain definite velocities Electrons 
with different incident energies have been used, and measurements have been 
earned out in hydrogen, helium, nitrogen, methane, neon, argon, and raeroury 
vapour 

Method 

The apparatus used in th( present work has already been desmbed in detail 
in a previous paper * The essential parts are a collision chamber containing 
the gas at a low pressure, and a highly evacuated chamber containing an 
electrostatic analyser Scattered electrons entering the analyser are subjected 
to a velocity analysis, and the number of electrons with the desired energy is 
measured as a function of the angle of scattering by rotating the electron gun 
The precautions taken in obtaining measurements have been discussed 
elsewhere! 111 connection with the discrete losses, % e , losses corresponding 
to excitation of the atom to a discrete level With ionization losses there are 
no peaks in the velocity distribution of the. collected electrons such as occur 
for the main discrete losses, and one must lx 1 certain that the measured effects 
are not partly due to 1 background ” Consideration shows that background 
may anse from two causes (o) stray scattering m the collision chamW, most 
probably from the slits and walls , ( b ) stray electrons in tho analyser reaching 
the collector with energies different from that which the analyser is adjusted 
to focus The following testa indicated that such background effects were 
quite unimportant in the present work — 

(i) When there was no gas m the collision chamber, the collected c urrent 
was only a small fraction of that when gas was present 
(n) The intensity of collected electrons with energies between those of the 
elastically and inelastioally scattered electrons was always small com- 
pared with the intensity of the electrons which had made ionizing 
collisions 

(m) For investigations on electrons wbioh retained only a few volts energy 
after collision, it was convenient to accelerate the scattered electrons up 
to 30 volts energy before they entered the analyser Under these 
circumstances the intensity of the collected current fell abruptly to a 
very small value when the analyser was adjusted to focus electrons 
with energies slightly less than 30 volts 

♦ ‘ Proo Roy Soo A, vol 142, p 320 (1933) 
t ‘ Proo Roy Hoc A. vol 138. p 229 (1932) 
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Test ( 1 ) shows that background due to stray Boattenng m the collision 
chamber a as small compared with the scattering by the gas, and tests (u) and 
(m) showed the absence of appreciable background due to stray electrons 
getting around the analyser and entering the collector Further evidenoe 
of the reliability of the tesulta was obtained from the fact that the curves were 
closely reproducible at different gas pressures 

Results 

(a) Argon and Mercury Vapour - The ionization potential of argon ih 15 7 
volts, and angular distributions were measured for electrons which had lost 
this or a greater amount of energy in the scattering process In fig 1* curves 
are givenf for incident electrons of 100, 60, 40, 30 and 20-volts energy The 
100-volt curves are for electrons which have lost 15 7, 25, 40, 65, 75 and 95- 
volts energy in the collision similarly, curves for various losses greater than 
the ionization potential arc given for the other incident velocities The 
ionisation potential of mercury vapour is 10 4 volts, and in fig 2 curves are 
given for incident electrons of 60, 40, 30, 20 and 14-volts energy 

These curves exhibit some features which are also present in the curves 
for the other gases studied These features are — 

(l) A dose similarity between the curves for the ionization loss and the 
corresponding curves for the mam discrete loss, though at small angles 
the former curves are leas steep than the latter , this last effect is more 
marked at the lower incident voltages 
(u) For incident electrons of any particular energy, the curves for electrons 
which have lost the larger amounts of energy are flatter than those 
which have lost smaller amounts m the collision Farther, the change 
m steepness is particularly rapid within a range of a few volts near the 
voltage at which the scattered electrons have half the energy of the 
incident electrons , this effect, however, is not so marked m the curves 
for argon, and is even less so for mercury vapour 

Turning now to the curves for argon and mercury vapour m particular, 
we observe further features of interest. Diffraction effects, in the form of a 
maximum and a rise at large angles, are present in the curves even wheu the 
collected electrons have only a few volts energy Moreover, the curves for 

* In this and subsequent figures, all the curves are drawn to arbitrary scale* 

t Tlie sen** of the sneeewtre ourrw are gbren on the right-hand *He 
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electrons which have only 5 volts energy after the collision are markedly 
similar for all incident electron energies Such curves for argon are different 
from the corresponding ones for mercury vapour, in w hich the rise at small 
angles is more pronounced 



In the curves for argon, as the energy lost by the electron increases, the 
maximum tends to move out to a slightly larger angle and then moves in to 
a smaller angle, while its prominence decreases and then increases again slightly 
Similar but less pronounced effects are present m the curves for meroury 
vapour 
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Hughes and MoMillen (loo at ) have given curves for the scattering of 
electrons in argon and hydrogen for collected electrons with energies of 1, 3, 
5 5 and 8-volts energy Most of these curves show very sharp maxima at 
large angles, the curves being otherwise fairly flat Our attempts to verify 



Kro 2 — Scattering in mercury vapour 

the presence of such maxiuta were unsuccessful , however, too much importance 
should not be attached to this result, since in .some experiments when studying 
collected electrons ot very low euergy, tin re was a background due to slow 
electrons ejected from the walls of the scattering chamber Background 
effects were, of course, quite small for all the curves giveu m this paper 
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(6) Helium — In fig 3 scattering curves are given for electrons with moident 
energies of 200, 100, CO and 40 volts, and for various losses greater tlian the 
ionization potential of 24 5 volts At large angles all the curves are quite 
flat, and in general they show the ( harocteristios ( 1 ) and (u) already mentioned 
above In addition to these characteristics some of the curves show a kmk, 
a feature which is seen later to be of some significance 



(c) Hydrogen — In fig 4 curves are given for the scattering of 300, 200, 100, 
60, 40, 30 and 20- volt electrons m hydrogen, the ionization potential of which 
is 16 9 volts At the higher voltages, many of the curves are seen to exhibit 
a striking and unusual feature m the occurrence of a prominent maximum , 
which moves regularly as the energy loss changes As the amount of energy 
lost by the electron decreases, the maximum moves into smaller aiigles, until 
it is finally lost m the increased steepness of the curves This type of maximum 
u not present in the inelastic curves for the mam discrete loss, and it will be 
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dear that it is of quite a different nature to that observed at large angles m the 
curves for argon and mercury vapour At the lower incident voltages the 
effect is still present although much less pronounced, the maximum being 
reduced to a slight undulation 

(d) Nitrogen, Methane and Nam - Since the very interesting feature observed 
m hydrogen was also noticeable to a slight extent m helium, it was clearly of 
interest to investigate other light gases at higher voltages where the effect 
would be more pronounced Measurements were therefore obtained for the 
scattering of 300, 200 and 100- volt electrons in nitrogen, and for 200- volt 



electrons in methane and neon the resulting curves are shown m tigs 5 
and 6 

The effect observed in hydrogen and helium is also present to a slight degree 
in these curves, although for neon, the heaviest of the tliree gases, it has almost 
disappeared The main point of interest is that the position of the maximum 
in corresponding curves for the same incident voltage is independent of the 
nature of the gas 

Disoassxon 

The chief interest attached to the scattering of electrons by the heavier 
atoms lies in the occurrence of diffraction maxima and minima at large angles 



Scatte 
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The presence of these diffraction effects is due to the distortion of the incident 
and outgoing electron waves by the field of the atom In a previous paper* 
the authors have given a qualitative explanation of inelastic scattering in 
different gases for electrons which have lost a discrete amount of onorgy 
it was shown that when the wave lengths of the incident and outgoing electrons 
are nearly the same, the curves for inelastic scattering will exhibit a diffraction 
effect f For the same reasons it is to be expected that curves for the ionization 
loss will be similar to the corresponding curves for the discrete loss, provided 
that the energy of the incident electrons is large compared with the ionization 
potential However, when the incident electrons lose an amount of energy 
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considerably more than is required to ionize the atom, the wave-lengths of the 
incident and outgoing electrons are appreciably different, and so the diffraction 
effect m the curves becomes less prominent These features are observed in 
the curves for argon and mercury vapour Now, when electrons leave the 
atom with only a very few volts energy, they are moving slowly in the com- 
paratively strong held of the ionized atom, an influence which is independent 
of, and more important than the energy of the mcident electrons Thus, we 
expect the angular distributions of electrons leaving the atom with 6-volts 

• ‘ Proo Roy Soo A, voi 138, p 409 (1932) 

j- [Note added tn proof, January 9, 1934 — Detailed calculations (to appear shortly) 
have sinoe been oarried out by Massey and Mohr and their results establish this 
i x pi* nation ] 
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energy (see figs 1 and 2) to be similar for all energies of the incident 
election 

Leit us now turn to the results obtainod for the scattering by light elements 
In some of the angular distributions a maximum appears which is particularly 
marked for hydrogen This maximum becomes less prominent as the energy 
of the incident electrons decreases, whereas this is not so for the usual diffraction 
maxima which occur at large angles Further, the position of the maximum 
depends only on the energies of the incident and outgoing electrons, and not 
on the nature of the gas The effe< t therefore involves, not the atom, but the 
atomic electrons, and so considerations of energy and momentum should explain 
the phenomenon 

Let us therefore consider the collision of an mcident and an atomic eleotron 
neglecting the effect of the atomic field Lot V be the energy of the incident 
electron in volts, v, v' the energies of the two electrons after the collision, 0, 
6' the angle which the directions of the two outgoing electrons make with the 
incident electron, and V 0 the ionization potential of the atom The energy 
and momentum relations then give 


It follows that 


V 4 -- u 4 cos 0 j- i/t cos O', 
O - e* sin 0 — v'i sin 0', 
V =* f o' + V 0 


U) 


From this relation wo obtain the angle at wlucli electrons with energy v leave 
the atom after the collision We should therefore expect a maximum at an 
angle 0 in the angular distribution of collected electrons of energy v This 
maximum will, of course, be superimposed on the angular distribution owing to 
the scattering by the atomic field In Table I are compared the observed and 
calculated angles at which the maximum appears m the various curves for 
hydrogen, and it is seen that there is remarkably good agreement This 
agreement will also hold for other gases, since the calculated position of the 
maximum depends only slightly on the ionization potential of the atom. 

Let us now oonsider the application of quantum theory to the calculation 
of the actual form of the curves Using Bom’s formula, Massey and Mohr* 
and Wetself have earned out calculations for the ionization of the simplest 

• • Proc Roy Soo.,’ A, vol 140, p. 613 (1983) 
t ‘ Phys, Rev ,’ vol 44. p H (1933) 

von. OXLTV, — A. 2 8 
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elements, hydrogen and hokum, by electron impact Wetxel uses the somewhat 
doubtful approximation of taking plane waves to represent the electron ejected 
from the atom, while the more exact continuous wave functions were used by 
Massey and Mohr Only a few curves were given in their paper owing to the 
tedious nature of the calculations, and Wetzel does not give curves for hydrogen 
or for the larger energy losses m helium Additional curves were therefore 


I — Calculated and Observed Positions of the Maxima in the Angular 
Distributions for Hydrogen 
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calculated, using Massey and Mohr’s formulae, so as to enable direct comparison 
with the experimental curves In fag 7 theoretical and experimental curves 
are given for the scattering at small angles m hydrogen and helium, and it w 
seen that they agree fairly well except in one case In fag 8 a number of 
theoretical curves are given for the scattering of 200- volt electrons in hydrogen 
and helium Now the experimental measurements include both electrons 
scattered by the atom and those ejected from the atom m the collision pzooess, 
as the two typos are experimentally m distinguishable It would therefore 
be necessary to calculate the angular distributions for both types and combine 
them in the appropriate manner for comparison with the experimental curves 
It is seen, however, m fig 8 that the two types of electrons have very similar 
angular distributions, as might be expected, and so it is usually sufficient to 
calculate merely the angular distribution of the scattered electrons 
Comparing the theoretical curves in fig 8 with the corresponding 
experimental curves for hydrogen and helium in figs 3 and 4 respectively, 
we see that there is qualitative agreement in the form of the curves, 
and that the position of the maximum, when it occurs is also given 
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correctly The theory, however, does not give sufficient scattering at large 
angles. This also occurs when Bom’s formula is used to calculate the inelastic 
scattering for the discrete loss, and it has been shown* that this is due to neglect 
of the distortion of the incident and outgoing electron waves by the atomic 
field Inclusion of this effect for ionizing collisions would, as for the discrete 
loss, increase the calculated scattering at largo angles The theoretical curves 



20° 40' 0' 20* 

, Angle of scattering „ , 

Hydrogen Helium 


Fig 7 □ — Experimental curves , theoretaoal curves 

show a lees pronounced and broader maximum for helium than for hydrogen, 
and inspection of the formula which was used shows that for electrons of the 
same incident velocity, the maximum becomes much less pronounced for atoms 
of greater atomic number , the formula also shows that the m a xim u m beoomes 
more prominent at higher velocities. The experimental curves exhibit all 
these features, as we have already seen 

* Massey and Mohr, ‘ Proo Roy Soc A, rol 189. p. 187 (1988) 
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Summary 

Au apparatus, described in a previous paper, has been used for investigations 
on the angular distribution of the scattering of electrons in gases for ionising 
collisions Measurements were earned out for electrons which had lost various 
definite amounts of their incident energy over and above that required for 
ionization Results have been obtained for hydrogen, helium, nitrogen 
methane, neon, argon, and mercury vapour, and curves are given for several 
incident energies below 300 volts 

The curves obtained exhibit several features which are discussed in detail 
An interesting effect is observed in the light gases, particularly m hydrogen, 
namely, the occurrence of a single pronounced maximum in the angular dis- 
tribution at certain angles between 30° and 80” This effect, which is more 
pronounced at higher velocities, is explained by simple momentum and energy 
considerations, and curves are obtained with the use of quantum theory which 
are in fair agreement with the experimental curves 
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An Extension of Southwell’s Method of Analysing Experimental 

Observations m Problems of Elastic Stability i 

By H R Fisrbk, B A. 

(Communicated by R V Southwell, FR8 —Received December 7, 1933 ) 

1 Introduction 

In a recent paper* Southwell doala with a well-known type of elastic instability 
which ho exemplifies by considering an axially loaded strut When a system 
having such instability is subjected to some type of load P there corresponds 
to each one of certain kinematically possible modes of distortion a certain 
critical load, P lf at which this mode bw omea unstable If before loadmg the 
system has already a small distortion answering to the mode considered, then 
the application of P increases the amplitude of this mode, and hence the repre- 
sentative deflection, m the ratio P^Pj — P) Alternatively it may be said that 
owing to the application of P there occurs an additional deflection 8 equal to 
P 1 /(P 1 — P) times the initial deflection 8 0 , that is 



Pi» - S - So, (1) 

if v be written for 8/P 

In most practical cases only the mode which is associated with lowest P t 
(that is, the “ fundamental mode ”) will be important , but it will often be 
difficult to measure 8 or 8 0 without including components arising from other 
modes of deflection, and then (1), regarded as an equation m 8 the measured 
additional deflection, will be only an approximation, which, however, becomes 
increasingly close as the approach of P towards P, causes the fundamental 
mode to predominate 

In the paper cited, Southwell pointed out that, in accordance with (1) 
above, the points obtained by plotting 8 (the observed deflection) against v 
(the deflection divided by the load) may be expected to he upon a straight 
line whose slope defines the critical load P x (see fig 1) In the problem of the 
axially loaded strut P is the axial load, 8 0 and 8 are the initial and additional 
small transverse deflections at the mid-length, and P x is the well-known Euler 

* ‘ Proc Roy Soo ,’ A, vol IS6, p 801 (193S) 
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buckling load rc*EI/(2J)*, where El is the flexural rigidity and 21 the length of 
the strut * 

Southwell’s method of plotting has proved useful in the analysis of experi- 
ments on the instability of strips or panels of thin metal sheet subjected to 
shear t Here P is the showing stress, and if (as usually happens) there is 
initially any slight deviation from plane- 
ness whose fundamental component is 
8 0 , 8 is the additional depth of the waves 
or corrugations which are exhibited as 
the load is increased 

1 1 The following notes develop the 
idea, suggested by Southwell’s example, 
that the straight-line plotting indicated 
by (1) might be applicable to the analy- 
sis of the mechanical tests which are 
regularly made on aeroplane spars of 
new design The theoretical results may be of interest inasmuch as they 
illustrate a few elaborations of the method which are apparently of general 
application 

In the tests referred to, a specimen, chosen of such length as to represent 
an appropriate portion of the whole spar, is subjected to gradually increasing 
loads approximating in typo to those which the spar sustains m service In a 
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biplane, or braced monoplane, the loads on a spar (which extends horizontally 
in the wing from root to tip) consist of compressive axial loads due to the 
horizontal components of the forces m the external diagonal bracing, combined 
with transverse loads due to the vertical aerodynamic forces transmitted 
through the fabric and nbs The types of loading which would accordingly be 
employed in testing are those indicated in fig 2, AA' being the centre line of 

* In Southwell's paper (Joe. eU.) the length of the strut is denoted by l 
t Gough and Cox, ‘ Proc Roy Soo ,’ A, vol 187, p. 145 (1&3S). 
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the spar Actual conditions would usually be symmetrical about the mid- 
length, but asymmetry will be permitted m what follows, since it introduces 
little complication If, m fact, only the mid-length deflection is considered, the 
anti-symmetrical components of the loads and end eccentricities have no 
effect 

In spar tests of the standard type the main transverse loads are kept pro- 
portional to the end load P while P is varied, although constant transverse 
loads (such, for example, as the weight of the spar) may co-exist In the 
present paper both kinds of loading will be taken into account, and it will be 
shown that in a sufficiently wide range of circumstances an equation of type 
(1 ) does theoretically hold with close approximation The practical advantages 
of this result are manifest By fitting a straight lme by eye to points plotted 
on a 8, v diagram, a sufficiently accurate value of the flexural rigidity of a spar 
can be obtained from a large number of experimental readings in a few minutes, 
and every observation is given weight m arriving at this experimental esti- 
mate Also anomalous behaviour of a tested spar — due, for example, to the 
limit of proportional elasticity having been exceeded — is immediately recog- 
nizable in a departure from straightness of the 8, v lme Since 8 and v can 
quite practicably be plotted concurrently with the progress of the test, it is 
thus possible to obtain curly warning of the approach of failure when, as 
usually, this occurs by yielding or wrinkling of the material at loads well 
below the critical load P, 

1 2 The problem to be considered in this paper can accordingly be enunciated 
as follows “ By what simple methods is it possible to describe or analyse 
the behaviour of a uniform beam, initially slightly bowed, which is subjected 
to the combination of loads shown in fig 2 1 ” These loads, with the requisite 
notation, are detailed below 

(i) Compressive loads P (which are varied during the test) arc applied at 
fixed points in the end cross-sections of the beam The beam is assumed to 
be not perfectly straight, and the end thrusts P are assumed to be applied 
with some small eccentricity thus if the lme of action of P be taken as Ox, 
with 0 at mid-length and Oy perpendicular as shown, the equation of the 
unstrained centre lme is taken as given by y = kj (*), where tj is a function 
at present unspecified. The end eccentricities are (± l ) where 2 1 is the length 
of the beam 

(u) Forces proportional to P are applied parallel to Oy at various points 
along the beam, and couples proportional to P are applied in the plane Oxy 
at the ends. These loads, with the requisite reactions at the ends, are defined 



612 


H. R. Fisher. 


by laying that they produce, in the absence of other loads, a bending moment 
F tunes N (x) at a distance z from 0 

(ui) Constant forces parallel to Oy are applied at various points along the 
beam, and constant couples m the plane Ozy are applied at the ends These 
loads, with the requisite reactions at the ends, are defined by Baying that they 
produce, in the absence of other loads, a bending moment M (z) at a distance 
x from O, and a consequent deflection relatne to the ends of amount m (r), 
where 

-Elgf-=M, (I a) 

El being the flexural rigidity 

The problem here presented can, of course, be solved exactly on the basis of 
the ordinary theory of flexure , the suggested interest of the treatment to 
be given in this paper centres m tho illustration which it affords of principles 
and methods believed to have applications in other cases of elastic instability 
It will be shown that equation (1), regarded as a first approximation, will apply 
in a wide range of systems , the order of its approximation will be examined , 
and a second approximation of high accuracy will be suggested 

2 Theor\ 

Exact Form of the v — X Relation The Function F (0, z) 

2 1 In the notation of § 1 2, and if 8 (z) is the additional deflection due to P 
and its associated loads — that is, the deflection which ensues on the application 
of (l) and (u) after (m) has already been applied — the bending moment at a 
distance x from Q, fig 2, is 

Py + M (*) + 1> N(z), 

where 

y = >j(z) + w(z) f $(z), 

and this bending moment is to be equated to El times the excess of the curvature 
over that implied by tj (z) So we have 

- El ^ {8 (z) + «* (*)} = P{tt)(z) + W (x) + 8 (z)} + M (x) + P N (z) 

Remembering equation (1a) and putting P/EI = p*, we may write tlus equation 
in the form 

+ «**] * <*> = - P’fo <*> + N (*) + m (x)}, 

= — p* H (z), say 


( 2 ) 
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The deflection 8 (x) is determined by (2) and by the condition 8 = 0 at 
r = ± l We observe that there is an exact correspondence between vj, N, 
and m, m that only their sum, H, affects 8 Thus initial bowing, end-eccen- 
tncity, and transverse loads and end-couples, whether proportional to P or 
oonstant, all combine to form one total equivalent eccentricity * 

It is convenient to use instead of x a co-ordmatc 0 varying linearly from 
0 to ic along the beam On introducing the substitutions 


e = (M-*)§, 

we may write (2) m the form 


21 d_ 

7C dx’ 


where 


[D* + z] 8 _ - «H (0), 


.0E, 


P 


( 20 * 

7C*EI 


(3) 

(4) 


Now let H (0) be expanded in the range (0 < 0 < rt) in the Fourier senes 
H (0) -= Hi sin 0 + H s sm 20 + + H„ sin »0 + (6) 

On assuming a similar senes for S, substituting in (3) and equating the coefficients 
of corresponding terms, we deduce that 

8 = - Hj sin 0 -f “ — H, sin 20 + + H„ sin »0 + , (6) 

provided that certain operations on the infinite series are justified The 
justification is clear if H is continuous and zero at the end-points, as was 
assumed in Southwell’s paper The latter condition is not necessary, however, 
as will be shown later 

Equation (6) illustrates the opening remarks of this paper In the expression 
for 8, H x sin 0, the fundamental component of H, is multiplied bv 2/(1 — *), 
that is, from (4), by P/(Pj — P) if (as m the case of the simple strut) we write 
Pj for the Euler buckling load Thus z measures the end-load ui 

units of Pj If we neglect all terms m the senes (0) except the first, anil 

* We could have foreseen the equivalence of N and ij as regard* constant additions, 
sinoe the same net loading is obtained by decreasing the end-eooentricities and inc r easing 
by the same amount the contribution of the end-oouplcs to N Nor is it to be supposed that 
the idea of a general correspondence is new , it is implicit in the various approximate 
fofmulsB, well known to engineers, which have been given by Perry, Berry, Webb and 
others for applications to problems of beams loaded axially and transversely 
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multiply by (1 — i)jz, we obtain equation (1), except that 8, is replaced by 
Hjsm 0 

The complete equation (6) may be written in the form 


H! sin 0 -H b i H. sm »»0 -f- 

8 = H (8) ~ 2 

Hj sin 0 + + H n sin t»0 -f 

= H (0) F h (8, s), say, (7) 


where « = 8/P as before The form of the non-dimensional ' error-function ” 
F u as thus defined does not depend upon the magnitude of H, but only on its 
distribution along the beam’s length 

In order that the graph of v against 8 should be a straight line with slope 
1/Pi, it would be necessary that F H (0, 2 ) should be independent of z Asa rule 
this is not exactly true , but since the coefficient of sm n0 in the numerator 
varies from only I /n* to 0 when z vanes from 0 to 1, the variation of F„ will be 
extremely small if, as usually happens, H t 0 and the following few coefficients 
H» are comparatively small If H is symmetrical or 8 is measured at the mid- 
length only, the second (and all even) terms in the numerator are absent, and 
the variation is further reduced * 


Validity of the Senes for S 

211 Let H be continuous, and have limited total fluctuation,! in 0 <0 <C w 
Then H = S [H* sin n0] m 0 <8 < it, and 

H„ = 0(l/«)t (9) 

Let 

* = ^ | ^ T _ z H„ sin no] (6) bur 

The convergence of this series is uniform with respect to 0 in 0 0 < rt. 

Hence it is continuous, and so equal to 0 at the end-points 0 =« 0, tc Term 
by term differentiation yields 

since (9) makes this senes uniformly convergent in 0 < 0 w dS/dQ is 

* Cf Southwell (foe c4 ), 1 8. 

t Whittaker and Watson, “ Modern Analysis, ” 1 3 04. 

♦ Whittaker and Watson, “ Modem Analysis,” f 9 21 
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continuous in 0 < 0 < 7t for the same reason A second differentiation shows 
that 

whenever tins series is uniformly convergent i e , 

g = - s (S [H„ sin n01 + 2 1 -J— H„ am »6 | ) 

= -z(H + 8), 

whenever the senes for H and 8 are uniformly i-onvergent 
The senes for 8 is uniformly convergent in 0 < 0 < n, ami the senes in H 
is uniformly convergent in any interval (a, J3) where 0<a<p<ii* Hence 

+ = (3 )b* 

at all pomts of (0, 7t), except possibly the end-pomts , and the doubt as to 
end-points may be removed, since by the continuity of dS/dQ and 8 4- H 

= hrn 1 Inn j“- a (H + 8) rf8 
= -z(H + 5) ff 

A similar argument holds at the end-point tt 

We have proved that if H is continuous the series (6) is zero at 0 = 0, it, 
and satisfies the equation (3) at all pomts of (0, it) The proof is easily extended 
to the case when H has a finite number of pomts of discontinuity such as 
would correspond to loading by couples proportional to P and applied at 
intermediate pomts of the beam 

Evaluation of the Function F„ (0, z) 

2 2 The variation of F H as z passes from 0 to 1 is a measure of the deviation 
from linearity of the exact theoretical 8, v curve Equation (7) indicates that 
such variations are likely to be small, and it could be used in any particular 
case to give numerical values , when, however, the loading can be simply 
expressed analytically, the simplest method is to solve equation (2), or ita 
equivalent (3), in finite terms. 

♦ Whittaker and Watson, “ Modem Analysis,” { 0 84 
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We have from (3) 


“D , + 


■H(6). 


where D means djdQ as before Also 


Therefore 


l^iS-H(6) F„ (0. z) 


F u 


1 1 — z — z 

H 3 D -f- : 

I -If ' 

H D»-f 


7 H> 


(7) 61 * 


( 10 ) 


where the operator is to be interpreted so that 3 is 0 at 6 — 0, it 
The following notation will be adopted for the forms which F H takes m 
particular conditions of loading The suffix to F will designate the source of 
“ equivalent eccentricity ” If the suffix designating a load stands alone the 
load is supposed to remain constant while P varies, and if the suffix is followed 
by [P the load is supposed to be kept proportional to P This will be made 
dear by the following examples, which relate to the simple symmetrical cases, 
some of common occurrence, used later in this paper as illustrations — 


F* corresponds with equal and-ecientricitics h 

F k „ constant uniformly distributed transverse load w, 

F w i „ transverse load w, as above, but proportional to P , 

F H „ two constant concentrated transverse loads R, 

applied at two given joints symmetrical about 
the mid length cf fig 3 (a) , 


Fr ,/p „ transfers!' loads K as above, but proportional to P 

(this is the loading usually adopted in spar- 
tests) , 

F q „ equal constant terminal couples Q , 

Fq p „ termmal couples Q, as above, but proportional to P. 

(In accordance with the footnote to § 2 1, 
Fqm* — F* ) 


2 21 Numerical calculation is facilitated by taking advantage of a simple 
relation between some of the F-funotions, which we now proceed to derive 
Let W represent any form of loading by transverse foroes or couples, and let 
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M bo the resulting bending moment and (as before) m the deflection resulting 
from M m the absence of other load Concentrating now on any one pair of 
values of the loads P and W, we may calculate the total resulting deflection 
(S', say), either on the assumption that P and W have been gradually applied 
simultaneously in constant proportion, or on tho assumption that W was 
applied first, up to its full value, and then kept constant while P was applied 
On the former assumption U has in equation (2) the form N (x), which is now 
M/P — that is, M/zP x , and S' is the same as S Hence we have from (7) 

1 -^8' = HP „ = A Fxvp (s), 

bo that 

8' = J-— |r Fw/r (2) (1 1) 

Equation (11) holds for all values of M and z greater than 0 Letting z tend 
to zero with M unchanged, we deduce by continuity 

w» — lirn 8' = Fw/i* (0) (12) 

If now we take the latter assumption that W was applied first and then kept 
constant, 8 is S' — m, and H (x) is m (x) m equation (2) henoe, by (7), 

(S' - m) = HF h = /«K W (z), 
and 

8' - *» [1 + 2 {Fw ( 2 ) - 1}] (13) 

Comparing (13) with (11) and (1‘2), we obtain the relation 

Fa /P (z) = F W/P (0) [1 4- z {F„ (z) - 1)1, (14) 

or, on re-arrangement and insertion of tho argument 6 as a reminder that the 
result is true for deflection measured at any point of the beam, 

F„(«,6) + „5, 

The mdentity (16) may also be obtained by algibraic manipulation of the 
symbolic definition (10) 

It will be remembered that the form of an error function depends only on 
the distribution with respect to x (or 0) of the contribution made to H by the 
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relevant source of equivalent eccentricity In the above work F w corresponds 
with a contribution to H which is distributed like the defleotton due to W alone , 
this deflection is typified by m (x) m equation (2) Fw/i* corresponds with a 
contribution to H which distributed like the bending moment duo to W alone , 
this bending moment w typified by N (x) in equation (2) 

It follows that the identity (15) holds between tho functions corresponding 
with any two sources of equivalent eccentricity, if the contribution to H 
of the first source is distributed with respect to * like the deflection which 
would result from bending moments distributed like the contribution of the second 
Since the relation of deflection to bending moment is (for beams of uni* 
form section) similar to the relation of bending moment to load distribution, 
the words in italics may be replaced by “Me the bending moment which 
would result from transi'erse loading distributed like the contribution of 
the second ” Provided that W does not include terminal couples, we deduce 
that (15) also holds when F w is replaced by F W /e and F w/l . is replaced by 
the F-function which corresponds with an initial deflection having the 
form of the curve of load distribution W Accordingly, if the last 
F-funotion is known, all that is required to find F w is two successive applica- 
tions of (15) 

The foregoing method is illustrated by a tabular example, Table I, in which 
W is taken to be a uniformly distributed load w The connection with 
loading by terminal couples is also Bhown Each of the diagrams m the third 
column showB the distribution along the beam’s length of the contribution to 
H appropriate to the row m which it stands The diagram m one row shows 
the form of deflection (or of bending moment)idue to the form of bending moment 
(or of loading) shown m the diagram immediately below Consequently an 
error function in one compartment is obtained by (15) from the error function 
in the compartment immediately below We have F k = F Q() , as already 
noticed, because the initial form of the centre line when the loading is by 
eccentric end load is similar to the distribution of bending moment which 
results from terminal couples , and F w /p EE Fq, because the distribution of 
bending moment dne to uniform transverse load is similar to the deflection due 
to terminal couples 

2 22 The relation (15) fails when z = U, and at this point a limiting process 
is necessary Denoting by F n+l (i) the function derived from F„ (z) m the 
way that F w is derived from F w P , we may rewrite (15), divided by (1 — *), as 

_ — l — l?A z ), — F. (0)] 

1-z zF* (0) (l — z 


(15a) 
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Now aMume that F, (s)/(l — s) can be expanded in powers of 2 , that u, 
let 

p* — = c„ + c t s + C,2* + 0,2* + 


The c’s are, of course, functions of 0 

Table I 


Source of 
equivalent 
eooentricity 

function 

Contribution to H 

Unifonn load to , 
to (mutant 

F,r 

'^^****^ ll( flection duo to ic 

Unifonn load to 
w/P =- constant 

Knd couples Q , 

Q = constant. 

F«/r 

5 

Bending moment due 

Knd -eccentric ities 

Knd oouples Q , 
Q/P *= constant 

n 

Fq/r 

(,raph of uniform load 
ingir 

| 1 tro line irhcn end 

Bending moment duo 
toQ 


Then by repeated applications of (15a) wp have 

= + V + c 4 *»+ )■ 

1—2 C x 

and so on, so that F*., , (0) = c,/c„, F nT ,(0) = c t jc lt etc Thus we see 
that the values at 2 — 0 of the functions derived from F„ are the ratios of 
consecutive pairs of coefficients in the expansion of F„/(l — 2 ) in powers of 2 
2 23 Returning to our particular example, we can easily show, when H 
is made a constant m (3), that the form of F H (0, 2 ) as given by (7) or (10) — 
that is, of F„ (J 2 2 )— is given by 

F„ (g, 2 ) = (cos V?IlF sec - 1) ~~ Z , (16) 

where 5. which equals x/l or (0 — !«)/($*), defines the point on the beam at 
whioh 3 is measured 
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By taking the limit z - -» 1, we have 

**«. l)=icos5 = 

4Iso, on division of K* by 1 — z and expansion in positive powers of z, the 
hrst coefficient and tho ratios of following coefficients yield the values 

f„,,> «. o) = j2i(i-ia 

F r «.o )-*idSL=H£±Ja, 

rW * 1 10 I - ft* 

and with the aid of these, and equations (16) and (15) Table II ib easily 
constructed The percentage variation shown in the last column is 

Table 11 




0 

“1 

0 4 

0 6 

0 0 

0 8 

1 0 

vam 

taw 

f 

V* 

1 23370 
1 02808 
1 0034 I 

1 2408l| 
1 02880 

1 00349 

1 24829 
1 02955 
I 00158 

1 23217 
1 02994 
1 00362 

1 25616 
1 03034 
I 00367 

1 26447 
1 03118 
I 00376 

l 27324 
1 03205 
1 00386 

+3 206 
+0 386 
+0 046 


Fa 

F tt r 

v„ 

1 09662 
1 00124 
1 00026 

1 09778 

1 00529 

1 00025 

1 09897 
1 00534 
1 0002H 

1 09957 
1 00557 
] 00026 

J 10017 
1 00539 
1 00026 

1 10140 
1 00545 
1 00026 

1 10266 
1 00550 
1 00026 

+0 750 
+0 026 
+0 (Mil 



,R i 

R 

. P 

(a) 

'R 

R 


P .. P 

rnni— 

Fw 3. — (a) Usual teet loading. (6) Beam whose limiting form is the loading-ourrs of (a) 

100 {F (1)/F (0) — 1} Values are shown for \ = 1/3 because at this point 
am 36 = 0, so that (if, as here, even harmonica m H are absent) only the fifth 
and higher odd harmonics in H affect the constancy of the F-fonotion 
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2 24 As a farther illustration of the method, some F-functaons for the 
it-loading (§ 2 2 and fig 3, a) are tabulated below , of is the distanoe from the 
ends of the points of application of R These functions may be obtained by 
(15) from the limit (F A , say) of the function corresponding with the beam shown 
in fig 3, b, when the areas of the rectangular excursions re main constant as 
their breadth tends to zero The vertical connecting parts, together with the 
right angle joints at their ends, are of course supposed rigid f Oil taking the 
limit, we have 

f a oc (i-z)-J— am co» see 

V 2 out 2 2 2 

when ^ < 1 — a, 

and hence, by expansion of F A /(l — z) 


f-5«- 


* Hinoo hem ( > 1 — a, the functions have different analytical form* from thorn given above 
It u sully verified that when ¥= FrJp or Fr, h (a, (. s) — F(1 - ( , 1 a, z) Thm m tbs 
extension of a well known reciprocal theorem to the < aw when V is present 

Range of Application of the Linear r — S Relation 
2 3 From numerical results, of which the above are typical, it appears that 
in all ordinary cases m which either the loading is symmetrical, or m which b 

t It would perhaps be logically simpler to adopt a more cumbersome procedure, and 
obtain an algebraio expression for F v r from first principles by solving equation (8) with 
the appropriate (discontinuous) form for H -The result is, of oourse, 


where F A u es given above 


—MB!- 
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is measured no as to be unaffected by anti-symmotncal deflection, the variation 
m the F-functions is small , exoept possibly for F kl it is less than oould 
ordinarily be detected experimentally Neglecting the variation, and noticing 
that the contributions to 8 of the various components of H are additive, we 
may summarise the results so far obtained as showing that an equation 
analogous to (1), viz , 

P,*> — 8 — 0 (a constant), (17) 

will hold very approximately in relation to a wide range of loadings. The 
constant C represents an “ equivalent eccentricity ” composed of — 

(i) th«> initial (unstressed) bowing at the point where the deflection is 
measured, multiplied by a factor which is nearly I if the bowing is nearly 
in the form sin 0, 

(n) the mean eccenti icity of end-load, multiplied by u factor which is 1 25 
(a mean value of F„ in Table II) for mid-length deflection,* 

(in) the deflection produced without end-load by any transverse loads or 
end couples which remain constant during test, multiplied by a factor 
nearly equal to 1, 

(tv) equivalent deflations corresponding with any transvorse loads or end 
couples which arc kept proportional to P during test , these deflections 
are independent of the flexural rigidity, being given by 
(Bending moment due to such transverse f a factor depending upon 
load or end couples at the point where J the j^bution of the 
the deflection is measured) X 1 loads, and usually lying 

^EmUoad) ' [ betwoen 0 8 aQd 1 *■ 

Equation (12) shows that these are the deflections produced without 
end load by transverse loads or end couples proportional to the Euler 
critical end load, P, 

In tests mode by standard methods on aeroplane spars, the transverse loading 
is by intention entirely proportional to P , hence, apart from quantities of the 
nature of small corrections which can be estimated, C arises from (tv) above 
and depends on known quantities only The experimental 8, v points, there- 
fore, may be expected to lie on a line whioh is not merely straight but also passes 
through a known point (—0, 0) This fact adds to the already noticed 

* This is in effect a well-known reeult, given by Perry (‘ The Engineer,’ vol 62, pp. 464 
and 513 (1886) ), where a value 0/6 (clearly a misprint for 6/B) is suggested ss equivalent 
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advantages of the possibility of linear plotting , for example, an equivalent 
flexural rigidity corresponding to only one experimental point may be obtained 
from the slope of the line joining this point to the theoretical point (— C, 0) 
Equation (12) deserves attention, since, P w/1 . being usually nearly unity, it 
shows that M/Pj is a fair approximation to the deflection duo to the bending 
moment M Equation (12) might also bo derived as the limit of (10) as z-»- 0 

A Second Approximation to the v — 8 Relation 

1 4. Before passing to experimental examples it may be of interest to examine 
further the nature of the approximation made in denvmg equation (17) 

2 41 We have, in effect, neglected all terras but the first in the numerator of 
the expression for F„ which is given by (7) If one more term is taken into 
account, say, the rth, then 

F h (z) = F„ (1) (1) - F|| (0)} 

In the case of mid-length deflection the modifying term will ordinarily arise 
from the third harmonic, so that r* — 9 More generally, the approximate 
formula 

F* (z) = F„ (1) - {F„ ( 1 ) _ F* (0)}, (18) 

may be adopted, the constant k being adjustable In (18) F„ (z) is supposed 
to be one of a series of functions connected as before by (15) 

Equation (18) gives F„ truly at z — 0, z = 1 , and a value, k (z 1 ) say, may 
be assigned to k in order to ensure exact agreement at any chosen third point 
* = Zj As -*■ 0 or 1, k (z x ) tends to the value of k necessary to ensure agree- 
ment of the derivative F'„ at z = 0 or 1 respectively On taking limits and 
using (15), 

The most appropriate value of k will ordinarily lie between k (0) and k (1) 
The function F*, with its comparatively large variation, affords a con- 
venient numerical example Values of k (z 1 ) are given m Table IV for the 
case 5 = 0 

Table IV. 


« 

0 

0 2 

0 4 

0 0 

no 

0 8 | 

1 0 j variation 

*(*.) 

0 13373 

0 12353 

| 0 12334 

0 12324 

0 12313 

0 12293 

0 12273 j -0 *07 


2 T 2 
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Thus k (*j) is practically independent of ^ Ifa mean value, 0 128234, be 
given to k, the formula (18) yields values of F* agreeing to at least six significant 
figures with the true values shown in Table II 
2 42 If (18) be assumed true, the 8, v relation (17) is replaced by 

Pi v — S = Cj — (Ci ~~ C 0 )> 

where C 0 and (J t are the values of the nght-hand side at z = 0 and 1 respec- 
tively Remembering the definitions v = 8/P, z = P/Pj, we write z = 8/PjC 
in the above, and thus obtam 

P 1 ti-8 = C 1 -^f^(C 1 -C 0 ), 

which becomes, on reduction, 

<P jW _ S _ c,) (P^ - *8 + C, - CV) = — Cj (Cj - C e ) (19) 

In the 8, v diagram this represents a hyperbola passing through the origin 
A typical form is sketched m fig 4 



End Tension. 

2 5 Hitherto P and z, and consequently 8, have been assumed positive, 
attention being thus confined to the nght-hand halves of figs. 1 and 4 The 
analysis is equally applicable, however, when P and z are negative, the end 
forces being then tensions 1 The solutions in finite terms now involve hyper- 
bolic instead of circular functions thus sec Vztt/ 2 m (16) is replaoed by the 
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analytically identical form, sech V — zrc/2) but the solution in senes, as given 
by (7), is unchanged The convergence of the numerator of the fraction in 
(7) being uniform in z for 1 > z > — « ,* F* -*■ 1 as z — « lienee, when 
F h (6, 0) ~ 1, the linear and hyperbolic approximations to the S, v relation, 
may be expected to re main good for end tension Actually the hyperbolic 
approximation (18), with the given value of k inserted, gives F„ with an error 
of less than 1% for end tensions less than lfiP^ and less than 5% for all end 
tensions Fig 5 reproduces the left-hand part of fig 4, and Bhows for this 
case (eccentric end load) both the true curve and the approximate hyperbola 
(19) The true value of dv/di -* oo as 8 -► — 1 



Ite 6 — Hyperbolic approximation and ideal relation for end tension with unit end 
eccentricity 

Effects of Zero Errors 

2 6 All of the preceding work depends on the assumption that 8 is the 
additional deflection — that is, the deflection which ensues when P and any 
loads proportional to P are applied In actual tests, especially of “ built up ” 
span, 8 may be subject to considerable zero error, of amount difficult to deter- 

• By Abel's teat. Of Bromwioh, “ Introduction to the Theory of Infinite Series,” 
144 (8), or Whittaker and Watson, "Modern Analysis," f 8 88 
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mine directly, on account of minor settlements, etc , in the early stages of the 
loading process It would not be fair to regard the effects of these as showing 
that the specimen differed materially in its behaviour from an ideal beam 
2 61 Let 8 be the true additional deflection m a test of an ideal beam, and 
lot v = 8/P Let 8* be the crude deflection (that is, the quantity measured 
instead of 8), and let v' = S'/P Also let 8 = 8' + c, c being the constant 
correction which should be added to the measurements to give the true 
additional deflection 



Variation of the F-functions being neglected, we have 


that is 


or 


P^ - 8 = C, 

(Pit)' - S' - C) (8' + c) = - C« 


( 20 ) 


Hence the curve relating 8' and v' is a hyperbola passing through the origin, 
of which the asymptotes are Pit)' — 8' = C and S' + t = 0 Figs 6 and 7 
show the farms of this hyperbola for c positive and negative respectively 
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‘2 62 In teste of a< tual material c will not he measured directly If we assume 
that over a sufficient range the behaviour is like that of some ideal beam, c is 
easily found from three points on the c orrespondmg range of the S', v' curve 
Arithmetical methods may be used, but the geometrical method which follows 
has been found very satisfactory in practice 
2 621 Given 0 and three other points on the hyperbola (20), we wish to find 
the position of the vertical asymptote Calling the three points 1, 2, 3, fig 8, 
we apply Pascal’s hexagram theorem to 0, 1, 2, 3, and the coincident points 
at infinity at which this asymptote meets the hyperbola, and obtain the 



following construction the line joining the intersection of 2 1 and the ordinate 
through O with the intersection of 3 0 and the ordinate through 1 meets 2 3 at a 
point on the asymptote 

The other asymptote gives the required 8 , v relation, and may bo obtained 
geometrically from the fact that any chord of a hyperbola makes equal inter- 
cepts between the curve and the asymptotes. 

The corresponding arithmetical formula, and various “ least-square ” 
methods of solution, may be deduced without difficulty 

Experimental Illustrations 

Some practical examples of the method are exhibited in figs 9 and 10 

The tests of fig 9 were undertaken with the special object of testing the 
theory To avoid frictional errors at the end-pins the transverse loading was 
made self-balancing, both up and down forces being applied by means of a 
single dead weight connected to a system of levers , at each stage of transverse 
load the mid-length deflection was measured as the end-load was increased 
from zero up to a safe maximum A test with eccentric end load only is 
included. 






Problems of Elastic Stability 


Fig 10 shows an airworthiness acceptance test of an aeroplane spar built up 
of steel strip, transverse and end loads being here proportional Southwell’s 
method of plotting reveals features of the test, such as the point at which the 
breakdown of elasticity begins, which it would be almost impossible to recognize 
by other methods It is interesting to observe the similarity of these results 
to those obtained by Gough and Cox* from tests on strip buckling under shear. 
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Summary 

The conventional theory of a beam subjected to combined transverse loads 
and axial end load is put into a form demonstrating an exact correspondence 
of transverse loads, either constant or proportional to end load, with initial 
(unstressed) deformation of the beam A method of linear plotting suggested 
* Lot cU , fig 2 
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by Southwell for the analysis of experiments m elastic stability thus becomes 
available for the analysis of experiments in which “ transverse ” loadB are 
operative and tend directly to increase the mode of deformation which becomes 
unstable An examination m particular cases of the approximation implied 
by the linear plottmg is facilitated by simple relations (derived from the above 
mentioned correspondence) between the functions expressing the error 

A very accurate second approximation is given, m which Southwell’s straight 
line ib replaced by a hyperbola. 

Zero errors in the measurement of the deflection would destroy the colhnear- 
ity of plotted observations, but methods are described for estimating and 
eliminating their effects 


The Structure of Symm (1—3—5) Tnphenylbenzene Parti 

By Boms Orelkin and Kathleen Lonsdale 

(Communicated by Sir William Bragg, O M , F R S — Received December 12, 
1933) 

Hole — Bone Orelkin died on December 26, 1931 The X-ray investigation 
of symm. (1-3-5) tnphenylbenzene was begun by him at the Davy Faraday 
Research Laboratory, where he worked as Research Fellow of the International 
Board of Education, but it was not completed at the tune The following paper 
contains his results and further preliminary data leading to an approximate 
structure A full account of the detailed structure and of the magnetic 
properties will be published later 


Chemxcal and Crystallographic Data 

The chemical structure of the symmetrical tnphenylbenzene is determined 
by its preparation It is obtained (c/ the formation of mesitylene from acetone) 
by the action of dry HC1 gas on acetophenone, HC1 removing water according 
to the reaction 


/CHH g 

C,H,-Cj 0 O C — C,H 4 

HOH, H,CH 

\c O, 


C»Hj c«h s 

M + 3H.O 

C.H, 
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In the course of the reaction there are different intermediate products 
corresponding to the gradual condensation of acetophenone 
The melting point of the crystals prepared in this way (by BO) was 169° to 
170° C A sample supplied later by Messrs Eastman Kodaks, and once 
recrystallized, melted at 173° C 

Very fine crystals of any weight from about 0 1 gm downwards can be 
obtained by crystallisation from ether or ether -f alcohol These have 
exceptionally sharp bright fact*, and the smaller onos sparkle like brilliants 
m a bnght light The larger crystals have a pronounced yellow tinge 
Symm triphenylbenzene has been investigated crystallographically by 
Knop, using crystals prepared by Arzruni Their results are quoted by 
Grothf who gives diagrams of typical habits The description and list of 
observed forms indicate that the crystals belong to the orthorhombic holohedral 
class, but, as will be shown later, they are, in fact, only hemihedral The 
“ imperfect cleavage ” mentioned by Groth has not been observed on any of 
the crystals used in this investigation, a conchoidal fracture only being obtained 
The habit and the supposed existence of this cleavage suggested to Fedorow 
that these crystals might be considered as “ orthorhombic hexagonaloidal,” 
and he gave them the habit symbol 

6 

37° 44' , 

0° 25' 


where 6 denotes the “ hexagonaloidal ” character, 37° 44' the angle (1110 1000) 
[(10ll) (0001) in the usual notation] and 0° 26' is the deviation from the 
hexagonal angle m the vertical zone [(010) (110) — 60°] 

The habit is usually such that all the forms corresponding to the pseudo- 
hexagonal bipyramid and prism of the same order are represented, the ortho- 
rhombic nature of the crystals being indicated by the presence of other forma 
only occasionally developed On the other hand, the development of the 
different planes in the pseudohexagonal forms is by no means even In the 
crystallographic description the pseudohexagonal axis has been adopted aa 
the c axis and the axial ratio is given as 

a* b* c* = 0 6662 1 0 7666, 

the observed forms being {110} {010} {011} and less frequently {112} {012} 
{ 100 } { 310 } 

t * Chem Kristallog vol 6, p 341 (1919). 
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Actually the so-called a* axis of these crystals has now been found to be a 
polar axis, and, moreover, the a* axis must be halved Taking the polar axis 
as our new c axis (according to the usual crystallographic convention) the 
correct axial ratio becomes 

a b c = ~ b * a* =0 3833 1 0 5682 

The planes (expressed in the correct notation, hereafter adopted throughout 
the paper) which have been observed during the course of the investigation 
now described are {011} {010} {120} and less frequently {001} {111} and {013} 
{110} and {100} have also been observed, but at one end only The {011} 
{120} planes are always much better developed than the {010} {111} planes, the 

(OH) 


Section 


(Oil) 

Fig l 

last named being only occasionally developed Usually the larger crystals are 
tabular on one pair of {011} faces. 

The specific gravity, measured by Schroder, f is 1 205 s (the exact tempera- 
ture not stated) 

On the basis of 4 molecules of CgH, (CgHg),, molecular weight 306 14, in a 
unit cell of dimensions 7 55 X 19 76 X 11 ‘22 A a , the specific gravity is 
1 • 205 These dimensions, obtained from rotation photographs taken at a plate 
distance of 10 cm , give an axial ratio 

a 6 c = 0 382 1 0 568 

Space-group Determination 

Rotation and oscillation photographs about the three crystallographic axes, 
ionisation spectrometer measurements and Weissenberg photographs of the 
three axial rones all agree in showing that the reflections from the following 
planes are absent — 

(0H)if(* + 1) is odd, 

(hOl) if A is odd 

t * Bar deuts cbem Qes ,’ vol 14, p 2516 (1861) 
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The absence of these reflections is characteristic of the space-groups — 

Q* u (Pnom) in the holohedral class, and 
O tv * (Pno) in the hemihedral class 

In order to decide between these alternatives, the crystals were tested for 
the pyroelectric and piezo-electnc effectsf in the following way A crystal 
measuring about 3 nun across was placed m a Pyrcx test-tube and gripped 
between two insulated copper wires so that 
the latter made as good contact as pos- 
sible with opposite (001) faces. The wires 
passed out through the cork of the test- 
tube, one being connected to earth, the 
other to the leaf of a sensitive Wilson tilted 
electroscope J When the surrounding test- 
tube was cooled by means of liquid air, 
the temperature of the crystal fell quickly 
and a small charge was developed at each 
end of the [001] axis The leaf of the 
electroscope moved 10-12 divisions in re- 
peated experiments If both wires are 
earthed wlule the crystal is being cooled 
down, and then the same wire is connected 
to the electroscope, an opposite charge is 
indicated as the temperature rises Reversal 
of the wires, of course, reverses the whole 
effect Using a crystal of rock salt as a con- 
trol, under similar conditions, a maximum 
deflection of 1 division was observed Crystals of resorcinol and tartano acid 
gave deflections of over 100 divisions, that is, greater than the whole length of the 
eyepiece scale Srnoo symm. tnphenylbenzene shows this small, but positive, 
result for the piezo-electno (or pyro- electric) test, the space-group must be one 
in which there is no centre of symmetry 

t The strains set up by a change of temperature give a pieso-eleotrio effect which is not 
distinguishable from a true pyro-electno effect For references see ‘ Phi] Mag.,’ vol 0, 
P 487 (1888) 

t Sir William Bragg used an experiment similar to this in the oouise of a Royal Institu 
lion lecture, in order to demonstrate the polarity of resoroinol crystals 
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The space-group therefore is Pna, in which there is & glide-plane of trans- 
lation (6 + c)/2 parallel to (100), a glide-plane of translation a/2 parallel to 
(010) and a two-fold screw axis parallel to [0011 
The co-ordinates of equivalent points are 

(x y z) (x y H- z) (£ - x J + y * + z) (fc -f x [ - y z) 
the structure factor for any plane (hid) being given by 
| F (hid) | — E/ c (A a -f- B*)i 
(neglecting hydrogen atoms) where 

/„ — scattering power of carbon atom for plane (hid) 

A = E cos 2ir (hx + ky -l Iz) 

= ±cc»i2n[hx — ■ ^ ^ jcos 2rc[ky -(- ~^)coa27t [iz jj, 

B = £ sin 2x (hx + ky -)- Iz) 

— 4 cos 2 ti (hi — * + l] j cos 2»c (ky + * j sin 2* [Iz + ~j 

= 0 if l *. 0 

The electron density at any point XYZ is given by 

P(XYZ) = 1 £ £ £ |F(AW)|cos[2it(^ 1 ^ + 2) - « (hid) |, t 

whore the phase a(AAl) = tan _l ^5 (since there is only one kind of scattering 
material in the cell if hydrogens are neglected), and 

F (000) — total number of electrons in the umt cell 
= 96 X 6 + 72 = 648 

If 1 = 0, a (hid) = 0 (A positive) or 7t (A negative) , that is to say, the 
projection of the structure on the plane (001) is centrosymmetrical For this 
zone, (hkO), the electron density is 

p (XY) =» ~ £ £ F (M0) cos 2*^ + ^) 

F (hie 0) being positive or negative according to the sign of EA. 


t Bragg, ‘ Z Krfetallog.,’ vol 70, p 470 (1980) 
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Since there are four molecules m the unit cell, each molecule is asymmetric 
This was to have been expected since no symmetry has ever been found with 
< ortainty for the benzene nucleus other than a centre of symmetryt and, in 
one instance, a threefold axis J The formtilu of symm. tnphenylbenzene 
precludes the possibility of a centre of symmetry, while the space-group forbids 
a threefold axis 

On the other hand the chenucal formula strongly suggests a pseudo-trigonal 
axis m the molecule, in which case this would probably coincide, or make only 
a small angle with the pseudo-hexagonal crystal axis a This arrangement 
tan be tested by means of tht optical and magnetic properties and by X-ray 
intensities 


Optical and Magnetic Pr&pcrtu# 

The crystals show very strong negative binfnngenco, typical of the “ layer 
lattice ” structure type § 

The following data are given by Groth (foe cU ) but are now referred to the 
correct axes 

The plane of the optic axes is (010), a being the acute bisectrix The 
r< tractive indices have the following values — 



a 

P 

Y 

La 

1 5202 

— 

— 

Na 

1 5241 

1 8070 

1 8725 

Tl 

1 5291 

1 8848 

1 8897 

2V 9 U 50' 

Na 

2E 

17° 48' Li 

(calc ) 10° 17' 

Tl 

(obs) 

18° 25' Na 

19° 27' Tl 

s values may be compared with the 

following — 



a 

P 

Y 

Naphthalene 

1 442 

1 775 

1 932 

Anthracene 

1 43 

1 79 

2 04 

Phenanthrenc 

1 335 

1 538 

1 625 

Diphenyl 

1 554 

1 586 

l 647 

Hexamethylbenzcne 

1 503 

1 747 

1 801 


t For references see ‘ Trans Faraday Soc vol 36, p 368 (1929) 
t Knaggs, * Proc Roy Soc A, vol 131, p 312 (1931) 

§ Wooster, ‘ Z Knstallog ,’ vol 80, p 496 (1931) 
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In each of these structures the vibration direction of the fast ray (corre- 
sponding to the minimum refractive index) is perpendicular or most nearly 
perpendicular to the plane of the molecule, that of the slow ray (maximum 
refractive index) being parallel or nearly parallel to its longest dimension 
With symm. tnphenylbenzene it is clear that the plane of the molecule must 
be nearly perpendicular to the acute bisectrix a (that is, to the pseudo- 
hexagonal axis), while the arrangement of atoms m the (100) plane is such as 
to form an approximately uniaxial stmoture, (3 and y being very nearly equal 
The increased binfnngence of tnphenylbenzene relative to hexamethylbenzene 
points to an increased ami of the molecule in its own plane 
Large optical binfnngence m hydrocarbons is aocompamed by strong dia- 
magnetic anisotropy,f the (numencally) maximum diamagnetic susceptibility 
corresponding to the vibration direction of the fast ray Experiment shows 
that for these crystals the susceptibility in the [100] direction is, in fact, very 
much larger than that along either of the other two axes, the susceptibility 
being a minimum (numenoally) in the [001] direction A more detailed 
account of the magnetic measurements will be published later 

X-ray Measurements 

A study of the measured intensities confirms the above molecular arrange- 
ment, in that the reflection from the (200) plane is very strong mdeed, while 
the higher order reflections fall ofl steadily in intensity The falling off is, 
however, more rapid than is consistent with an absolutely plane arrangement 
in the (200) planes Moreover, if the atoms all lay in the (200) planes then x 
would always be 0 or J, giving 

f A = 4 cos 'In ft ■ cos 2n (kg -f cos 2n (fa -f 

| B = 4 cos 27t ft — - cos 27t (ky + »m 2m (l t + , 

if * = 0, or 

r A = 4 cos 2 t: oos 2w (% + cos 2rr (fa + i) 

[ B - 4 cos 2n cos 2* (ky + am 2n (fa + i) , 

if * = J 

t BksgsvanUm, ‘ Indian J Phya.,’ vo) 4, p 1 (1939) 




have nearly the same spacing and lie at G0° to each other, all have a large 
structure factor Similar groups of three planes are (0, 6, 10), (0, 12, 8), (0, 18, 2), 
and (0, 8, 10), (0, 11, 9), (0, 19, 1) On the other hand, the (002) structure factor 
w large, while that of its “ pseudo-hexagonal ” repetition, (031), is particularly 
small On passing to the general planes (hkl), having no zero index, the peeudo- 
VOL. axuv. — At 2 IT 
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hexagonal symmetry has almost entirely disappeared, so that a Laue photo- 
graph taken perpendicular to the [100] axis shows no trace of it The slight 
tilt of the molecules to the (100) plane probably accounts partly for this effect, 
but it is also undoubtedly due to the introduction of the variablo parameters 
consequent on reflection across the (100) and (010) planes It is dear that 
even if the molecules were very nearly trigonal, and lay very nearly parallel 
to the (100) planes, suitable translations of the four molecules relative to each 
other would eliminate all pseudo-hexagonal symmetry from the structure as 
revealed by X-rays, though retaining it m the external form The “ centres ” 
of tho four molecules will lie at the point* 

(P ? 0) (p '] i) (i - p 4 + q 1) (i + p i - q 0), 
so that the (001) planes are the only ones the structure factors of which are 
independent of p and q Good agreement for all observed planes (001), t up 



Fio 4. 


to l = 12, is obtained by placing a plane pseudo-tngonal molecule of 1-3-6 
fcnphenylbenxeue with one of its “ arms ” very nearly parallel to [001]* and 
in no other position. The polar axis of the crystal thus has a very real physical 
significance, owing to the fact that at one end of the orystal there are, in effect, 
twice as many carbon atoms m the surface as at the other end. Any re- 
distribution of electron density due to temperature change or other cause of 
strain will have twice as much effect at one (001) faoe as at the other (001) 
face 

t Mr B W Robinson very kindly made absolute measurements of the (008), (004), and 
(006) reflections 
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A detailed study of other hydrocarbons, notably of anthracene and naphtha- 
lene, f has shown that while the distance between the centres of carbon atoms 
in the same molecule is 1 54 A or less, the corresponding distance between 
carbon atoms in different molecules is never less than 3 4 A (as in graphite) 
and is usually about 3 7 A for closest approach of neighbouring molecules J 
Thus the van der Waals’ forces between the molecules in the crystal may be 
represented by the enclosure of each carbon atom in a sphere of diameter 
3 7 A , within which no corresponding sphere from another molecule may be 
allowed to penetrate This is a most useful rule, which can often be used to 
determine the most probable molecule arrangements m the crystal cell 
Taking the centre of the middle benzene nucleus as a representative point 
in the molocule corresponding points in the four molecules are situated as 
follows — 


Molecule 1 

Molecule 2 (reflection of molecule 1 in (100) t translated 
¥> + \c) 

Molecule 3 (reflection of molecule 1 m (010)j translated 
Jo) 

Molecule 4 (reflection of molecule 2 m (010) } translated \a) 


(P> 7. 0) 

(i + M--?o) 


Consider tho planes (p, 0, 0) and (1 -j p, 0, 0), passing through eight mole- 
cules of type 1, which we know to be tilted a little out of the (100) plane, fig 5 
The molecule which occupies the space between four molecules of type 1 
must he very near to the centre of gravity of the four, m order that the van der 
WaalB' “ spheres of force ” Bhall not interpenetrate This molecule (an be 
either of type 2, or of type 4 (type 3 being m the plane ( J + p, 0, 0) ) If it is 
of type 2, then p and \ —p must bo nearly equal (then: difference being not 
bigger than about Vo), while if it is of type 4, then q must be very nearly 
equal to i (say J ± Vv) The latter arrangement would give a complete 
structure as shown in fig 6 This would not explain the big difference m the 
intensities of (002) and (031) It would, m fact, involve a much greater degree 
of pseudo-trigonal symmetry than is actually found, and so is out of the 
question. 

Placing a molecule of type 2 in this position, it is clear that the very small 
intensity of (031) is best explained by making q — 0, $ or — $ (nearly), so that 
if molecules 1 and 2 lie in the (031) planes, molecules 3 and 4 just interleave 


t Robertson, ‘ Proo Roy. Soo ,’ A, vol, 140, p 79 (1933) , rol 142, p 674 (1933) 
t Of Mfiller, ‘ Proo Roy Soo..’ A, voL 120. p. 4 66 (19*8) 


2 tr 2 
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those planes, but all four molecules he m successive (002) planes These 
values of the parameters give arrangements as shown m fig 7 
Pig 6 (a) shows that if q = 0 the reflections from (Oil), (OBI), (015) planes 
should be very much weakened by comparison with those from (020), (042), 



a 



(082) which are inclined at 60° to them This is not so, as hg 3 shows, and 
therefore we are left with p = i ± « i'« ) and q — $ or — the differences 
in the corresponding structures being too small to be settled by any but the 
most detailed structure factor comparisons. 




642 


Structure of Symmetrical Tnphenylbenzene 

Discussion of farther structural details, such as the exact molecular direction 
cosmos, the distance between carbon atoms in a single nucleus and in different 
nuclei of the same molecule, will bo left for the second part of this paper 
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Summary 

1-3-6 tnphenylbenzene crystallizes in the orthorhombic hemihedral class , 
space-group Pno (C 2 ,*) The unit cell contains four molecules and is of 
dimensions o = 7 66 A., b = 19 76 A , c = 11 22 A The crystal habit is 
peeudo-hexagonal, with a as the pseudo-principal axis The optical and 
magnetic properties of the crystal and the X-ray measurements upon it show 
that the structure approximates to the “ layer lattice ” type Pseudo-trigonal 
molecules are inclined at a relatively small angle to the (100) planes, with one 
“ biphenyl ” arm nearly parallel to the [001] axis , so that there are, in effect, 
twice as many carbon atoms m the crystal surface at one end of the polar 
a™ as at the other end The co-ordinates of representative points of the 
molecules are given to a first approximation 
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The Effect of Solvent on Reaction Velocity V — The Interaction of 
N-Cfdoroacetandtde and Hydrobromic Acid m Dilute Aqueous 
Solution. 

By Islwyn Jones and F G Soper. 

(Communicated by J L Sim on sen, FRS — Received December 13, 113.3 ) 

The interaction of N-chloroacctanibdo and hydrobromu and to form p- 
bromoacctamlido and hydrochloric and* has, unlike the corresponding reaction 
with hydrochloric acichf received comparatively little attention from a kinetic 
standpoint It possesses, however, the advantage over the hydrochloric acid 
reaction, that its speed is much greater It thus allows of the examination 
of mixtures containing only 0 001 M hydrobronuo acid and of salt effects in 
the region of dilute concentration where the Dobye-Htlokel theory applies 

The mechanism of the interaction is analogous to that of the chloroamme- 
hydrochlonc acid reaction, where the first stage 

C,H 5 NC1Ac + HC1 01, + CgHyNHAc " ClC t H 4 NHAo + HC1 

determines^ the rate of transformation of the c hloroamino in aquoous solution 
Two corrections are necessary in this reaction if the true rate of interaction of 
chloroammo and acid is to be determined The first correction is for the 
hydrolysis of the chloroaraine under the influence of the acid, a rate mainly 
dependent on the H ion concentration Since the rate of the transformation 
depends on the product of the H’ and Cl' ion concentrations, the correction for 
hydrolysis cannot be regarded as forming a constant fraction of the observed 
speed, particularly when the ratio of these ion concentrations is widely varied 
The second correction is for the simultaneous formation of the chloroamines 
of the ohloroambdes present These chloroamines, which are formed pro- 

* Aoroe and Johnson, ‘ Ainer Chem J voL 37, p 410 (1907), Orton and Jones, 

‘ Rep. British Am.,’ p. 86 (1910) , Riohudaon and Soper, ‘ J Chem Soe ,’ p 1873 (1929) 
f Orton and Jones (foe. ext .) , Rivett, * Z phys Chem ,’ vo] 82, p 201 , vol 86, p. 113 
(1913) , Homed and Belts, * J Am ur Chem Soo ,’ vol 44, p 1476 (1022) , AkerlOf, 
‘ Medd. Nobel Inst,’ vol 6. No 2 (1926) , Soper, ‘ J Phys Chem ,’ vol 31, p 1192 (1927) , 
Soper and Pryde, ‘ J Chem Soo ,’ p 2781 (1927) , Fontein, 1 Reo trav ohim ,’ vol 47, 
p 636 (1928) , Barnes and Porter, ‘ J Amer Chem Soo ,’ vol 62, p. 2973 (1930) , Belton, 
* J Chem. Soo ,’ p. 116 (1930), Dawson and Millet ‘ J Chem Soo,’ p. 1920 (1932) 

J Comparison of the observed rate of transformation with the value calculated for stage 
I from the equilibrium constant and the reverse velocity coefficient shows good agreement 
(Soper, foe. at ) 
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gressively, appear in the chloroamine titre and cause the measured reaction 
rate to be slower by 4-10% than the actual rate of production of chlorine 
This complication can be avoided by the presence of easily chlorinated sub- 
stances, such as anisole, p-crcsol,* or acetanilide, which remove the chlorine 
as formed f 

In the analogous hydrobromic acid reaction, the first stage 

C,H 6 NC1Ac + HBr i C,H 5 NHAc + CIBr “ BrC,H 4 NHAc + HC1 

determines the rate in water The correction for hydrolysis of the chloroamine 
is negligible in comparison with the measured rate of interaction, which is 
approximately 20,000 times faster than that of the hydrochloric acid reaction 
The complication due to simultaneous formation of broraoammes by inter- 
action of p-bromoacetamhde and CIBr also appears to be of much less magnitude 
and is completely eliminated by working in the presence of slight excess of 
acetanilide 

Before considering the salt effects observed m the present investigation at 
low ionic strengths, it is necessary to refer briefly to the conclusions reached 
from a study of the chloroamme-hydrochloric acid reaction These con- 
clusions, particularly those relating to the reactivity of the acid, depend largely 
on the fundamental reaction velocity equation adopted Rivett ( loo <nt ) 

* Belton (toe at ) regards the two corrections a* eliminating each other and reports 
that he was unable to obtain consistent results using p-creeol We have not experienced 
this difficulty when the p-cresol is quite colourless 

| Barnes and Porter (toe at.) have criticised this explanation of the reaction mechanism, 
particularly m regard to the effeot of the addition of readily ohlonnated substanoes on the 
rate of reaction The experiments of Barnes and Porter were earned out in glacial acetic 
acid In this medium the second stage determines the reaction rate (Orton and Jones, 
loc. at), the change of solvent having slowed up the interaction of ohlonnc and acetanilide 
and increased that of the chloroamine and hydrochloric acid The state of affairs may 
be represented 

HOI + NOlAc i — ► Cl, + NHAc > ClC,H 4 NHAc (- HC1 
where [Cl,] [ NHAc]/[HCl] [ NCI Ac] = K Tlie reaction rate, v, is given bj 
o = i, [Cl,] [ NHAc] = k,K [HCIj [ NCIAu] = t, [ NClAo] 
following a unimoleoular law 

Addition of acetanilide increases both the concentration products [HC1] [ NClAc] and 
[CIJ [ NHAc] equally and increases the rate of disappearance of chlorine. The oauee of 
the increase of the observed speed is different from that of the increased speed in water on 
addition of soetanilide The presenoe of the mine readily chlorinated fi-aoetnaphthalide 
in the glacial acetic acid medium, examined by Barnes and Porter, will obviously oaose a 
mom rapid disappearance of ohlonne than the presenoe of a similar amount of soetanilide 
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assigned separate reactivities to the un-ionised hydrogen chloride and to the 
H* and Cl' ions, using the classical equation in which velocity is strictly dependent 
on concentration Harned and Selts (loc tut ) concluded that the speed waB 
proportional to the chloroamine concentration and to the thermodynamic 
activity of the IT and Cl' ions. Soper and Pryde correcting for the two 
simultaneous reactions, previously referred to, found the speed proportional 
to the thermodynamic activity of both the chloroauune and hydrochloric 
acid molecules Richardson and Soper suggested that this unusual con- 
cordance with the activity rate theory, might be associated with the constant 
surface tension and cohesion of the hydrochloric acid solutions examined It 
was found, in the analogous reaction with hydrobromic acid that the activity 
rate theory held approximately for sucrose solutions, where there was little 
change in the cohesion of the solvent medium, but that divergencies were 
observed in opposite directions in aqueous alcohol and in salt solutions. 

The agreement of results with the activity rate theory where the cohesion 
of the solvent medium remains constant is suggestive and may be due to the 
fact that under these conditions, the thermodynamic activities of the chloro- 
amme and hydrochloric acid are proportional to the number of unsolvatod 
or un-iomzed molecules, respectively, able to pass a constant energy barrier at 
the interface at which the activity is determined, and thus measure the number 
of such molecules in unit free space If the cohesion of the medium is not 
constant the energy barrier at the interfaoe varies and the number of molecules 
escaping in umt time is not simply related to their concentration The 
activity rate equation would appear to reduce to a true concentration reaction 
velocity equation when the medium is of constant cohesion and, further, this 
constancy results in uniformity of ease of formation or of resolution of the 
intermediate critical complex and results in the agreement observed 

Recently two papers have been published on the chloroanune-hydrochlonc 
acid reaction by Belton and by Dawson and Millet, in which the results are 
regarded as supporting a theory of strict dependence of reaction speed on 
molecular concentration, over a range of considerable changes in the salt 
content of the reaction medium According to Dawson and Millet, the reaction 
rate, being determined by the concentration of un-ionizod hydrochloric acid, 
u proportional to the product of the concentrations of the H" and Cl' ions and 
their activity coefficients The kinetic results are well accounted for if the 
activity coefficients are assignod values given by the equation, 

log/ = — 0 28 vV + tyb 
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where b vanes with the nature of the salt These Innetically deduced values 
of the activity coefficients, however, differ considerably from those given by 
equilibrium measurements, and the discrepancy may be duo partly to the 
non-correction of the observed speeds for simultaneous reactions and possibly 
also to a specific medium effect on the reaction process caused by the changes 
in the salt content of the solution 


% alcohol 



no 1 —A, in EtOH , B, i, in MeOH , C f Jnhf In EtOH , D, / H / B r in MeOH , 
E, /h/bt in N*NO, , P, /h/bt in KNO, 5 G, k, in KNO, . H, i, in NaNO* 

Actual companson of the velocity coefficients, h# of the hydrobromic acid 
reaction (where v — 1 c a civ) with the measured thermodynamic 

activity coefficients of the H' and Br' 10ns m various aqueous media, waa made 
by Richardson and Soper These results are shown graphically in fig 1 , the 
relative change in the velocity coefficient caused by the various additions to 
the aqueous solution being compared with the relative change in the activity 
coefficients of the 10ns of the acid These ourves bring out the fa ct that in 
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sodium and potassium nitrate solutions the velocity coefficient, h 0 , is depressed 
below the product of the activity coefficients whilst in alooholio solution the 
reverse is true, k 0 increasing more rapidly than the activity coefficient product 
The specific rate of reaction of un-iomzed hydrobromio acid with chloroamine 
is thus depressed m salt solution and increased in alcoholic solutions. These 
divergencies were regarded as specific solvent effects connected with the 
relative polar nature of the reagents and products and the cohesion of the 
solvent, which was regarded as assisting the intermediate critical complex 
to break up into those substances for which it has the greater affinity 
Comparison* of the effect of lomc strength on the following types of ionic 
reactions 

A' + B" = C"' + D (1) 

A' + B" =- C" + D' (2) 

showed that increase of ionic strength, oven in the range 0 001-0 03 p increased 
the speed of reaction (1) above that of (2), as though the medium effect observed 
with neutral molecules were superimposed on the Bronstod primary salt 
effect As high-valent ions were involvod in the above comparison, with 
possible attendant anomalies, the investigation in dilute solution of the 
hydrobromio aoid-chloroamine reaction, in which no ions have a higher charge 
than unity, was thought likely to be of interest 

Details of the method of following this reaction speed have previously been 
recorded. Sharp titration of the lodme liberated on addition of the mixture 
containing N-chloroacetamlide to aqueous potassium iodide was achieved, 
using N/500 thiosulphate and freshly prepared starch, by carrying out the 
operation in a current of nitrogen The salts of the alkali metals and alkaline 
earths used as neutral salts in the investigation were B D H , A.R chemicals 
and were dried to constant weight at 110° The p H of each solution was 
tested using brom-thymol blue and was shown to he within the range 6 6 to 
6 9 The mtno and perch! one acids were distilled from their constant boiling 
nurtures, diluted to the approximate strength required and estimated lodo- 
metncally Conductivity water was used m all experiments The velocity 
follows the equations for a bimolecular reaction, since m any one experiment, 
the H* ion concentration is constant, t.e., v = k<p-rt a o H cur- = tjo-m obt , 
where jfeg — kfa The unusually good consistency of the bimolecular con- 
stants obtained may be illustrated by two typical experiments, reoorded m 
Table I 


Soper and WiiUuns, * Proc Boy Soo.,’ A, vol 140, p. M (1989). 
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The collected results are given in Table II and for each senes the slope of 
the log ib — vV curve has been calculated by the method of least squares 
An estimate of the precision of the slope has been obtained by considering the 


Table I __ 

Initial concentration* [.NCI] - [HBr] = 0 001 M , [PhNHAc] - 0 01 M , Ba(NO,), = 
0 00600 , M - 0 01601 thiosulphate = 1 044 N/500 

Time (mins ) 0 75 163 240 319 396 472 680 

26 i « titre (o c thio ) 21 28 17 51 14 66 12 64 11 12 ft 84 0 00 7 06 

*, — 3 14 3 16 3 10 3 16 3 16 3 13 3 18 


Initial conoentrations [ NCI] — [HBr] = 0 001 M [PhNHAc] -0 01 M, [HCIOJ « 
0 01601 M . fi =- 0 01801 , thiosulphate = 1 044 N/300 


Time (mins) 0 5 00 10 00 16 00 20 00 26 91 33 00 

26oo titre 20 02 18 48 13 99 12 04 10 70 9 36 8 17 

t, X 10-* — 3 10 3 21 3 22 3 18 3 21 3 20 



jjr 

Ym 2—0, HCS0 4 , q, NaNO,, •. Ba(N0,), , A, HNO,, A, f H /,„ =/ H fa 
B,/ h /.i inKCl. 


separate slopes of lines joining each point of the series to the calculated initial 
point of the senes (jjl = 0 001) The mean deviation of these slopes from the 
recorded value has been determined and the average error range of the slope 
of the senes stated. In connection with each fresh salt senes, a control 


fHfBr'lowtfl 
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experiment on the reaction rate of chloroamme and hydrobromic acid, each 
at 0 001 M initial concentration, was carried out in the same thermostat and 
simultaneously with the fresh series of salt mixtures The slopes of the curves, 
which appear to be linear up to p, = 0 01, vary between — 0 89 and — 0 64 
with an average precision of ± 0 01 Tho results of four series are shown in 
fig 2 

Table II 


Salt added = KNO a Initial concentration [ NC11 = [HBr] = 0 001 M 
Temperature = 25 00 i 0 02° C 



Addition of Magnesium Nitrate 


Cone of 
MgSO, 

V> 

k /u$ 

Mean lc, 

X 10-* 

No of valuea 
of 1, 

Log*, 

0 0000 

0 03102 

3 60-3 77 

3 71 

10 

3 5694 

0 0007*75 

0 06324 

3 38-3 44 

3 40 

12 

3 6318 

0 00200 

0 00486 

3 10-7 14 

3 116 

12 

3 4949 

0 003762 

0 12650 

2 70-2 77 

2 726 

12 

3 4354 

0 0000000 

0 15810 

2 40-2 67 

2 525 

12 

3 4023 

0 008745 

0 18972 

2 26-2 32 

2 285 

12 

3 3589 

0 01200 

0 22134 

2 12-2 18 

2 145 

12 

3 3324 

0 01575 

0 25206 

I 87-1 92 

1 89 

12 

3 2765 

0 01SM9 

0 28458 

1 74-1 80 

1 766 

12 

3 2467 

0 02475 

0 31620 

1 50-1 66 

1 628 

12 

3 2126 

0 09000 

0 34782 

1 48-1 52 

1 609 

12 

3 1786 

0 09575 

0 37044 

1 39-1 44 

1 417 

12 

3 1513 


Slops of tho log t — Ve enrve =* — 1 28 
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Table II — (continued) 
Addition of Sodium Nitrate 


0 0000 
0 00126 
0 00290 
0 006248 
0 007909 
0 011260 
0 01601 
0 01026 
0 02400 


v'm 


0 03162 

0 04743 

0 06324 

0 07906 

0 09486 

0 11070 

0 12660 

0 14280 

0 16810 

3 69-8 77 

3 63-3 68 

3 37-3 44 

3 36-3 39 

3 23-3 26 
j 10-3 16 

2 98-3 06 

2 91-2 97 

2 86-2 90 


Mean *, 

" 10* 

No of value* 
of *, 

Log l. 

3 71 

JO 

3 6694 

3 576 

10 

3 6683 

3 420 

10 

8 6364 

3 38 

10 

3 6248 

3 24 

10 

3 6106 

3 13 

10 

3 4966 

3 035 

12 

3 4821 

2 9476 

12 

8 4694 

2 88 | 

12 

3 4694 


Slope of the log k — curve — — 0 876 ± 0 0082 


Addition of Lithium Nitrate 


lIno?* 

vV 

x ?o"* 0 

^ Mean k, 1 

x io-» 

1 No of valueH 
oft. 

Log*. 

0 0000 

0 03162 

3 68-3 75 

3 71 

10 

3 6694 

0 002403 

0 06010 

3 46-3 64 

3 62 

7 

3 6466 

0 006868 

0 08870 

3 31-3 38 

3 34 

7 

3 6237 

0 01300 

0 1183 

3 11-3 18 

3 14 

7 

3 4900 

0 02086 

0 1473 

2 93-2 99 

2 96 

7 

3 4698 


Slope of the log k — Vm curve = — 0 864 ± 0 008 


Addition of Barium Nitrate Temperature = 25 06 ± 0 02° C 


JWN0,°) f , 

V, 

x* io 11,88 

Mean t, 

X10-. ( 

No of value* 
oft, 

Log K 

0 0000 

0 03162 

3 71-3 80 

3 77 

7 

3 5768 

0 000999 

O 06324 

3 62-3 68 

3 66 

7 

3 6602 

0 00266 

0 09486 

3 34-3 38 

3 37 

7 

3 6276 

0 00600 

0 12660 

3 13-3 16 

3 16 

7 

3 4983 

0 00800 

0 16810 

2 99-3 04 

3 01 

7 

3 4786 


Slope of the log k — Vm curve «* — 0 7827 i 0 01 


Addition of Strontium Nitrate Temperature = 25 05 ± 0 02° C 


8*NO,°)I 

V/* 

“ITSS 

Mean t, 

X 10-* 

No of value* 
oft. 

Log*, 

0 0000 

0 03162 

3 71-3 80 

3 77 

7 

3 5783 

0 000999 

0 06324 

3 63-3 69 

3 64 

7 

3 6490 

0 00266 

0 09486 

3 30-3 38 

3 836 

7 

3 6230 

0 00600 

0 12660 

3 09-3 16 

3 13 

7 

3 4966 

0 00800 

0 16810 

2 96-3 03 

3 00 

7 

3 4711 


Slope of the log it — y'p curve *» — 0 7980 ±0 01 
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Table II — (continued) 

Addition of Perchloric Acid Temperature = 26 00 ± 0 02° C 



Vn 


Me&n k 9 

\o of values 


HC10 4 

X lfP 4 

X 10-* 

of*. 


0 0000 

0 08162 | 

3 67-3 73 

3 71 ! 

10 

3 6694 

0 00126 

0 04743 

3 60-3 67 

3 66 j 

7 

3 6602 

0 00290 

0 06324 

3 48-3 62 

3 49 

7 

3 6428 

0 006248 

0 07906 | 

3 39-3 47 

3 44 ! 

7 

3 6368 

0 00709 

0 09486 1 

3 32-3 38 

3 36 

7 1 

3 6263 

0 011260 

0 11070 | 

3 26-3 29 

3 27 , 

7 

3 6142 

0 01601 

0 12660 I 

3 18-3 21 

3 20 1 

7 ! 

3 6051 

0 01926 

0 14230 I 

3 08-3 16 

3 13 1 

7 ! 

3 4966 

0 02400 

0 16810 

J 00-3 07 

3 04 | 


3 4829 


lUope of the log k — yV 0,11 

rve — » 0 6406 

±0 008 




Addition of Nitric Acid 



Cone of 

Vf* 

i- 

Meen 1-, 

No of values 

Logfc, 

HNO, 

X 10-* 

X 10* 

oft. 

0 0000 

0 03162 

3 67-3 73 

3 71 

7 

3 6694 

0 002829 

0 06190 

3 47-3 64 

3 62 

7 

3 6468 

0 007668 

0 09261 

3 30-3 38 

3 34 

7 

3 5237 

0 01420 

0 12330 

3 11-3 17 

3 16 

7 

3 4983 

0 02268 

0 16390 

3 00-3 04 

3 02 

7 

3 4800 


Slope of the log k — v> ourve ■=• — 0 741 ± 0 008 



Addition of Sodium Chloride 



Cone of 
Nod. 

Vf* 

VS* 

Mean L t 

x 10-* 

No of values 
otk,. 

j Log *• 

0 0000 

0 03162 

3 67-3 76 

3 73 

- 

3 6717 

0 00299 

0 06324 

3 48-3 66 

3 610 

7 

3 6400 

0 00799 

0 00486 

3 28-3 80 

3 27 

7 

3 6146 

0 01601 

0 12660 

3 06-3 12 

3 10 

7 

3 4914 

0 02400 

0 16810 

2 84-2 89 

2 87 

7 

3 4699 


Slope of the log k - curve -» - 0 8932 ± 0 015 



Temperature = 3 

4 80 ± 0 02° 

c 


0 000 

0 08162 

| 8 19-8 28 

| 8 28 

14 

8 9164 
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No values for the activity coefficient of HBr in the presence of neutral salt 
at low ionic strength are recorded, but Livingston* found that the activity 
coefficients of HC1 and HBr are indistinguishable at concentrations below 
0 1 M According to the Bronsted theory of reaction velocity, the speed of 
the reaction will be given by v == Cch Cbt- Cmi/ii /bt / su//x. and m dilute 
solution by v — Ccjj c Br c sgi/h /ur Comparison with the expression for the 
concentration velocity coefficient, k 0 , shows that log Jc Q should be given by 

log k 0 = log C + log/ H /u r , 

and the curve of log & 0 — vV should be exactly similar to one of log/ u /u r — y/[i. 
The values for the activity coefficient product are shown as a broken line 
curve in fig 2, falling in the centre of the pencil of velocity curves Data for 
the activity coefficients of hydrochloric acidf m the presence of neutral salts 
show that at constant ionic strength the salt effects are of similar magnitude 
to those observed kinetically, the divergencies which exist m the solutions 
of higher salt concentration tending to disappear in dilute solution For 
purposes of comparison, the activity coefficient of hydrochloric acid in the 
presence of potassium chloride is indicated m fig 2 A minor discrepancy 
exists in the order of the salt effects m the two cases For the activity 
coefficients of hydrochloric acid at an ionic strength of unity, the order of 
'h /u 

HCI > LiCl > NaCl > KCI > 8rCl a > Bad* 
whilst for k 0 the order is 

HC10« > HNO a , > BafNO.), > Sr(NO,), > LiNO s > NaNO s , KNO a > NaCl, 
the relative positions of the alkali metal and alkaline earth salts being reversed 
The great effect of magnesium sulphate on the reaction speed is largely due to 
removal of H-ion by the reaction 80 4 " + H* — HSO/ 

The considerable variation in the slopes observed clearly demonstrates the 
specific nature of the salt effects and renders the comparison of the log A — 
curves of ionic reactions of different types of uncertain value In the present 
investigation with uni-valcnt ions, there is no evidence for a medium effect 
superimposed on the Bronsted primary salt effect m dilute solution At higher 
salt concentrations the medium effect may possibly be expressed in the residual 
term /mi//x of the Bronsted equation, or, as previously suggested, may be 
due to an environmental influence assisting or preventing the break-up of 
the critical complex into the products 

* ‘ J Araer Chwn Soo vol 48, p. 45 (1028) 
t Harood and AkerlOf, ‘ Phys. Z.,’ voJ 27, p. 411 (1026) 
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In Table III the elopes of the log k — \/| jl curves are collected and compared 
with the relative cohesions of the various salt and acid solutions 


Table 111 


.Salt 


NftCI 

NaM), 

KNOj 

IjNO, 

Sr(NO,), 

K 0l, ‘ 

HBr 

HCI0 4 


Reciprocal of 
relative 

nom pwri hlUty of 
0 8 M eolation 


1 178 
1 130 
1 110 
l 120 


1 020 
1 029 


Surface tension of 
solution at ft — 1 f> 

dy 


2 48 
1 78 
1 88 
1 82 
1 27 
1 00 
-1 10 
—0 69 


Slope of log k — y/fl 


- 0 893 L 0 015 
-0 876 + 0 008 
-0 871 ± 0 012 
-0 884 ± 0 008 
-0 798 ± 0 010 
-0 783 _fc 0 010 
-0 741 + 0 008 


The surfate tensions and the reciprocals of the relative compressibilities of tin 
salt solutions indicate that the cohesions arc in the order NaCI > alkali 
nitrates > alkaline earth nitrates > acids This order is m agreement with 
the retardmg effects of these solutions at constant ionic strength and m 
approximate agreement with the inverse order of the activity coefficients of 
hydrochloric acid in these solutions At constant ionic strength, activity 
coefficients are regarded as affected by the average ion diameters and by the 
influence of the salts on the dielectric constant of the medium, but in view of 
the anomalous behaviour of the activity coefficients of the alkali hydroxides,* 
where / K > / Nft > f u , it is possible that other factors may sometimes dominate 
If, for example, the equilibrium between co-valeut hydrogen chloride and its 
10 ns vanes in different solutions, this variation would be reflected in its activity 
coefficient The effect of solvent on equilibnum is such that a change of 
solvent displaces the equilibnum, A ^ P, to form the substance, the solubility 
of which is the more increased by the change By analogy with the behaviour 
of other co- valent gases, | increase of the internal pressure of an aqueous 
solution, which may be caused by the addition of salt, will decrease the solubility 
of oo-valent hydrogen chloride and displace the equilibnum, HC1 = H" -f- Cl', 
in the direction of the ions In salt solutions at constant ionic strength, 

* Horned, ‘ J Amer Chem Soc voL 47, pp 884, 889 (1925) , Homed and Swindell*, 
dud., vol 48, p 126(1928) 

t Kuler, ‘Z phy*. Chem vol. 81, p. 368 (1898), Hildebrand, "Solubility,” NY 

(1694) 

2 X 


von. axuv . — a 
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increase of internal pressure would decrease the fugacity and the activity 
coefficient of the acid, as is observed This effect would be additional to those 
from other causes For the alkali hydroxides, an equilibrium of doublets with 
the free ions probably exists, and it is tentatively suggested that the anomalous 
order of activity coefficients for these substances, may be due to the opposite 
effect of internal pressure on the equilibrium of the ions, increase of internal 
pressure increasmg the number of doublets and increasing the activity 
coefficient 

The critical increment of the reaction has been calculated from measure- 
ments at 35° and 36°, permitting the expression of k 0 , referred to unit activity 
coefficient of the acid, by the equation 

fc — 1()1* * I 'MWiKI 

The ( orresponding expression for the reaction of hydrochloric acid with the 
ihloroamme, using the data of Harnod and Seitz at 25° and 35° is 

k 0 -= 10 11 00 e ummr 

the difference m the reactivity of the two acids being almost entirely due to the 
change m the critical increment from 14,580 to 21,370 cals The products 
and reagents of contrasted nature in those reactions are hydrobromic acid and 
bromine ohlonde in the one reaction and hydrochloric acid and chlorine in 
the other In both the contrast is similar, as also occurs in the chlorination 
of phenols, ethers and anilides,* where chlorine and hydrochloric aud appear on 
opposite sides of the equation in all the reactions This similar contrast in 
the nature of the products and reagents appears to confer constancy on the 
solvent effect m the series of reactions In chlormations, the changes in the 
reaction speeds are due, within experimental error, to changes in the 
energy of activation, as though the probability factor P, representing the 
influence of solvent on the ease of formation or of disruption of the critical 
oomplax into the products, is constant for the senes. Thu factor, not un- 
expectedly, appears to be constant in the interactions of N-ohloraoetamlide 
with hydrobromic and hydrochlonc acids. 

In conclusion, the authors wish to convey their thanks to the Chemical 
Society for a Research Grant, and to Professor J L Simonson, F R S , for 
hiB continued interest in this work. 

* For references, vtde Robots and Soper, ‘ Proc Roy Soo ,’ A, voL 140, p 71 (1983) 
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Summary 

(1) The effect of neutral salt on the rate of interaction of hydrobromic 
iwud and N-ohloroacetam 1 ide has been studied over the range of ionic strength, 
0 001-0 025 {i, and the (dopes of the log k — \/y. curves, evaluated by the 
method of least squares, found to vary from — 0 64 to — 0 89 with the nature 
of the added electrolyte 

(2) The order of salt effects is approximately that of the activity coeffic lent 
of the acid and also that of the internal pressures of the solutions 

(3) The drfferenoe (20,000-fold) in the speeds of interaction of the rhloro- 
amrne with hydrochloric and hydrobromic acids is due almost entirely to the 
change in the energy of activation of the two reactions This faot is regarded 
as supporting the interpretation of solvent effects previously advanced 


Optical Rotatory Power I -A Theoretical Calculation for a 
Molecule containing only Isotropic Refractive Centres 

By 8 F Boys, A.R C S , B Sc , Beit Scientific Research Fellow, Imperial 
College of Science and Technology, London 

(Communicated by H B Baker, F R S — Received November b, 1933 — 
Revised February 23, 1934 ) 

Introduction. 

Ever sinoe the time of van’t Hoff and Le Bel the number of mvestigations 
dependent on optical activity, or attempting to elucidate optical activity, has 
been very great, and it is remarkable that, even at the present time, there is 
no theoretical formula which gives the relation between the magnitude of 
the rotation and the chemical structure of the molecule concerned The 
present co mmuni cation supplies this want with regard to the molecule of the 
simplest asymmetric type the molecule with four different groups attached 
to one central atom 

Various special hypotheses have been postulated to explain optical activity, 
but a few uivestigatorn have shown quite definitely that there is no necessity 
for any of these hypotheses Bom* and Oseenf have shown independently 


* * Phys Z voL 16, p 3*1 (1316) , ' Ann Phymk,’ vol 66, p 177 (1918). 
f * Ann. Pfayrik,' Toi.i8.pl (191*). 
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that, if the molecule has a dissymmetric structure, the ordinary refractive 
properties of the atoms will account for an optical rotation Gray* and de 
Mallemannf have attempted calculations of formula for optical rotatory power 
on this basis However, it has not been possible to condense the numerous 
algebras terms which occur m these calculations into a compact form 
De Mallemann approached the nearest to the desired formula when he applied 
his calculation to a molecule of four atoms where one atom may be regarded 
as the origin of a set of rectangular axes and the other three atoms must lie 
on these axes De Mallemann J showed that, if CHCLBrI has a structure of 
this shape, the predicted rotation would be of the order of ordinary optical 
rotatory powers However, there do not seem to be any compounds which 
are known to have the postulated structure, and the formula has no practical 
use 

By the following analysis it is possible to find a formula for the optical 
rotatory power of the general molecule of refractive centres , and this rotation 
has been expressed in a precise form by means of determinants The expres- 
sion is m a manageable form and simplifies by purely algebraic processes when 
it is applied to a particular type of molecule It first became apparent to me 
that the ordinary properties of a dissymmetric molecule account for its optical 
activity, when I realized a complete analogy in a simple mechanical system 
It is probably this analogy which has provided the due for the solution of the 
complicated mathematical expressions which occur in the evaluation of thp 
rotation caused by those refractive properties 
It is possible to construct a medium which shows a rotatory power for an 
ordinary transverse elastic wave This is formed when we have an elastio 
solid with heavy masses embedded in it , as an example we may consider a 
gelatine gel with ball hearings as heavy particles Those bails are arranged 
in sets of four , all these sets are exactly alike, but the balls in each separate 
set may be different and may be at the corners of an irregular tetrahedron 
These tetrahedral sets are distributed entirely at random, so that the gel as 
a whole is isotropic There are two kinds of model, related to each other as 
an object to its mirror image , and hence a gel containing only one “ ouantio- 
morph ” corresponds to an optically active liquid Bach ball vibrates under 
the influence of a passing wave and has an effect on neighbouring balls, e g , 
if a certain ball A vibrates up and down, then a smaller ball B a little farther 

* ‘ Phya Rev vol. 7, p 472 (1910) 
t * Rev gtn. sol ,’ voL 88, p. 458 (1027). 
t'CR. Acad 8oi Paris,’ vol 181, p 298 (1925) 
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along the path of the wave, a little to one aide, and a little above A, is dragged 
to and fro in a horizontal direction by the motion of A The secondary wavelets 
caused by all these vibrators have to be added to the original wave and, if the 
total effect of these is not exactly in the same direction as the original wave, 
the plane of polarization is altered For a medium containing a symmetrical 
model the resultant of theso secondary waveh ts would be m the same direction 
as the inducing wave, but with an unsymmetncal model this condition does 
not hold and the medium is “ mechanically active ” 

This model bears the same relation to the natural optically active molecule 
as the Sellnieier vibrators in the early theory of optical dispersion do to the 



Flo 1 — Direction of oscillation of B. a small ball embedded near a largo ball A in an 
elastic medium 

modern electron structure Replace the bill bearings by atoms containing 
electrons free to move under the influence of an electric held , replace the 
elasticity of the gel by the equations of electricity , and the model becomes an 
asymmetric molecule under the influence of a light wave Under the action 
of the electric field of a light wave each atom becomes an oscillating electric 
doublet Inside the molecule the electric field of the wave is altered by the 
fields of the doublets themselves, and, making allowance for this, the exact 
polarizations of the molecule can be calculated. When the polarizations in a 
medium can be expressed in terms of the electrical fields, it is possible to find 
the velocity of a light wave m this medium by use of Maxwell’s equations 
Fresnel has shown that an active medium can be regarded as a medium in 
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which the velocities of circularly polarized waves of opposite sense are different, 
and the rotation can be calculated from this difference Hence, having found 
the expression for the total polarization we can derive the formula for the 
rotation 

The method of evaluating the electric interactions of induced doublets in 
adjacent atoms has been employed successfully m other phenomena W L 
Bragg,* using the atom spacing found by X-rayH, has calculated the various 
refractive indices of calcito and aragonite, and thus explained the strong double 
refraction of this type of crystal Raraanathanf has deduced the anisotropy 
of various simple polyatomic molecules from the interaction of the atomic 
doublets, aud has shown that the results agree with those obtained by the 
scattering of light 

To evaluate the electric interactions of the doublets it is necessary to 
know the size of these and the exact spacing of the atoms or groups m which 
they are induced The size of an atomic doublet is obtained directly from the 
tables on atomic refractivity, but, while the spacing can be obtained directly 
for crystals, the shape of the active molecule has to be deduced from other 
data 

It is established now that the valency bonds in a molecule are easily flexible, 
and, in this calculation, it is assumed that the spacing in the molecule is very 
dependent on the closc-pat king of the atoms according to their size , the shape 
of the asymmetric molecule is taken as that determined by the close-packing 
of four spheres corresponding to the four different groups of the molecule 

The first stage of the calculation is carried out in this paper A general 
expression is obtained for the rotatory power of any arrangement of polarizable 
centres m a molecule Throughout the whole treatment Heaviside’s rational 
units will be employed In order to avoid repetition the theory of refraction 
according to Lorentz will be assumed 

The Interactions of Induced Doublet $ tn a Molecule and the Rotation of the 
Plane of Polaruatton 

The mechanical analogy suggests that the optical rotatory power may be 
due to the ordinary refractive properties of the atoms m the molecules , the 
interaction of the induced doublets can be calculated by the laws of electricity 
and the resultant electromagnetic properties of the whole molecule may be the 


* ‘ Proc Roy Soc A, vol 106, p 370 <1934) 
f ‘Proo. Boy Soc A, voJ 107, p. 084 (1AM) 
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origin of a rotatory power It is necessary to calculate the eleotromagnetio 
properties of a fixed arrangement of polarizable particles in the moleoule while 
neglecting all other chemical properties which do not interfere with the calcu- 
lation. I have found it most convenient to define a hypothetical model and 
calculate exactly the relation between its dimensions and rotatory power, 
before examining how far its properties correspond to those of a chemical 
moleoule The generality of this treatment is so great that it shows that a 
model of conducting spheres joined together with insulating rods might twist 
the plane of polarisation of a Hertzian wave, and that the amount of the twist 
oould be calculated by the final formula 

We shall consider a medium with the following properties — 

(1) The medium as a whole is perfectly isotropic, since it contains a large 
number of models distributed entirely at random 

(2) in accordance with the Loreutz treatment of refractivity, the field 
acting on any model is taken as E -f- aP where E is the electrostatic field of 
the electromagnetic wave, P the correspondmg polarization and a is taken as 
l This is tantamount to assuming that, owing to the random distribution, 
the medium external to the molecule is isotropic 

(3) The model consists of a rigid arrangement of particles which become 
polarized in an clei trie held The particles are thus analogous to the refraotive 
atoms iu the ordinary molecule 

(4) The linear dimensions of the model are small compared with the wave- 
length of the electromagnetic wave 

(5) The polarization of each particle is proportional to, and in the same 
direction as the applied field when this held has a definite frequency 

(6) The particles are sufhciently symmetrical for the eleotrio field of the 
induced doublet to be evaluated as if the doublet was concentrated at the 
centre of the particle 

(7) The changes in the doublets produced by the fields of local doublets are 
small compared with tho magnitude of the doublet induced direotly by the 
electric field of the electromagnetic wave 

When a single plane polarized wave acts on a model, an osoillatmg eleotrio 
doublet is induced in each particle and, as one component of this may be out 
of phase with tho inducing wave, we need two vectors to represent this The 
electric field at a particle consists of the field of the light wave and the oscil- 
lating fields of the other doublets in the same model. To find the exact induced 
dipole in any one of a set of n particles it is necessary to solve fin equations in 
the components of these vectors. Later it is shown that the simplest active 
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molecule contains more than four atoms and so even for tins molecule, there 
are twenty four equations for solution A direct solution of these must be 
abandoned, but there is a method of evaluation which expresses the induced 
dipole as the sum of a senes, every term of which ih of the same kind and can 
be dealt with very simply, as shown in the following analysis 
The oscillating fields due to adjacent vibrators are small c ompared with the 
field due to the mam light wave, and the magnitudes and directions of the 
vibrations can be obtained by successive approximations The main field 
acting on a particle is that of the light wave, and the result is an induced dipole 
in phase with this This initial dipole has an appreciable field at the positions 
of the adjacent atoms On the initial dipole there are superimposed smaller 
dipoles due to the fields of initial dipoles of the adjacent atoms This can be 
regarded as a second approximation and, passing to a third approximation 
we must consider the effects of these superimposed dipoles on the other 
vibrators, and so ad infinitum The essential point ib that the resultant dipole 
of any atom is obtained by the addition, vet tonal with regard both to phase 
and direction, of a number of dipoles, each of which has been relayed by a 
definite path and has a definite source Each of these ib proportional to the 
dipole from n hich it originated and some constant depending on the course of 
the relays Thus we can represent the vibration of A as made up of terms 
[A], [BA], [CA], IDA], [CBA], [ABA], [DCBA], etc , with these terms bt coining 
less as their order increases 

• If we resolve the initial dipole at A in three directions, every relay effect is 
included m the following type H an induced dipole along the vector a at I 
causes by means of the relay path [A B] a proportional induced dipole at 
B in the direction f) Letting AB lx* represented bv y, we have the whole 
system of interactions made up from terms of the type a — y — p The effect of 
such a system on the difference in velocity of two oppositely circularly polarised 
waves can be found, and then this effect summed for all the systems in the 
molecule until these are of negligible size It is most convenient to find the 
effect of this general relay system on the rotutorv | lower before finding the 
exact value of any of the relay systems in the model 
When the model is situated m a variable electric held E with a value E A , at 
A at a time t, the polarization along a will be proportional to (a B A1 ) and the 
relayed polarization to B can be written A0 (a B AJ ) where h is the constant of 
the relay system Let i be the time lag during transmission For the con- 
struction of the general electromagnetic equations of the medium it is necessary 
to express the polarization in terms of the electric field at the same point and 
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the name tune Since the model is small the relation between the held E A1 
and the field E acting at B after a' seconds is 


, dE dE 5E 


, SB , , 9E . 9E 

, sr ir ' +<, sr' r ' " 8 77 t * 



Subetitutmg in the expression for relayed polarization we have the relation 
between the applied field and the polarization at the same point 
The expression may be split into two similar parts dependent on E and 
— SE respectively Since it will only be found necessary to consider relay 
terms of a low order, and the wave-length of the wave will thus lie long com- 
pared with the relay path, the term — 8E must be very small compared with 
E The terms dependent on — SE will hr neglected from this stage because 
if the analysis were completed it would be found that thesi have no ippicciable 
influence on the rotatory power 
It is necessary to integrate the expression 

hpu« E)-(« M 

where the vectors a, etc , can have any direction so long as the relative con- 
figuration of these vectors remains the same For the integration it is desirable 
to express the orientation in terms of independent variables, and this is per- 
formed by considering the position of the molecule as derived from the initial 
position Oj — Yi — Pi by the Eulenan rotations , 6 about the Y axis, <f> about 
the X axis, and 1)1 about the new position of y The rectangular axes X, Y, 
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and Z, with the corresponding unit vectors i, j, and k are taken in the usual 
positive sense so that 1 A J = k The position of any vector after performing 
the above rotations is obtained by operating with the tensor T whose coefficients 
are given in the table The coefficients of the first row multiply the dyads 
ii, ij, and ik 

cos 0 Hin ^ sin 0 - cos iji sin 0 

sin <f» sm 0 cos t|/ cos <f> — sin iji sin <f> cos 0 sin iji cos <f> -+ cos iji sin tf> cos 0 

cso <f> sin 0 — cos sm ^ — sin cos <f> cos 0 — sin sin <£ + cos cos <f> cos 0 

~ (») 

If Ta lt etc , are substituted in expression (2) we have the value of the polariza- 
tion expressed m mvanablo vectors and functions of variable angles , and, 
smce thi number of molecules within the limits 0 to 0 -f* d0, etc , is 

(N/8re») sin 0d0 d<f> dip, 

we can find the total value of the expression (2) for N molecules 
For simplicity we shall carry out the integration of the various parts of 
(2) separately, and, taking the first term, we h1io. 11 evaluate 

(N/8tt*) j"' dty £' ATft (To! E) sin 0 d© (4) 

In the expansions of Tax Tpi there are terms corresponding to the whole 
of the array of the tensor Fortunately most of the coefficients become zero 
on integrating between the required limits, and we shall only construct the 
necessary vector terms after evaluating the coefficients With regard to the 

integration j the expression is of the type 

(Ax -j- B, sm iji -j- Cj cos i{/) (A, -+■ B t sm + C t cob <Ji), 

and, after integration between the limits 0 and 2 it, the only terms which 
remain are due to Ax A,, BjB* sin* 4*. and CjCg cos* i}> Only the corresponding 
terms remain in the integration J df In the thrrd integration j sin 0 d0 

there is the extra factor sm 0 and the terms which do not vanish are AjA, sm 0, 
( AxB, + AjBj) sm* 6, BjB, am* 0, and CxC t sm 0 cos* 6 By inspection of 
the product formed by squaring the array, it is seen that the only coefficients 
satisfying the above conditions are the squares of the original coefficients, 
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i e , <*!,*, Oj,*, etc Direct evaluation of these gives a total polarization of 
(N/3) AE (a (J) The actual value of this is unnecessary in the calculation 
of optical rotation, but it is important that this portion of the polarization 
is in the same direction as E Tlus last result might have been considered 
obvious from considerations of symmetry 
Returning to the second term m the expression (2) we hud tiiat it is necessary 
to evaluate 

- (N/tJjr*) j“' d<j> j' ATft ^ Taq y. am 6 dd (5) 

By the system of rotations adopted y x is equal to y cos 0 With regard to the 
scalar coefficients in the expansion, this expression is the same as above, but 
with the extra factor cos 0 Proceeding as previously to find the character- 
istics of the terms which do not disappear on integration, we And that the 
conditions for cp and ^ are as above, but only one term m 0 does not vanish 
t e , cos* 0 sin 0 These conditions limit the coefficients to a l3 a 3J , a 3il a la , 
OjjOjj, and a S8 a aa The portions of these coefficients which do not vanish on 
integration are 

— — COS* 8U1* 0 cos 0 — sin* <|/ cos* <f> cos 0 
agjOjg = cos* iji oos* $ cos 0 + sin* i|» sin* <f> cos 0, 

giving 

(N/87c“)| | j u ai a sa <as 0sm - — N/b 

(N /Sn 2 ) j* | j* o sl u M cos 0 sm 0 d0 d<f» </<Ji — N/b 

The value of integral (5) is obtained by construi ting the correspondmg vectorial 
terms 

*■>« ->( k *‘ )(k ->( k f)-' 

-Ml W(k «,)() f)t + k(k mu m(i f)r] 
-+^|k(j ^-i (k ^| L(J PlHk “ l)_(J Pl) ' Y (6) 

The last factor becomes 

Y( k Ai «iaPi) = ~y(* «iaPi) = [«iYA] = [“YP] 

If the integrals corresponding to the other terms of expression (2) are calcu- 
lated the only change u in the first bracket of the above expression, and these 
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factors together constitute curl E Thus the total polarisation due to N 
molecules containing the system of interactions a — y — fl is 

NE(a 0) (A/3) + N curl E [atf] (A/6) (7) 

To obtain the total polarization of the medium this must be summed for all 
systems in all the molecules present, though it must be noted that many 
systems, while giving a value for the first term, will give a zero v due for the 
triple scalar product m the second term 

Drude* was aware that, when a term proportional to curl E ocours in the 
expression for the average polarization of a molecule under the influence of 
an electromagnetic wave the medium containing this type of molecule will 
rotate the plane of polarization of the wave He suggested that the electrons 
might be forced to vibrate m spiral paths, and after showing that this intro- 
duced a term of the type curl E, he calculated the resulting rotatory power 
However, there is not any other evidence of such a spiral system, and sinoe 
the ordinary interactions of the doublets induced m the polarizable centres 
give a term of this type there is no necessity for the hypothesis of spiral 
movements 

For complete specification of the electrical properties, wo require, m addition 
to the above relation, a knowledge of any magnetic induction due to the fields 
of the wave In the ordinary refractivity treatment it is assumed that for 
the frequency of light waves the magnetic susceptibility is zero, and the 
molecule has no magnetic polarization However, m this case there is a 
suggestion of a circular current in some of the polarizations of the molecule. , 
this is especially apparent in the spiral motions which were introduced by 
Drude as a mathematical artifice, but which correspond mathematically to 
the present treatment The possibility of a magnetic polarization has been 
frequently ignored in early examinations of this type, but recently it has been 
generally accepted Gansf criticizing the analysis earned out by Born, has 
indicated the necessity for thiR, and the denvation of the value has been put 
in very clear form by Fdrsterhng % I had hoped to derive this magnetic 
moment directly from the spatial distribution of the osoillatong polarizations 
in the molecule, but, though this method gives the same value, it is doubtful 
whether the method is absolutely rigorous Hence, all justification for the 
use of this movement is based on the treatment as given by Forsterlmg When 

* “ Theory of Optic*,” p 401 (1002) 
t 1 Ann Phyxlk.,' vol 79, p 647 (1026) 

$ “ Lehrbuch der Optik," Leipzig (1028), p 188 
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the energy of the wave ib considered, it is shown that a term / curl E in the 
electric polarization can only exist at the same time as a varying magnetic 
moment of value (f/o) E 

Taking N as the Avogadro number and if as the concentration in gram- 
molecules per cubic centimetre we can write the electrostatic polarization P 
and the magnetic polarization M per cubic centimetre for any ole< tromagnetir 
disturbance 

P - Nff {ESA (a 0)/ J + curl E SA L«Y01/b) 

M = % (ESA Loy0]/6c) 

The medium is perfectly isotropic and the only double refraction whu h can 
occur is a difference in the velocities of the two circularly polarized waves 
We shall first find the refractive index of the medium for the circularly polarized 
wave 

E, = kE 0 cos ( 2nrU - - j E 0 sin - 2 -^ ) (9) 

We liave the polarizations expressed as dependent on the applied field, but 
aocording to the Lorentz treatment the applied held is equal to E t + aP, 
where Ef is the field of the wave We can evaluate P exactly for this particular 
wave, since curl E t -—‘JnEjX, and since P is m phase with tins wc have 
curl E — tin (E t + aP)/A l Substituting in equation (8) we obtain 

B = B I /{l-aN J /S(A(« 0)/3 + (10) 

To simplify write 

* = %£*(« 0)/3 'I 

P = N0XAI«y0]/6 }» (U) 

^ - 1 - oN ff £(A (a 0)/3 + 2nh Loy 0]/6X,) J 
Substituting for curl Ej by the second law of Maxwell curl E t -= — B/c, 
equations (8) become 

P « («Ki - P B/c)/* 

M = pE^c* 

Wntmg Maxwell's equations m the modified form for au isotropic medium wc 
have the followin g equations to complete the solution, where D is the electro- 
static displacement, B the magnetic induction and s is mat vector in the direc- 
tion of propagation 

D^Ej + P b = h+ m 

B = i*s a E, D — — fi* A H 






( 13 ) 
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|x u the refractive index and we can relate this to the electrical properties of 
the medium, 

=- 1«aB 1 

- iX8 A H + |«aM 
- D +■ (p / c <t>) P®aEi 
-El (l f €/tf>) [ 2 (p/r^) [XS A E 1 



Hence 


|aSaL(^aE,J = ^{a EJ - p% =- - p^ 


E, (p* - 1 - tH>) --- - 2 (p/c^) p* A E 1 (15) 


Applying the relations solely to the circularly polarized wave represented 
m equation (4), whose held is E, and whose partuular r< tractive index is p, 
we have, 

a A E, = — 27tnE 1 
(P-i 3 ~ 1 ~ «/<£) '= *7W /**. 

X is the wave length of the light »» ?*w w> 


(p x * - 1) = (e f 47ip 1 p/X)/ri - a (e + 27tp,p/X)l 

Hi 1 - . 1 e f ! 

<*(Fi* 1) + 1 r X ^ X a (p^ — 1) 1 


(lb) 


This gives pj the. refractive index of the light corresponding to equation (9) 
but if the opposite kind of circularly polarized light is considered we obtain 


p t «-l 2 ttp,p 27tp 2 p 1 

o(p t * — 1) -) 1 X X a (p 8 3 — 1) + 1 


From these two equations we. can obtain the value of (p, 2 - 


traction 

f V . - .fo! 

(o(p 1 *-l)-Hll[a(p, a ~l) + ll 


p, 2 ) bv suh- 


2wp 

X 


(l*H Fa f 


(P1 + Pi) [tf(p,p,-l) -Ml 

[o(p l *-l) + ll[o(p l 8 - l) + n 


) 


The only term mvolvmg a difference of pj and p, is p l * — p, 1 and, since the 
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difference in these refractive indices is very small, a mean value will be taken 
throughout the rest of the expression 

Hi - F. = — [l + « (H* - 1)1 [2 + a - 1)1 (17) 

The circularly polarized waves to which pj and fjL, apply respectively are given 
by the eqnationa 

E t = kK„ cm (‘JmU JK 0 sin ( 27rnt - 

E t = kE 0 cos (2mU - f- JK 0 am ( 5Jrc«/ — ) 

Xj / ' Xj 

Combining these two equations we obtain a plane polarized wave whose 
plane of polarization will rotate if X t and X, are unequal 

E x -f E, - 2 1 kE 0 cos rex ( — ^-) + jE 0 R,n «*(— — — ) | 

X [oos (2™* - nx (i | -i ) ) j (19) 

Thus the vector detcnmnmg the plane of polirization rotates on passing 
along the X axis When x — 0 the wave is polarized along the Z axis, but 
as x becomes larger the plane of polarization turns towards the Y axis, t e , 
m a counter-clockwise direction when looking along the X axis, but m a clock- 
wise direction when looking back along the X axis to receive the light From 
the point of view of the observer the piano of polarization rotates (1/X A 1 /X g ) 
radians in a dextro or clockwise direction, and by equation (17) 

_ [a (h 8 —1)4 l][o(ii*-l)-fiJ*WSAL<» Yfl , 2()) 

3X a ' 

This is the rotation due to one compound of which there are N g mold ules per 
cubic centimetre when the light passes through l cm of the medium of n 
fractive index p, 

This method of solution for the different refractive indices tends to be very 
formal, and it is advisable to consider the actual mei liamsm by whn h the 
difference arises Considering the first wave (9) referred to above, we can 
resolve this into two plane waves travelling along the X axis When the 
electrostatic field of the first is a maximum up the Z axis at the origin, the other 
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plane wave u a maximum at x — X/4 but acting along the Y axis. When 
part of the polarization of the molecule is dependent on ourl E, not only does 
the Z wave cause a polarization up the Z axis, but it also causes a polarization 
a quarter of a period ahead and acting along the Y axis If this extra polariza- 
tion is positive, the polarizations in phase with each component of the oir- 
cularly polarized wave are increased In the oircularly polarized wave of 
opposite sense the advance portion may be regarded as acting along — Y 
'1 hus, w lule m one case the waves mutually reinforce each other by virtue of 
the curl E term, in the other they tend to annul each other This causes 
a difference in effective dielectric constant and, negloctmg magnetic effects, 
this gives an optical rotation When the magnetic moment is taken into 
account the rotation is approximately doubled instead of the factor 

(p 2 1) + I] 2 , which would be obtained if there were no magnetic effects, 

we have obtained the factor [a (p* — 1) 4- 1] [«* ((x* — 1) 4- 2 ] 

The factor [a (p. 2 — I) 4' 1] [<* (p* — 1) f 2] has been retamed until the 
present stage to illustrate the generality of the treatment and, thougli in 
futiue this will be written (p 2 4- 2) (p* 4- 0)/9 m accordance with the Lorentz 
theory, it would be qiute possible to replace it by the appropriate factor ill 
accordance with another theory of refraotivity, Buch as that of Gladstone and 
Dale 

It may bi noted that, even m entire absence of any chemical interaction, 
the rotation depends on the medium by means of the factor (p a 4- 2) (p 2 -J 5) 
In u mixture of two optically active substances the rotation will not obey a 
simple nuxture law even if in every other respect the mixture is purely a 
physical one The ordinary method of calculating the specific rotatory power, 
taking this as a property of the substance, tacitly assumes a simple mixture 
law and, thougli m the following analysis the value of the specific rotatory 
power is expressod, it must be recalled that this is only a constant for the 
compound under the special conditions of measurement The speoifio rotation 
of a compound of which Mg gm per cubic ceutametre give a rotation of 0 
radians w a column of length l cm is 


L*J= ; 


ng&tl 


where M is the molecular weight 

The specific rotatory power of a compound m a medium of refractive index 
p is obtained from (20) 


M — 


(p* 4- 2) (p* 4- 5) 1800rcN 
27MX* 


sal«yPJ. 


(21) 
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where the summation E is carried out for every system a — y — |3 within 
the molecule 

We have assumed that the exact magnitude of the doublets can bo expressed 
m a converging senes, mid since these terms rapidly become more complex it 
will be very convenient if we can approximate at any stage by neglei ting all 
higher terms This is a definite approximation, but there is reasonable evidence 
in favour of this in the general optical properties of compounds the fact 
that molecular refractivities can be calculated so accurately from atomic 
refractivities suggests that mtrnutions bf tween the doublets are small 
compared with direct polarizations , and the smallness of double refraction 
in crystals, compared with the mean refraction, indicates the relayed effects 
to be small compared with the primary polarizations It will be shown 
presently that the optical activity is dependent on polarizations thrice relayed, 
and since the usual magnitude ot optical rotations corresponds to a difference 
in the refractive indues of opposite circularly polarized waves of about 10 -# 
it is apparent that the process of relaying decreases the magnitude of the 
polarizations considerably Hence, when it is proved that a three relay 
system is responsible for an optical rotation, all higher relay terms will be 
neglected 

It is necessary to know the exact size of tin electric doublet induced in any 
vibrator by a known electric field In applying the formula to molecules 
these data cun be obtamed from the tables tabulated cither by Bruhl or by 
Eisenlohr Lorentz proved that, for a gram mole< ulc of a compound of 
refractive index p. and density d the total polarization per unit applied field 
is 3M(p a — l)/(p* -|- 2) d, and it has been shown experimentally that each 
element makes a definite contribution, so that atomic polarizations can be 
found The function tabulated, te, A (p* — l)/(|i* + 2) d, where A is the 
atomic weight, represents one-third of the absolute atoms polarizability 
and is called the atomic refractivity The moment induced m any 
chemical group is thus ER (3/N) where R is the sum of the atomic refractivi- 
ties of the constituents of the group The polarizability of the particle 
will be taken m thiB form for convenience in the application to chemical mole- 
cules 

In each particle of the model there is an oscillating dipole, and, since the 
wave-length of the electromagnetic wave is long compared with the distances 
at which the field acts on tho other particles of the model, and since the dipole 
is considered as concentrated in a very small volume, the field is expressed 
by [1/4 7ir*] [ 3 r ( r D) — Dr*l This is the simple electrostatic field at the 

2 Y 
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end of the vector r from a point dipole D At A the initial dipole is E (3R A /N), 
and the held of this at B will cause a secondary dipole of value 


Si ,ab i“ E >- 


EAB*] 


The first term of this represents a relayed effect which is proportional to the 
component of the field acting along AB at A and transmits a polarization 
along AB to B giving a polarization which also acts along AB Thus using 
the gent ral notation for a relayed effect we have a — y — P = AB , but since 
the effect on the optical activity is given by [ayp] it is apparent that the inter- 
actions responsible for a rotation must be much more complex tlian this 

The polarization [ABC] relayed to C is 

p p 

( 4 ^)^ab4c» |9BC(BC AB)(AB e )-3AB(AB E)BC 
— 3BC (BC E)AB* + £BC* AB*] 

The polarization [ABCD] relayed to D is 

j j^£i|2^ 55l [27CD(CD BC) (BC AB) (AB E) 

— 9BC (BC AB) (AB E)CD* 

— 9CD (CD AB) (AB E) BC* + 3AB (AB E) CD*BC* 

— 9CD(CD BC) (BC E) AB 2 + 3BC (BC E) CD*AB* 

-(- 3CD (CD E) BC*AB* — ECD* BC* AB*] (22) 

As might have been predicted from considerations of symmetry the relay 
effect involving the interactions of the four particles A, B, C, and D is the 
simplest effect to give a contribution to the rotatory power Examining (22) 
we find that the 1st, 2nd, 3rd, and 5th terms give a definite value for [otyP], 
e.g , in the 1st term AB = a , CD = (3 , AD = y , and 
81R a R K Bo _ 

h ~ (47t) 3 N« AB 6 BC 6 CD 5 (CD BC ) ( BC AB ) 

A polarization A{3 (a E) relayed along y makes a contribution to the rotatory 
which is given by (21) The total rotatory power due to the relay path 
[ABCD] is 

180(br (p* + 2) (p» + 8) SIBaKhRqRd 

27 X* MN* (4jt) *AB 6 BC 4 CD 4 [27 [AB AD CD] (CD BC)(BC AB) 

— 9 [AB AD BC] (BC AB) CD* - 9 [AB AD CD] (CD AB) BC* 

- 9 [BC AD CD] (CD BC) AB*] (23) 
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All the triple scalar products arc equal to ± 6V where V is the volume of the 
tetrahedron ABCD and if we take [AB AD CD] = -f bV then 

[AB AD BC] = [BC AD CD] = - (>V 

The scalar products can easily lie expressed in terms of the edges of the tetra- 
hedron, e g , 

(CD BC) = — CD BC cos BCD — — (BC® -f- ( 'L> 2 — BD*)/2 

We can express tho contribution of [ABCD] to the rotatory pout r completely 
in scalar quantities by these substitutions 

1800it (p* + 2) (p* + 5) 81 R a K„U(Ui, 

27 X*MN 3 (47c) s AB 6 BO' CD' 

X^[3 (CD* + BC* - BD») (AB* |- BC* - AC*) 

- 2BC* (AD* 4 BC* - AC* - BD*) - 2CD* (AB* + BC* - AC*) 

- 2 AB* ( BC* + CD* - BD*)] (24) 

We shall only consider relayed effects of this t> pc i e , [ABCD], as the 
paths [ABCA], etc , have no rotatory power and the bight r terms sut h as 
[ABCDE] are assumed to be small compart'd with the tt rms of three relays 
Hence for the total rotatory power of the model it is only necessary to consider 
all the combinations of four partu It s in the model and take all the relay paths 
within each set by considering all the pt nnutations of these four 
We shall examine the rotatory power due to tho interaction within the four 
particles A, B, C, and D The rotatory contribution of any otht r path can be 
derived from the expression for [ABCD] by the ohuous niton hange of the 
letters, but the substitution must also be carried out in the triple scalar product 
represented by 6V the value of this is perfectly constant, but the sign is 
changed The triple scalar product for any path is found to have a value 
(— l) n bV where n is the number of inversions in the ordir of ABCD in the 
relay path 

The numenoal value of V actually depends upon which cnantiomorph ” is 
being considered and V will be considered as positive, thus making the whole 
analysis apply to a tetrahedral arrangement of the configuration shown m 
fig 5 It can be noted that the configuration is defined by stating that when 
looking at the other particles from A these appear in a clockwise order in the 
order BCD 


2 Y 2 
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The rale of signs for V is very suggestive of a simple method of expressing 
the sum of all these terms, since exactly the same rule of signs occurs m the 
expansion of a determinant It appears as if there are twenty-four permuta- 
tions to be considered, but owing to the symmetry of the expression, pairs of 
paths such as [ABCD] and [DCBA] give the same expression and there are 
only twelve different terms. Taking 2 ± to mean the sum of all the terms 



Fio 3 — Tetrahedra of the configuration which give# [AB AD CD] a positive value 

with the signs chosen correctly we will omit the constants and consider only 
the following factor of the expression (24), 

2 ± AB t (BC* - 2 AD* BC* + BC* (AB* + CD* - AC* - BD*) 

+2AC* BD*~ 2 AB* C'D*+ ( AB* CD*-f-AC* BD*-AC* CD*-AB* BD*)] 
= R-»2±CA® AD 5 DB* (BC* - 2AD* BC* ), (26) 

where 

JR* — AB 5 CD* AC* BD® AD* BC* 

Writing out the termB for some of the paths for 2 ± CA* AD* DB* BC 4 , 
the first term m the above expression, 

[ABCD] + [DCB A] = 2CA® DB* AD* BC* 

[A C B D] + [D B C A] = — 2BA® DC® AD* BC* 

[B A D C] -f [C D A B] = 2CA® DB* BC* AD* 

[BDAC] + [CADB] = -2BA» DC* BC* AD* 

By addition we get 2 (AD* BC* + BC® AD*) (AC® . BD* - AB® . CD*) 
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which is a minor of the following determinant, which in found to express all 
the terms of 2 ± CA® AD® DB® BC® 

2 2 2 
(AB® CD®+AB* CD®) (AD® BC*4-AD® BC®) (AC® BD®4-AC* BD») 
AB® CD® AD® BC® AC® BD® 

In future only the first columns of the determinants will be given as the 
succeeding columns can easily be constructed from these 4 Each of the other 
terms can be put into a corresponding determinant and the specific rotation 
due to the four particles A, B, C, and D is given by 


r -1 72900<n* ± 2] 

| ([x* + 5) R A R„R< Ri> T 

LJ .12 7t* X* MN* 

r 1 

1 1 

| AB 5 CD 4 + AB 4 CD® 

— 2| AB* CD* 4 AB* CD 7 

L AB* CD* 

| AB* CD* 



AB* 4- CD* 


1 

+ 

AB* CD* HAB* CD® 

- 

AB® CD* (- AB* CD® 


AB® CD® 


AB* CD®(AB 2 f CD* 



1 


AB* CD* 

+ 2 

1 

+ 

1 

-2 

AB® 4- CD® 


AB 7 CD 7 


AB® CD® 


AB®(AD* BC* + AC* BD*-AC* CB® - AD* DB*) 

4- CD® (AD* BC* AC* BD® — AC* AD*-CB* BD*) 


The interactions of the four particles A, B, C, and D cause a rotatory power of 
[«] and, if there are more than four particles m the model, the total rotatory 
power is obtained by summing all the contributions from all the combinations 
of four particles m a single model 

If there is a plane of symmetry in the tetrahedron ABCD, or for more than 
four particles if the model is symmetrical as a whole, it is apparent that the 
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rotatory power is zero Regarding a molecule as an atomic model we see that 
the same conditions seem to apply to natural rotatory power , active molecules 
are always dissymmetric from a chemical point of view, and it is obvious that 
the difference in the sizes of the various atoms w ill make the spatial arrange- 
ment dissymmetric 

In a liquid we have an almost random distribution of molecules, eaoh of 
which consists of a definite structure of atoms The ordinary refractivity 
data show the various parts of the molecule to be polarized by the electric 
field of a light wave , and, if we use, as an illummnnt, light of a wa\e-Iength 
considerably longer than X rays, whose wave-length is t omparable with atomic 
dimensions, we have a molecular system fulfilling the properties of the hypo- 
thetical model used above The conditions 5 7 were approximations made 
for the sake of simplicity in the mathematical treatment, but these will hold 
fairly accurately for a molecular system Formula (26) gives the rotatory 
power of a chemical compound m terms of the atomic refractivities and the 
internal dimensions of the molecule 

A definite approximation has been made when the particles arc considered 
as isotropic, and it is of spcual interest to examine this more closely since 
Kuhn* attributes the rotatory power to the anisotropy of radicals m the 
molecule In the present calculation it is not at all essential for tho particles 
to be isotropic in order that the molecule be optically active, but our knowledge 
of anisotropy is very vague, and so this is a very convement approximation 
If we are to connect optical rotatory power with known data, we shall have to 
neglect this variation m refractivity with direction In many simple mole- 
cules which are optically active there is no evidence of anisotropy, and since 
the anisotropy is not necessary for the existence of optical activity it can be 
classed as a secondary effect Hence it is probable that even in more complex 
compounds the rotatory power will be given fairly accurately by considering 
only the average refractive properties 

By formula (26), the rotatory power of any molecule could be calculated 
In a straightforward application of the formula to a given compound, each 
atom could be taken as a refractive centre The distances AB, etc , would be 
the distances between the centres of pairs of atoms. Formula (26) gives the 
contribution of a combination of four atoms to the total rotatory power, and 
all the contributions (t e , from every possible combination of four atoms) 
would have to be summed Unfortunately the complexity of the formula 
makes such a procedure impossible , even if the calculation were practicable, 
* ‘ Trans. Faraday Soo.,’ vol 22, p, 457 (1880) 
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there is no direct way of measuring all the interatomic dutances The formula 
u only fit for a practical use if it con be applied to a particular type of atomic 
structure so that (o) it bccolnes much simpler in form, and (6) the distances AB 
can be easily expressed in terms of some atomic property which is already 
known 

The paper following tins contains the account of the application of the 
formula to the simplest type of optically active molecule 
At the present stage wo have established that the magnitude of the optioal 
rotation as well as its sense is completely determined by the arrangement of 
refractive centres in the molecule The optical rotatory power is expressed 
in a precise formula which must bo applied to the various structural types of 
optically active compounds in order to obtain for them a practical theoretical 
formula 


Optical Rotatory Power LI — The. Calculation of the Rotatory 
Power of a Molecule containing Four Refractive Radicals at 
the Corners of an Irregular Tetrahedron 

By 8 F Boys, ABCS, B Sc , Beit Scientific Research Fellow, Imperial 
College of Science and Technology, ixindon 

(Communicated by H B Baker, F It S — Received November 6, 1933 — 
Revised February 23, 1934 ) 

It has been shown in the previous paper that, where there are four refractive 
centres arranged dissymmi trically in a molecule, there is a definite rotatory 
power depending on the dimensions of the molecule In the simple active 
molecule of four different radicals we seem to have been provided directly 
with four different refractive centres It is, however, necessary to examine 
if a chemical radical fulfils all the properties wlm h were assigned to the hypo- 
thetical particle m the general calculation , but, if this is true, we can substitute 
dimensions of such a molecule m the general formula to derive a simpler 
formula for the rotation 

If the radical is to have the same properties as the polarizable particle, it 
will have a definite refractivity for a fixed wave-length and its electric field 
in the polarized state must approximate to that of a dipole of equal value 
situated at its centre A chemical radical has a definite refractivity for a 
given frequency, but it is only if the radical is small and fairly compact that its 
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field in the polarized state may be taken as that of a dipole concentrated at a 
single point Consequently this paper will be limited to the calculation for 
molecules containing radicals of only a few atoms in length The refractive 
properties will be regarded as concentrated at the geometric centre of these 
small radicals 

When different radicals are attached to a common atom, the Thorpe-Ingold 
theory postulates that the positions of the radicals are largely controlled by 
their respective volumes This conception of atomic close-packing within 
the molecule has been found necessary to explain the physico-chemical pro- 
perties of many compounds , and more recently it has been directly confirmed 
by the X-ray diffraction and electron diffraction experiments of Debyo and 
Wierl* respectively and their collaborators , these investigators have measured 
the dimensions of the molecules C01 4 , CHC1„ and ClIjClj in the vapour state, 
and have shown the configuration to be determined by the sizes of the Cl and 
H atoms It appears that radicals linked to the same central atom are drawn 
into contact and that the valencies have little or no directing effect This is 
very convenient for the calculation of the shape of the tetrahedron of centres 
when four different radicals aro present since the radicals are small we can 
regard each as having a sphero of repulsion and the distance between any two 
centres will be the sum of the radu, t e , AB = {a b), etc 
We shall proceed to calculate the rotatory power of four refractive centres of 
value R a , Rbi Rl> and R D situated at the apices of a tetrahedron whose edges 
have the lengths ( a b), (b + e), etc This rotatory power is equal to that 

of an asymmetric molecule containing four different radicals which are 
fairly Bhort in length and have the values a, b, c, and d for their radu of repulsion 
The substitution AB = (o b), etc , m the determmants expresses the 
rotatory power completely in terms of the properties of the individual radicals 
It is apparent that the expression must contain the differences (a — b), etc., 
as factors, and probably the remaining factor will be a symmetrical function 
of almost constant value It is convenient to resolve the determinants into 
alternants of the following type — 

x Lj* L,“ Lj* where L x = AB CD 

y = L/ V L,» L, = BC AD 

z L]* L|* Lj* Lj = AC BD. 

The advantage of this process is that every alternant can be resolved mto the 

* ‘ Ann Rep*. Chem Soo vol 28, p. 385 (1931) 
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product of a symmetrical function and the simplest alternant , and this last 
factor is equal to the difference product 

0 = (L 1 -L i )(L i -L a )(L,-L 1 ) 

1 = - (« - 6) (o - c) (a - d) 

2 X(b-c)(b-d) 

X(c-d)--W (28) 


The tetrahedron which is being considered is of a special class, since 
AB + CD = BC + AD =AC + BD = o + M c + d = K, 


and this relation enables the determinants of (27) to be resolv* d into alternants 
m a fairly straightforward manner The general method is to separate the 
determinant so that symmetrical functions can be removed from a whole row 
leaving each element in terms of L v L t , and L 3 The resolution of the first 
and second determinants is « arried out as follows — 


(I) 

1 


1 

— K 

0 


AB 8 CD 4 -f- AB* CD 8 


w (AB + CD) 


4 


AB 8 CD 8 


V 


5 


(II) -2 

1 

— — 2 

1 


L 1 *(AB 8 + CD 8 ) 


L 1 *(K 8 -5K 8 L 1 + 5KL 1 ) 


In* 


W 


= — 2K 8 

0 

+ 10K* 

0 

- 10K 

0 


2 


3 


4 


5 


5 


5 


The resolution of the other determinants follows a similar course, though the 
last determinant is rather more complicated It is necessary to use the follow- 
ing symmetrical functions — 


p = 2 a, 
q = E ab, 
r — h abc, 
t = abod, 


K = AB + CD 

P=SLi 

Q=SL 1 L, 

H = L X L|L, 


(30) 
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These are related and we have 

K=J>, 

Q = ?* + jw — 4*, 


P = 2j 

R = pqr — r* — p» 


} 


(31) 


After complete resolution I is given by 


r -i2 o 

+ (10K a +5P) 

0 



3 

l 5 


5 


+ (2K*P - 16Q + 2P* + 8i) 


+ (10K*Q - 6K*P* + BPQ - 5R - 24K*«) 


+ 3R 


+ (3PR - 12K*R) 


Ell 


(32) 


All alternants can lie resolved into a product of the lowest alternant and 
a symmetrical function of the same variables Thus by the ordinary methods 
of manipulation of determinants we have the following identities — 


0 

= (P* — Q) (-W), 

0 

1 


2 

4 


4 

0 

« (P* — 2PQ + R) (- W), 

0 

1 


2 

5 


5 

0 

« (PQ* - QR - P*R) (- W), 

0 

3 


4 

5 


5 


= (PQ - R) (- W), 


- (P*Q — Q* — PR) (- W), 


= (Q* - 2PQR + R») (- W) 


( 33 ) 
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Substituting these m (21) 

I - 2KWVR-» (6K*P« - 24K*P*Q + 24K*P 3 « + 30K»P»R 
+ 12K*PQ* - 48KPQs - 12K*QR -f 24K*«R 
- 7P*Q + 9P 3 R + 2JP*Q* - 8P*Qs - 50PQR + 8P*R - 4Q» 

+ 8Q*s + 20R*) (34) 

At the present stage it would be quite possible to evaluate the speGifio 
rotatory powers of actual compounds, but the evaluation of the symmetrical 
function S, contained in the brackets, for each c ompound would be very labori- 
ous The value of S is not very sensitive to the differences of a, b, etc , and 
an approximation can be made by replac mg a, b, c, and d by the mean value 
(o + 6 -f- o + d)/4, i e , K/4 in the t ase of amyl alcohol this involves an 
error of 10% We can make a more ac t urate approximation by a substitution 
of the following symmetrical functions for those in (14) retaining K 

1 (3o _ 6 - c - <*)*/(« f 6 +■ c + d)* - S (4o - K)*/K» - A, 

2 (4« - K) 8 /K 8 = A, 

£ (4o - K) 4 /K 4 = A 4 (35) 

The result is a series such as 

S = AK“ (1 + A, A, + A s A, -1 A 4 A 4 + A„ A, 8 + A„A,A 3 ), 
where the first term AK 1 * is the first approximation, obtained when K/4 
is substituted for o, b, c, and d , and the higher terms are purely difference 
termB giving a more accurate value of S The value of A 4 and A,A 3 terms are 
very small and accordingly all higher terms will be neglected 
The substitution of A„ etc , in (34) is earned out by the identities 

16?/K* = 6- JA, 

64r/K» = 4 - A, + JA 3 

256s/K 4 = 1 — A. + J A, - JA 4 + JA,* 
and 

P/K* = i (1 — i’j A t ) 

Q/K 4 = A (1 - JA, + 4 ‘ 8 A 4 - A, 8 

R/K 8 = A (1 - JA, + A^ 4 + A A, 8 - , h A, 1 ) J 
These values have been substituted in each term of S and by addition of 
these expressions, while all terms higher than A, A, are neglected, we obtain 
S = K 18 16~ 8 (207 5 - 92 25 A, + 17 5 A, - 51 9 A 4 + 42 5 A, 8 

- 4 2 A, A,) (38) 
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This method of expression, which is valuable when the values of o, b, c, and 
d are very close together, can be extended further to V and R~ ®, both of which 
are symmetrical functions These can be obtained in similar senes and com- 
bined with S so that only one function need be evaluated We have by the 
binomial theorem 

It" 6 = K- 30 2+*> (1 f- 1 25 A, - 0 3125 A 4 + 1 015 A 2 * ) (39) 

The volume of a tetrahedron of edges (a + 6), etc , is derivod from the 
expression for the volume when the three angles at an apex arc X, [X, and v 
and the lengths of the edges meeting at this apex are x, y, and z 

Y = \xyz \/(l — cos* X — cos® |i — cos* v + 2 cos X cos p cos v) 

- -SaW) = JvW ~ »*) 

= K® (-y/2/96) (1 -0 375 A, + 0 333 A a - 0 375 A 4 + 0 117 A a ® 

+ 0 125 A a A a ) (40) 

Substituting values of S, V, and R' s in (34) 

, \V_ 2 207 5 V2 2®° 

K 14 16* 96 

X (1 + 0 430 A, + 0 418 A a - 0 938 A 4 + 0 480 A a * + 0 447 A,A,) 

(41) 

We could easily obtain the final rotation by use of this value, but by means 
of a small approximation the value of the senes can be tabulated We will 
substitute bvthe identity A* A a =-= * A 5 and make the approximation A a * = 4A 4 
This is true when Aa* = Ah* = Ac® = Ad®, but is just an approximation in 
the ordinary case 

Defining Aa = (4a — K)/K we can split the series m (41) into separate 
series in powers of A a, etc 

/(Aa) = 0 430 Aa* + 0 418 Aa® + 0 982 Aa 4 + 0 537 Aa® (42) 

The value of /(Aa) has been tabulated and is obtained from the value of 
4o/K by the use of Table I The values of /(Aft), etc , are obtained similarly 
from the corresponding values of 4h/K, etc The value of the senes is obtained 
by adding these quantities to unity 

I = CxWK"" (1 +/( Aa) +/( Ah) +/(Ac) + f (Ad)) = C X WK~« (1 + F) 

In an extreme case (e g , 4a/K = 16) the quantities A a, etc , might be in 
■uoh a relation that errors up to 10% would be introduced, but for actual 
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compounds the error involved in using the table instead of the exact equation 
(41) will be muoh less 

We are now m a position to put down the formula for the specific rotatory 
power of the classical optically active compound by putting I in equation (26) 


r _i _ C(n«+2)(|i»+6) K a RbR( Rn (1+F) (a-b) (a-c) ( a-d ) (b-c) (I b-d ) (c-d) 
L J X 2 M(a + b + c + d) u * 


(48) 


a is the refractive index of the medium m which the rotation is measured 


Table I 


4a/K 

/M«> 

4a/K 

}(Aa) 

4a /K 

/Ma) 

0 40 

O 160 

0 60 

0 062 

1 44 

0 166 

0 42 

0 139 

0 70 

0 034 

1 46 

0 187 

O 44 

0 120 

0 80 

0 016 

1 48 

0 211 

0 40 

o no 

0 90 

0 004 

1 60 

0 238 

0 48 

0 109 

1 00 

0 000 

1 62 

0 267 

0 60 

0 100 

1 10 

0 005 

1 64 

0 300 

O 62 

0 001 

1 20 

0 022 

1 60 

0 336 

0 64 

0 084 

1 30 

0 059 

1 68 

0 373 

0 66 

0 076 

1 40 

0 126 

1 60 

0 414 

0 68 

0 069 

1 42 

0 145 




Ra, etc , are the total refractivitios of each attached group, as given m the 
tables of Bruhl or Eisenlohr 

o, 6, c, and d are the effective radii of the groups in Angstrom units 
/ (Ao), etc , have not much effect on the numerical result and, after finding 
4 o/(a + b + c + d) are obtained from Table I 
X is the wave-length of light used. 

M is the molecular weight of the compound 
C is a constant 

72900 207 5 y/2 2 s0 2 
32 7T 2 10* 96N 3 

taking the value N = 6 06 X 10* and introducing 10® 4 in order that the 
lengths of the tetrahedron might be expressed m Angstrom units 
For light of D lines C/X* = 4 786 x 10® and for this wave-length this ib 
conveniently used as a constant 

[a] is the specific rotation for a molecule of suoh configuration that, when the 
group A is placed nearest to the observer, the groups B, C, D appear m clock- 
wise order This gives the interesting result that the actual spatial distribu- 
tion is known and it is no longer neoeesary to refer the spatial distribution of 
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most compounds to some reference compound Acoordtng to this analysis, 
we can say with absolute certainty that a dextro-eompound has the con- 
figuration such that, when the largest group is nearest to the hypothetical 
observer, the other groups in order of diminishing size appear m a clockwise 
rotation It may be noted that this result depends on taking the positive 
sign for the square root in the evaluation of V by equation (31) , this is essential 
as V was defined as £ [AB AD CD] which is positive for a tetrahedron of the 
configuration described above [a] was also taken as a rotation m the clock- 
wise direction of the plane of polarization as seen by the observer at the 
receiving end of the polanmeter , this is the accepted convention for terming 
compounds dextro, apart from such compounds as the sugars where the 
prefixes are used to denote the relation of the configuration to that of some 
reference compound The difference product has been put in the form 
(o — b) (a — c) (a — d) (b — c ) (6 — d) (c — d) so that this is found to be 
positive when a > b > o > d 

The final formula has now been derived and this gives the rotatory power of 
a compound containing four different radicals m terms of their properties, 
but only when the radicals are small If we have data giving the absolute 
magnitudes of 11 A , o, etc , we can calculate the rotatory power of some com- 
pounds of this type, such as C,H 6 CHOH CH 3 The evaluation of R A and a 
must be examined to see how these depend on the atoms m the radical 

The refiractivity of a radical is obtained directly by the addition of the atomio 
refractmties of its constituents, but the effect of the central atom must also be 
considered The valency electrons of this atom will act almost as part of the 
attached radicals and move with these to take up a dissymmetric distribution 
If the central atom is small, as in carbon, since most of its refiractivity is due 
to these electrons we can regard it as completely shared by the larger radicals, 
and we shall correct the refractivities of the radicals by adding one-quarter 
of that of the centred atom. 

The quemtities a, etc , were termed the radn of repulsion of the radicals, 
but rather than representing any exact physical quantity they must be regarded 
more as parameters used to express the shape of the molecule The radical 
is usually more complex than a single atom In a smgle atom we might have 
regarded the radical as having a radius which could not be penetrated equal to 
that of the orbit of the outer electrons In several atoms joined together 
our knowledge of the repulsion effects is very vague and the simplest assumption 
is that the total volume guarded from penetration is equal to the sum of the 
atomic volumes. The atomio radn are obtained by find mg the distanoe 
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between atomic nuclei in diatomic molecules, and taking the total distance as 
the sum of the radu of the two atoms concerned It will be noted that the 
radius here has very much the same meaning as that in which we have employed 
it in the above treatment The measurements of the molecular dimensions 
are mainly from rotation spectra, and have been confirmed by X-ray and 
electron diffraction of vapours The atoms are considered as spheres to obtain 
their volumes and then the radical assumed spherical to deduce the radius from 
the total volume The radical radius is thus the cube root of tin sum of the 
cubes of the atomic radii As with the rcfractivity we shall correct for the 
effect of the oentral atom by adding one-quarter of its volume , this should 
give the approximate effect since the volume of the central atom will prevent 
the radicals approaching when they arc small, but will have little effect when 
the radicals are large 

We can represent the method of ( ulculating R and a by 

R x =r 2 a R + R (c)/4 and a = (S x ’ r* + r (c) 8 /4), 

where R (o) and r (c) are rcfractivity and radius of the central atom 

In the following calculation the refractivities for the D lines according to 
Eisenlohr are taken from Landolt-Borustem ‘Tabellen,’ 1923 edition The 
atomic radu H 0 37 A , C 0 77 A , 0 70 A , and N 0 72 A. are taken from 
‘ Ann Reps Chem Soo ,’ vol 28, p 402 (1931), Table II, data from various 
sources, chiefly rotational spectra Iu accordance with the suggestion m the 
Report, the radu for 0 and N have been corrected on the assumption that 
double and triple bonds cause 14% and 23% shortenings in length since the 
radu are taken from the molecules 0, and N s 'The properties of the radicals 
CgH B , CHj, OH, and H have been found and substituted m formula (43) to 
obtain the rotatory power of sec butyl alcohol, and the other calculations 
performed m a similar manner The values of the refractive indices have 
been taken from Landolt-Bomstcm ‘ Tabellen ’ 

The experimental data are from sources commonly quoted for these com- 
pounds 

The concordance between the experimental and calculated values is better 
than the accuracy of the original data and the method of calculation warrants 
This close agreement must be fortuitous, and the points of mam importance 
are that the rotations forecasted are of the correct order and that the ratios 
of the values in the four compounds considered are very much the same in 
both the theoretical and experimental series The four compounds chosen are 
the simplest active compounds, but they give a valuable proof that formula 
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(43) will apply for the calculation of the rotation of compounds m which we 
can regard the radicals as approximately spherical This is the first time that 
the absolute magnitudes of the rotatory powers of actual compounds have 
been calculated from data entirely independent of optical activity measure- 
ments 

Table II —Specific Rotatory Powers [a) D 



Calculated 

Experimental. 

Observer 

Amylamino 

3 6 

0 86 

Marc lew aid, 1 Ber deuts chem Gea 

Amyl alcohol 

4 0 

5 90 

vol 37, p 1045(1904) 

Marckwald and MoKencie, tbtd , voL 



34, p 490(1901) 

Sea butylamine 

7 4 

7 44 

Thom«, ibid , vol. 36. p 586 (1903) 
Pickard and Kenyon, ‘ J Chem Soc , 

Sec butyl alcohol 

9 3 

13 9 



vol 99, p 45(1911) 


While we have employed formula (43) to forecast the absolute rotations 
from atomic data it is not in thiH direction that it will be most useful The 
method of obtaining the radical radii from atomic radii, uncertain quantities 
m themselves, precludes the application to more complex compounds , but 
having established formula (43) it is possible for us to use it to obtain relative 
rotations It seems to me that in the parachor we have a reliable method of 
obtaining an estimation of radical radius , the more so because this will 
already mclude anv special repulsion effects To use the cube root of the 
parachor for quantitative predictions it would be necessary to obtain an 
empirical constant for the formula, but the idea may be useful for the qualitative 
study of the variations of rotation by substitution 
In a large radical it appears that only tho portion adjacent to the asymmetric 
centre will enter into the rotatory power interactions, and the only effeot of 
those portions of the radical far removed from the asymmetric centre will be 
to repel the adjacent radicals slightly , thus substitution at the far end of a 
chain will only alter the rotatory power to the extent that it alters the con- 
figuration around the centre Substitution of a group with a large parachor 
should increase the effective radios of the group which it enters, and, if the 
relative sues of the groups are known previously, it should be possible to 
forecast the direction of the change in rotation The effect will be much 
greater if the substitution is near the asymmetric centre 
An examination of the parachors, especially of those portions near the 
asymmetric centre, should provide a means of estimating the absolute con- 
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figuration of any enantiomorph from the sense of its rotatory power This can 
only be done with certainty when interactions of the solvent with the molecule 
or association are known to be absent, but, when a reliable estimation can be 
made, this should be of vital importance m the study of Walden Inversion 
reactions 

In formula (43) we have the connecting link between rotation and chemical 
structure Although the formula is only applicable m a quantitative manner 
to the extent that the molecule approximates to four spherical groups, it 
demonstrates clearly what variations m rotation are to be expected for known 
changes in the atomic structure 

Rotatory Potcer, Rotatory Dispersion , and Molecular Structure 

It is definitely established that, if a compound containing four groups 
attached to a central atom exhibits optical activity, all these groups must be 
different chemically Since the very existence of a rotation depends on the 
differences of these groups, it appears that the magnitude of this rotation 
must depend on the difference of some specific property A of the groups, 
and that there must be a factor of the type (A — B) (A — C) (A - D) (B — C) 
(B — D) (C — D) in any theoretical expression for the optical rotation This 
logical deduction was made independently by Crum Brown* and Guye.f but 
these investigators had no definite idea of the mechanisms involved m the 
actual twisting of the plane of polarization Crum Brown also showed that, 
if one group could be changed in small increments so that the magnitude of this 
property m it approached the magnitude of this property in another group, 
the rotation would decrease to zero and then change sign as the first group 
surpassed the fixed group 

It has been established m this paper that the rotatory power is given by 
a formula of the predicted kind, in which the effective radius is the property 
occurring in the continued difference product If one group can be changed 
while the compound retains the same configuration, the sign of the rotation 
should change when the effective radius is increased above that of the next 
largest group This has been shown experimentally if we can assume the 
effective radius of an aliphatic chain to increase with its length, KuhnJ has 
observed that m the senes of compounds Rj R, CHOH, if these are prepared 
in a manner such that the configuration is definite, then the sign of the rotation 

* 1 Proa Roy Soc , EdW vol 17, p 181 (1890). 
t * a R. Acsd. Sot, Puis,* voL 110, p. 714 (1890) 
j ' Tran*. Fsrsdsy Soc ,’ to] 22, p. 457 (1920) 


VOL. OXLIV. — A. 


2 z 



686 S. F. Boys. 

is constant if Rj > R, Again in active amyl derivatives we find that — OH 
and — NH, are the only radicals which have less atomic volumes than the 
— CH S group , all other radicals cause the — CH,X group to be larger than the 
adjacent — CH t CH s group Thus amyl alcohol and amylamine should have 
the opposite sense of rotation to all other compounds prepared by substituting 
for — OH m amyl alcohol , and this is entirely fulfilled experimentally 
It is interesting to note that we can ascertain the absolute configuration 
of the ordinary amyl alcohol, which is Isevorotatory This is given in fig 1, 
when the CH t OH group is placed nearest to the observer the other groups 
taken in clockwise order are CjH,, CH„ and H 



Fro 1 — Absolute configuration of Uerorotstory amyl alcohol. For umpUoity the radicals 
have been represented as spheres. 


An examination of formula (43) shows that it divides quite naturally into 
three factors which seem almost independent, and the variations of the 
rotatory power under different conditions are easily classified by considering 
the changes in these three factors (p* + 2) (p* + 6) dependent solely on 
the medium; RaRbRcRdA® dependent on the refractmties and the wave* 
length, and 

(1 + F) (o - b) (a - c)(a~ d) (b -c)(b- d) (c - d)/(a + b±c + d)« 

totally dependent on the spatial arrangement 
The first factor (p* -f 2) (p* + 5) is more a property of the medium than 
of the active compound. In aoourate work this factor should be corrected 
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for in order to obtain comparative results when working in different solvents and 
with different wave-lengths , but as a general rule the variations m the rotatory 
power brought about by this factor are very small 
The second factor determines the variation in rotation with changing wave- 
lengths of light In this examination the first factor will be neglected, or 
can be regarded as corrected for by suitable measurements on the refractive 
index of the medium at different wave-lengths For many compounds there 
are regions in which R A , etc , arc almost indifferent to changes m wave-length , 
in these regions the rotatory dispersion is given by Biot’8 inverse square law 
For other regions, since the refractivitics R A , etc , can be determined from 
ordinary refractive data, it is possible to predict exactly the rotatory dispersion 
However, it is interesting to find the general form of the rotatory dispersion 
curve, which can be obtained since the general equation for refractive dispersion 
is known For the sake of simplicity, the term corresponding to a dissipation 
of energy by absorption will be omitted and hence the resultmg rotatory dis- 
persion equation will only apply for wave-lengths ontside absorption bands 
The extra terms can be introduced if desired 

According to the Drude treatment of refractivity as modified by Lorentz 
the refractivity of any group is obtained by summing for the motion of all its 
electrons. 


3R 


3_(w* — 1) _ 3 (K — 1) I s 
m* + 2 K + 2 


v, e, X, 4 
m. (X* — X,*) 


The first term represents the refractivity for infinitely long waves and the 
second the sum of the effects of absorption bands situated at X„ etc For 
regions not very near an absorption band only the first term is large, and, as it 
is not very probable that two absorption bands in different groups will be at 
the same wave-length, we may evaluate RiR»R< Ru/X 3 neglecting portions 
which contain products of absorption terms 

and 

W "?[ K " + x i ^V + x^x? ] <M) 

Only one absorption band has been written for each group, but it is obvious 
that, if there are more than one, all these must be included The last equation 
is the moat general form of the rotatory dispersion equation, where X u X a , 
etc , are the wave-lengths at which there are absorption bands m the separate 
group* adjacent to the asymmetric centre 


2x2 
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The form of equation which is generally used for expressing experiments 
results is that deduced by Drude on his hypothesis of spiral movements of 
electrons, and this equation has been well established by Lowry and his co- 
workers Though the Drude form does not appear the same as the above 
equation, these can be directly transformed into each other. Taking the two 
terms which LowTy finds sufficient to represent the behaviour of most compounds 
we have 


M = 


K, 


X*- Xj a ^ X s - X , 8 


— -^( K i + Kt) + 


- * lgL. 
X 1 - Xi* 


f 


x»-xj 


Since X^K, and X^K, are constants, this last equation has the Bame form as 
(44) The formula for the rotatory dispersion obtained on the assumption 
that the rotatory power of the molecule is due to the electric interactions of 
the induced electric doublets is just the same as that used in experiment and 
derived from other hypotheses , but it has the advantage that the significance 
of the constants are known exactly and their values can be derived independently 
from other sources 

The Drude formula for the rotatory dispersion resolves the rotatory power 
into the sum of several terms, each of which appears to be the contribution of 
a separate group of electrons giving one or more definite absorption bands 
Occasionally a smgle term gives a very large contribution and it would appear 
that the electrons have a very dissymmetric structure For camphor the 
rotatory power in the ultra-violet region is dependent largely on a term 
K/(X* — X,*) where X, is the absorption wave-length of the ketone CO group , 
but it seemB impossible for a symmetrical group such as the ketone group to 
have a dissymmetric structure In order to meet this difficulty Lowry and 
Walker* formulated the interesting hypothesis that some influence could 
emanate from the asymmetric centre and induce asymmetry in adjacent 
groups such as the CO group However, m this analysis we do not regard 
the rotatory power as due to asymmetry concentrated m various centres, and 
this phenomenon should be completely explained according to the factor 
KaRbRiAd/X 1 

Considering the region just outside the absorption band we see that Rco, 
the refractivity of the ketone group, will vary very rapidly with X. This 
variation will be so great that, in comparison, we can regard (R a RbRc) as 


* ‘ Nature,’ rol. 113, p 566 (1034). 
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practically constant The ketone group is considered &b the fourth refractive 
centre D and the remaining factor R co /X* is expressed by K/(X* — X*co) 
according to the ordinary theory of refractive dispersion Xoo is tho absorption 
wave-length of the ketone group and so the variation of the whole rotatory 
power is given by a single Drude term dependent on this wave-length This 
is just the experimental result and there is no necessity for any further assump- 
tions 

In the last factor 

(1 + F) (a — 6) (a - c) (a - d) (6 - c) (6 - d ) (c - d)/(a |- b + c + d) u 

we have an expression which is characteristic of a formula for optical activity 
The exact predictions and applications of this have already been discussed, 
but it is noteworthy that since this factor has a very differential nature most 
of the variation of activity from compound to compound ib given by this 
factor The variations of R A , etc , in different compounds are small and we 
may regard the spatial configuration as altogether the most important property 
m the determination of the rotatory power 

The quantities a, b, c, and d were only given a meaning according to the 
Thorpe-Ingold theory of valency deflexion Since the numerical calculations 
for the simple compounds sec-butyl alcohol, etc , agree with the experimental 
data, this constitutes another point of evidence m favour of the Thorpe-Ingold 
theory 

Hitherto we have ignored the occurrence of permanent dipoles m certain 
molecules A permanent dipole will not interfere with the electric inter- 
actions causing the rotatory power, but it may have a definite effect on the 
configuration A polar group may tend either to attract or repel the adjacent 
groups according to their nature We can sec the influence of a polar group 
most clearly if we consider it at such a distance that its volume does not affect 
tho configuration A dipole at the end of a long chain may still have an 
appreciable deforming influence on the portions around the asymmetric 
oentre , the effect may be transmitted either as an electric field acting through 
space or as a polarization along the atoms linking with the centre We should 
expect the rotatory power to vary with the size of the dipole Rule* and 
his collaborators have studied several senes of compounds with the dipoles 
at a distance from the centre, and it is probable that the alteration of con- 
figuration around the asymmetric centre explains the systematic variation in 
rotatory power which has been found. 

• Rule and Smith, * J. Cbem. Sec.,’ vel. 117, p, 2188 (1825). 
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In the experimental study of the dependence of the optical activity on 
chemical constitution, one of the great difficulties has been the sensitivity of 
the rotation of many compounds to changes in solvent and temperature The 
present analysis seems to provide a logical basis by which one can understand 
and correlate these variations with other properties of the compounds and of 
the solvents The optically active compounds will fall roughly into three 
classes according to their atomic structure and these will give more or less 
distinct behaviours on variation of the physical conditions 

When we consider a molecule with little or no polar groups and no groups 
which have a tendency to co-ordinate with any other group, even if this is 
dissolved in a strongly polar solvent, it cannot be appreciably deformed by 
the internal electric fields The refractivities will be affected much less, and 
the only vanation will be due to the factor (ji* •+- 2) ([t* -f 5) Thus, for 
changes from one solvent to another and for changes of concentration while 
in one solvent, the specific rotation should vary as (p* -f 2) (pi* + 5) where p 
is the refractive index of the solution under exactly the same conditions as 
in the measurement of the rotation 

In a molecule containing a dipole we should expect this, by virtue of its local 
electric field, to exert a deforming influence in the molecule The electric 
field will be partially transmitted through the space external to the molecule 
and its magnitude will be very dependent, on the presence or absence of other 
polar molecules which will determine a mean dielectric constant of the external 
space Thus m changing from solvent to solvent probably the vanation of 
the specific rotation with (|i* -f 2) (p* + 5) will be entirely masked by varia- 
tions dependent on the dielectric constant Thus for inert polar molecules 
the vanation of the specific rotation should give exactly the same serial order 
as arranging the solvents in order of their dielectnc constants. In this and 
the preceding cases the change of medium will not alter the chemical nature 
of any of the groups, and we should not expect any change m the form of 
the rotatory dispersion curves 

In the molecule which contains a group whioh can co-ordinate with other 
molecules, whether of the same or a different kmd, the system is very com- 
plicated In solution, or even m the pure state when the compound associates, 
the system will be an equihbnum consisting, as regards optical activity, of 
entirely different molecules The group that co-ordinates will have its 
effective radius very much increased by junction with another whole molecule 
and the magnitude and sign of the rotation may be altogether altered. The 
direction of this change may be predicted if we know from chemical evidence 
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which group it is that co-ordinates However, in the loose linking with another 
molecule the chemical structure of the group mav be so altered that the 
refractivity and refractive dispersion are changed Whereas all other types 
of compound retain the same rotatory dispersion curve even if the magnitude 
of the rotation is changed by concentration or solvent, this type of molecule 
which co-ordinates with another molecule may have both the rotation and 
rotatory dispersion entirely altered 

There is no direct effect of the temperature apparent in the general case and 
the variations due to temperature are due to variations in the properties of 
the medium, e g , refractive index, dielcctrw constant, and equilibrium in 
association From the theoretical viewpoint the tnnperature and solvent 
action can be classified according to nature of the compound (1) The oom 
pound is inert and the rotation depends on the refractive index of the medium 
while the rotatory dispersion is constant (2) The compound is polar, but 
inert, and the rotation depends chiefly on the dielectric constant while the 
rotatory dispersion is constant (3) The componnd is active chemically, 
tending to co-ordinate, and both rotation and rotatory dispersion vary with 
temperature and concentration 

With regard to the relation of chemical constitution to rotatory power, 
rotatory dispersion, and solvent and temperature effects, the theoretical 
predictions seem to provide a clear understanding of the actions which he 
behind these phenomena 

In conclusion, it may be emphasized that, since the direct calculation of 
the polarizations in the various refractive centres of the active molecule 
predicts rotations of the observed magnitudes, there is no necessity for any 
special molecular structure to be assumed as an explanation of optical activity 
Indeed, since the actions which are the origin of the rotatory power are so 
well established by the electronic theory of dispersion, it appeared that this 
analysis could not be called an hypothesis, but could only be corre< tly named a 
calculation of optical activity 

I wish to thank the Rector of the Imperial College, H T Tizard, C B , 
F R 8 , and Professor 8 Chapman, F R S , for helpful suggestions m the 
presentation of these papers, and also Professor H B Baker, CBS, LL D , 
F R.8., for his encouragement and constant interest during the course of this 
work 
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Summary 

(1) The optical rotatory power of an asymmetric atom attached to four 
small radicals has been calculated and is expressed in a practical formula 
The rotatipn is dependent on the refractivities and the sizes of the radicals 

(2) The formula has been confirmed by the calculation of the rotatory powers 
of amyl alcohol, amylamine, scc-butyl alcohol, and sec-butylanune 

(3) The conclusions drawn from this calculation with regard to optical 
activity and chemical substitution and optical activity and physical con- 
ditions agree with the characteristic behaviour of optically active compounds 

(4) An exact formula connecting the rotatory dispersion of the compound 
with the refractive dispersion of the radicals has been obtained 


Transmutation Effects Observed with Heavy Hydrogen 

By M L E Oliphant, Ph D (Messel Research Fellow of the Royal Society), 
P Harteck, Ph D , and Lord Rutherford, 0 M , F R S 
(Received April 14, 1934 ) 

[Plats lfl ] 

In our paper “ Transmutation of Elements by Protons,”* we showed that 
the transformation of some of the light elements by protons could be con- 
veniently studied by the use of comparatively low voltages — of the order of 
100,000 volts — by generating an intense narrow beam of protons which fell on 
the target of small area of about 1 sq cm In the light of experience of the 
past year, the installation has been modified in several particulars and entirely 
reconstructed By the addition of another 100,000-volt transformer in tandem 
and the use of appropriate condensers the DC voltage available has been 
raised from 200,000 to 400,000 volts The main change, however, consists 
m the use of a horizontal instead of a vertical discharge tube In place of 
glass, a corrugated porcelain wall bushing capable of withstanding high 
voltages has been used to insulate the positive electrode, while the earthed 
metal casing forming the negative electrode projects through a brick wall The 
arrangement of the internal electrodes is, in general, similar to that used m the 


• ‘ Proc. Roy. Soc.,’ A, voJ. 141, p. 209 (1933). 
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earlier apparatus The oil cooling circulation has been improved as the elec- 
trodes cannot now be cooled by radiation alone As before a magnetic field 
ib applied to sort out the various types of ions generated in the discharge tube 
The use of the horizontal tube has many advantages, not only for assembling 
the controls at convenient points but also in the ease of handling the counting 
apparatus and absorbing screens 

The new installation has worked smoothly and satisfactorily and we have 
been able to increase the number of disintegration particles available for study 
by a factor of 10 to 50 The thick brick wall acts as a complete screen for the 
X-radiation generated in the system 

In our last paper* we gave hu account of the transformations produced m 
lithium by the ions of heavy hydrogen The heavy water used for this purpose 
was generously presented to us by Professor Q N Lewis For our present 
experiments wo have depended on a supply of concentrated heavy water 
prepared in the Cavendish Laboratory by Dr P Harteck f For preliminary 
requirements a weak concentration of diplogenj of about 12% was generally 
used Stronger concentrations up to 30% mixture with helming were necessary 
in order to study the emission of neutrons and protons The action of diplons 
on diplons was studied by observation of the effects produced when diplons 
were used to bombard targets covered with a thm layer of a preparation con- 
taining heavy hydrogen These were ammonium chloride, ammonium sulphate, 
and orthophosphonc acid in which the normal hydrogen had been largely 
replaced by diplogen The method of preparation was very simple A small 
quantity of the normal ammonium salt or the phosphoric pentoxide was 
added to an excess of heavy water An equilibrium was at once established 
between the concentration of hydrogen and of diplogen m the compound and 
in the water, || and if a drop of the solution was placed upon a warm iron target 
and allowed to evaporate a stable but non uniform layer of a salt containing 
diplogen was left behind The ND 4 01 was also deposited upon the target in 
the form of a very thm and a uniform layer by means of sublimation, but this 
very property renders the target unstable and liable to disappear rapidly 

* ‘ Proo Roy 800 A, vol 141, p. 722 (1933) 

t ‘ Proo Phys Soc Lond.,’ voL 46, p 277 (1934) 

t In a discussion on Heavy Hydrogen before the Royal Society on December 14, 1933 
(see ‘ Nature,’ p 90S (1933) ), the names diplogen (W) for the new isotope of hydrogen and 
diplon for its nucleus seemed to find favour Also ‘ Proc Roy Soc ,’ A, vol 144, p 1 
(1934) 

I Of Oiiphant, Kinsey, and Rutherford, ‘Proc Roy Soc,’ A, vol 141, p 722 (1933) 

|| Lewis, ‘ Proc Amer Chem 800 ,’ voi 60, p 3002 (1933) 
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under bombardment The phosphoric acid resumed as a liquid film over the 
surface of the target Exceedingly small quantities of the substances are 
required 

The Action of Dtplotu on Ihplons 

The Emission of Charged Patitdes—The most interesting and important 
reaction which we have observed is that of heavy hydrogen on heavy hydrogen 
itself Experiment has shown* that diplogen is not appreciably affected by 
bombardment with a-particles from polonium, and we have been unable to 
detect any specific action of protons on diplogen for energies up to 300,000 
e-volts We were therefore surprised to find that on bombarding heavy 
hydrogen with diplons an enormous effect was produced Fig 4, Plate lb, 
showB a reproduction of portion of an oscillograph record obtained in our first 
experiment We assumed at first that this was an effect due to radiation 
passing through the counting chamber as previous experiments had shown that 
X-ray s could produce just the result observed, but subsequent observation at 
much lower bombarding jwtentials showed that we were dealing in reality 
with a veiy large emission of protons Examples of an oscillograph record 
obtained under these conditions are given in figs 5 and 6, Plate 1 6 The original 
observations were made on ND 4 C1, bnt in order to establish that the effects 
observed came from the action of D on D and not from the nitrogen or chlorine, 
we bombarded targets of (ND 4 )|S0 4 and of D 4 P0 4 The absorption curves 
obtained for the three substances are given in fig 1 The shape of these curves 
is due to the fact that protons gave too small a deflection in the oscillograph 
to be easily counted except over the last five centimetres of their path 
It is evident from fig 1 that there are present in each case two very prominent 
groups of particles of ranges 14 3 and 1 6 cm. respectively Careful counting 
of the records established that the numbers of these particles were identical 
within the errors of measurement The maximum sire of the deflections pro- 
duced on the oscillograph record by the particles m each group indicated that 
they both consisted of singly charged particles On these data it is natural 
to assume that the particles are emitted in pairs opposite one another, and 
that the difference in range arises from a difference in mass, and hence of the 
velocity and energy The simplest reaction which we can assume is 

iD* + jD* -*■ jHe 4 -* jH 1 + jH* f (1) 

* Rutherford and Kempton, ‘ Proc, Roy Soo ,’ A, vol 143, p. 724 (1934) 
t It has been decided to put the symbol for the nuclear charge to the kit and below 
the symbol for the element 
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While from the point of view of both experiment and theory, we have no 
information of the details of the nuclear changes involved and can only study 
the final result, yet it is often useful and may even be more correct to assume 
that the first step in the prooess is the capture of the bombarding particle to 
form a new and heavier nucleus If this proves unstable, it then breaks up, 
possibly in a variety of ways The recent discovery by M and Mme Cune- 
Joliot,* and by Cockcroft and Walton, t that a type of radioactive nucleus is 



Fra 1 —<i) ND.C1 , (ii) (NDJ.SO, , (in) D,P0 4 

formed by the capture of an a- particle, diplon, or proton lends support to this 
point of view The time of transformation may vary over very wide limits 
and may sometimes be so short that the process cannot be experimentally 
followed In the case which we are considering we are inclined to interpret 
the observations in the following way The initial prooess is the union of two 
diplons to form a new nucleus of charge 2 and mass 4, » e , a helium nucleus 

* ‘ a R. Ac*d Scl Paris,’ rol 196, p. 2M (1984). 
t ‘ Nature,’ vol 183, p 828 (1934). 
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If we neglect the energy of the bombarding particle and assume the mass of D 
to be that given by Bainbndge,* the mass of this helium atom must be 4 0272, 
and it therefore possesses an excess energy over the normal helium atom, of 
mass 4 0022, of about 23 million volts This atom is unstable and may lose 
its energy in a variety of ways, some of which are considered later We are 
considering here the breaking up of the helium nuoleus into a proton and a 
hydrogen isotope of mass 3 The transformation follows so rapidly after the 
capture that no evidence of the existence of the excited helium nucleus has 
so far been obtained 

The mass and energy relations on the right-hand side of equation (1) can 
be obtained in the following way The 1 U 1 particle possesses an energy of 
3 0 X 10® e-volts, corresponding to protons of the observed range of 14 3 cm 
Then, from momentum considerations, the energy of the X H* particle whioh is 
emitted m the opposite direction will be 1 0 X 10* e-volts, » e , the total energy 
of the two particles will be 4 0 X 10* e-volts, corresponding to a mass-change 
of 0 0043 units Hence the mass of the jH 3 atom will be 

4 0272 - (1 0078 + 0 0043), 

t e , 3 0161 The ionisation produced by the jH* partiole will be at every 
point of its path identical with that produced by a proton possessing the same 
velocity However, owing to its greater momentum the X H* partiole will 
travel three times as far as the proton for a given reduction of velocity Conse- 
quently it will have three times the range of a proton of the same initial speed 
The initial velocity of the jH 3 , corresponding to an energy of 10* e-volts, is 
8 X 10* cm /sec The range of a proton with this velocity is 5 8 mm according 
to data given to us by Feather Hence the range of the iH* particle should be 
3 x 5 8 = 1 74 cm Considering the nature of the data available and the 
difficulties of determining the range of the short 1 6 cm group accurately, we 
feel that this agreement is very satisfactory 

Additional evidence of the truth of our assumption is afforded by observa- 
tion of the way in which the ionization, as measured from the magnitude of the 
oscillograph deflections, vanes near the end of the range of the particles In 
fig 2 we have plotted the number of deflections above a given size against the 
absorption in the path of the particles, using a chamber 3 mm. deep It is 
seen that thel4 cm. group shows a very sharp peak which occurs about 2 cm 
short of the end of the range The 1 6 cm. group, on the other hand, runs 
rapidly to what appears to be a much broader maximum This is just what 

• • Phys. Bev rol 44, p. M (1983). 
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would be expected from a particle of greater mass, the velocity of which vanes 
less rapidly with the length of path m the material than the proton 
Still further confirmation of the truth of this mode of transformation would 
be provided if it could be shown that the rH 1 and X H* particles recoil in opposite 
directions This point has been carefully examined by Dee using the Wilson 
expansion chamber method, and in a recent letter to ‘ Nature ’* he concludes 
that there is no doubt of its correctness 

It seems clear that the production of this isotope of hydrogen of mass 3 
in these reactions is established beyond doubt The mass of the t H* atom is 
consistent with its possessing a stability of the same order as jH* The possible 
existence of this isotope has been discussed by several writers and although a 



careful search has been made no evidence of its presence has been found It 
seems probable, however, that it could be formed by the process we have 
considered in sufficient quantity to be detected ultimately by spectroscopic 
or positive-ray methods. 

Voltage VaruUton and Absolute Yield —The variation with energy of the bom- 
barding diplons, of the emission of 14 3 cm protons, has been measured over a 
limriarf range of voltage The yield is so great that the number of particles 
entering the chamber soon became inconveniently large, and also we found 
that at high bombarding energies the heavy hydrogen compound is rapidly 
removed from the target Fig 3 gives the curve obtained with (ND 4 ),SO« 
It is evident that particles are detected at energies as low as 20,000 volts 

* * Nature,’ voh 133, p. 564, April 14th (1934) 
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and that the number increases rapidly with increase of accelerating potential * 
The nearly linear rise beyond 100,000 volts is probably due to the fact that, for 
potentials greater than this, the chanoe of disintegration in a collision is 
nearly constant, and the number of transformations therefore increases pro- 
portionally with the penetration of the bombarding particle into the target 
material 



Aerrlmting potrntidl in Kv 

Fw 3 -—^^1)4)1804* 12 cm absorber 

Prom the solid angle subtended by the window, and the known composition 
of the target, we estimate that at 100,000 volts the absolute yield of dis- 
integrations for collisions between D and D is of the order of magnitude of 
1 m 10* This is a far greater yield than that obtained for any other dis- 
integration process, even at much higher potentials Simple calculation 
■hows that even a monomolecular layer of diplogen under the conditions of oar 
* It should be emphasised that the energy available in a oolllaion between two particle* 
of equal maw is only half energy of the bombarding particle, dnoe h a lf the kinetic 
energy 1a retained by the composite nucleus formed by capture. 
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experiment would give a large effect Consequently every substance we have 
bombarded with diplons begins, after a short tune, to Bhow effects which are 
clearly due to traces of diplogen absorbed by or driven into the target We 
have also observed that when a compound containing hydrogen, such as 
ammonium sulphate or lithium hydroxide, is bombarded with a strong beam of 
diplons, the hydrogen m the compound is gradually replaced in part by 
diplogen After some tune such compounds begin to behave as diplogen 
targets of appreciable concentration, and great care must be exercised to 
separate these effects from any others which are under investigation This 
deposition of diplogen from the beam itself, while easily distinguished by the 
appearance of protons of characteristic range, is much more difficult to allow 
for when observations are made on the neutron emission of elements For 
example, it is difficult to disentangle the emission of neutrons characteristic of 
lithium and beryllium from the spurious effect due to contamination by diplogen 

The Emxeeum of Neutrons —We have pointed out that the appearance of the 
oscillograph records obtained in our initial experiments on the effects produced 
on bombarding diplogen with diplogen were suggestive of the presence of a 
strong radiation The unstable form of He of mass 4 00272, formed by the 
union of two diplons, might be able to revert to the normal form of He of mass 
4 0022 by losing the additional mass as energy of a gamma ray or rays of 
23 X 10* e-volts energy Accordingly we searched for such a radiation with a 
Geiger- MUlIer counter It was at once evident that there was present a 
very intense radiation capable of producing an undiminished effect on the 
counter through 20 cm. of lead, As a check on this u search was made for recoil 
nuclei with the linear counter, and it was found that neutrons are emitted in 
numbers comparable with the number of 14 cm protons It is known that 
the Geiger counter is affected by neutrons both by the recoil nuclei produced 
in the counter itself, and also through the action of secondary radiations* 
produced when neutrons pass through matter Under these conditions it is 
impossible for us to decide, on the basis of our experiments, whether a gamma 
ray of high energy is present In order to establish the existence of such a 
radiation it will be necessary to search for high speed photo-electrons, either 
with the expansion chamber or with a system of coincidence counters 

We have endeavoured to determine the properties of the neutrons by various 
methods The absorption in lead has been measured with the linear counter 

* Qf. Lea, 'Nature,’ vol 1S3, p 24 (1934) Experiments on theee points have been 
made with the assistance of Mr Weetoott, who provided the oounters, and details will be 
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by observation of the number of recoil looks produced with or without an 
absorbing screen of 5-5 cm of lead between the chamber and the target. The 
average of three measurements showed that the number of looks was reduced 
by 44%, corresponding to a radius of cross-section for a collision between a 
neutron and a lead nucleus of 8 4 X 10"“ cm. This is to be oompared with 
the value found by Chadwick for the neutrons from beryllium bombarded 
by polonium a-partides, t«., 7 x 10~ u cm* Chadwick states that the 
croes-section does not appear to change rapidly with the energy of the 
neutron except when the energy is very low, so that the result tells us 
nothing except that the neutrons appear to behave m very much the same way 
as the neutrons from beryllium, which we know to possess a large range of 
energies. 

It is possible to obtain an approximate value for the maximum energy of 
the neutrons by observation of the maximum size of the kicks produced by 
recoil nuclei m the linear counting chamber From the known size of the 
looks produced by a-particles, and our knowledge of the energy loss of such 
particle* in traversing the chamber, we can estimate the ionization produced 
by, and hence the energy of the recoil nuclei Thus we find that the maximum 
size of kick produced m the chamber by the recoil nuclei in air is about 6 mm., 
if we neglect the very large deflections of 2 cm. and over, which almost oertamly 
result from disintegrations Assuming that the energy loss of the recoil 
particle per ion produced along its path is the same as for an a-partiole, we 
find an energy for this nucleus of about 0 5 X 10* e-volt* Application of 
momentum considerations to a head-on collision between a nitrogen nucleus 
and a neutron leads to the oonolusion that the energy of the colliding neutron 
must be about 2 X 10* e-volts We have also made experiments on the energy 
of recoil nuclei produced in helium resulting in a slightly higher value of 
2 2 X 10* e-volts This gas is especially suited for neutron recoil observations 
as it does not suffer disintegration by neutrons. 

In order to account for the production of neutrons of the observed energy 
and number we have been led to assume the transformation 

iD* + xD* -+ jHe 4 -*■ jHe* + gw 1 , (2) 

in which the unstable ,He 4 nucleus first formed breaks up into a helium isotope 
of mass 8 and a neutron The assumption of the formation of ,He* as a product 
of such a transformation is not without a precedent, as we have already oon- 


• * Proc. Boy Soo.,’ A, vol. 196, p. 603 
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otttded that it is produced, together with * normal a-portwle, as a result of 
the bombardment of jLi* with protons.* We assumed 

iLi* + iH 1 -*■ 4 Be’ - ,He* + ,He«, (3) 

and found that the observed ranges of 11 8 and 6 8 mm were in good aooozd 
with the application of momentum considerations to this reaction Deef 
has obtained very definite evidence that the two short-range particles are 
emitted in opposite directions, and we have confirmed that it is the »Li* 
isotope whioh is concerned in this transformation % It seems quite clear, 
therefore, that jHe* can exist under these conditions, and from the observed 
ranges of the particles we are able to calculate its mass m the following way 
The longer range of II 8 mm is reasonably well known and it will correspond 
with the JHe* particle For the same velocity an a-partiole would go 4/S 
tunes as far because of its greater energy Hence the velocity of the ^He 1 is 
the same as the velocity of an a-particle the range of which is 1 83 cm., corre- 
sponding with an energy of 2 8 X 10* e-volts The energy of the ,He* will 
be three-quarters of the energy of this a-partiole, t « , 1 88 X 10* e-volts The 
total energy produced in the transformation is thus 3 30 X 10* e-volts, or 
the corresponding change in mass is 0 0038 units Henoe the mass of the 
a&e* is 

(6 0148 + 1 0078) - (4 0022 -f- 0 0038) = 3 0160, 

using Bainbndge’s {loo cut.) value for the mass of Li s On the other hand, we 
can use the mass 6 0187 calculated from the disintegration of ,Li* into two 
a-particles of 13 2 cm range under bombardment by diplona,} the data for 
this transformation being extremely good From this transformation we 
obtain for ,He* a mass of 3 0178 units. 

Substitution in reaction (3) of the masses calculated in the above manner 
leads to the appearanoe of excess masses of 

(2-0136 + 2 0136) - (3 0166 + 1 0067) = 0 0032, 

and 

(2 0136 + 2 0136) — (3 0178 -f- 1 0067) - 0 0027, 

respectively, corresponding to energies of 3 6 X 10* and 2 5 X 10* e-volts. 
The neutron would receive three-quarters of this energy, »«., 2 7 X 10*, or 
1-2 X 10* e-volts. BSther of these two values are in good accord with the 

* ‘Proo. Boy. Soo.,’ A, roi. 141, p, 809 (1993). 

t ‘Nature,’ voL US. p. 664 (1934). 

‘Nataj*,* roL 133, p 377 (1934). 

l OUphsat, Kinsey, and Bathsxftwd. ‘ Proo. Boy. Soo A, roL 141, p. 733 (1933). 
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approximate value of 2 X 10* e-volts found from our experiments, but Dee* 
has now obtained expansion chamber photographs of the reooil nuclei, analysis 
of which suggests that the lower of the two figures is more nearly correct, and 
that the neutrons emitted at right angles to the bombarding beam of diplons 
are homogeneous in velocity, as required by our reaction 

The recoiling jHe* nucleus possesses an energy of about 0 7 x 10* e-volts, 
t e , a range of 5-6 mm as a maxnnnm.t The thinnest mica window we have 
been able to use has a stopping power of 3 mm of air, and the residual range 
of 2-3 mm. is not sufficient for the particle to enter our counting chamber and 
produce a deflection of appreciable sire We have searched very carefully 
for such a doubly charged particle, both with a special type of oountang chamber 
of small depth, and by looking for scintillations produced on a screen of nnc 
sulphide placed inside the apparatus itself and covered with aluminium of 
2 mm. stopping power to prevent hght and scattered diplons from reaching 
it In both cases the presence of a very intense radiation which is strongly 
absorbed in a fraction of a centimetre of air, gave rise to so much disturbance 
as to render counting impossible Thus, while we have not yet detected the 
*He* particles which we believe to be present, we have not yet obtained any 
evidence that they do not exist 

No evidence of the existence of an ,Ho 3 isotope has been obtained by ordinary 
methods, although the possibility of its existence has been suggested at various 
times It is not unlikely that while the new isotope may prove to be unstable 
over long periods it may yet have a sufficiently long life to be detected by 
counting methods and in the expansion chamber We have not detected 
any after-effects lasting for a few seconds or more, suggesting the expul- 
sion of a positive electron or other charged particle If the (He* nucleus is 
unstable, there are a number of possibilities as to the mode of transforma- 
tion 

It is evident that the experiments we have described suggest very strongly 
that the neutrons resulting from the bombardment of diplogen with diplogen 
are homogeneous in velocity, and since large yields are obtainable at com- 
paratively low bombarding potentials they should serve as an almost ideal 
group for experimental work on the properties of neutrons. 

In addition to a study of these transformations, we have made a number of 
observations on the neutrons, protons, and also a-partioles emitted from 

* Not yet published. 

t The energy sad range of the particle depends to some extent on the direction of 
emission relative to the bombarding particle, and will be greater in the forward direction 
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lithium, beryllium, carbon, and other elements under diplon bombardment 
We hope to give an account of these experiments m a subsequent paper 

In conclusion, we have to express our thanks for help with some of the experi- 
ments to Mr. Kempton and Mr. Westcott, and we acknowledge our indebtedness 
to Mr G R Crowe for his technical assistance throughout Dr P Hartcck 
is indebted to the Rockefeller Foundation for a grant 

Summary 

An account is given of the effects observed when diplons are used to bombard 
targets of compounds containing heavy hydrogen. It is found that a group 
of protons of 14 3 cm range is emitted in very large numbers A shorter 
1 6 cm. range group of singly charged particles is also observed, and it is 
shown that the two groups contain equal numbers of particles A discussion 
of the reaction which gives rise to them is given, and reasons are advanced for 
supposing that the short-range group consists of nuclei of a new isotope of 
hydrogen of mass 3*0161 The number of particles emitted has boon mvosti 
gated as a function of the energy of the bombarding diplons, and the absolute 
yield for a pure diplon beam hitting a pure diplogen target is estimated to be 
about 1 in 10* at 100,000 volts 

Neutrons have been observed in large numbers as a result of the same 
bombardment It is shown that the energy of the neutrons is about 2 X 10* 
e- volts, and it is suggested that they arise from an alternative mode of breaking 
up of the unstable form of helium nucleus formed initially by tho union of two 
diplons This other mode results m the expulsion of a neutron and a helium 
isotope of mass 3 m directions opposite to one another If we calculate the 
mass of jHe* from energy and momentum considerations of the ranges of the 
short-range groups emitted from 3 Li 8 when bombarded by protons, the energy 
of the neutron can be deduced and agrees well with experiment. 


3 ▲ 2 
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Experiments with High Velocity Positive Ions III — The Dis- 
integration of Lithium, Boron, and Carbon by Heavy Hydrogen Ions 

By J D Cockcroft, Ph.D , and E T 8 Walton, Ph D 
(Communicated by Lord Rutherford, OM.FR8 — Received April 4, 1934 ) 

1 Introduction 

An important enlargement of the held of nuclear research has been effected 
by the experiments of Lawrence, Lewis, and Livingstone,* who first used the 
ions of the heavy isotope of hydrogen to produce nuclear disintegrations 
Their pioneer experiments showed that these ions, which will m future be 
termed “ diplons,”t produced disintegrations of considerably greater com- 
plexity than those produced by protons of the same energies Thus, Lawrence, 
Lewis, and Livingstone reported that from most of the substances bombarded, 
one or more groups of protons were emitted, whilst a group having a range of 
about 18 cm appeared to be emitted from every element investigated This 
surprising result led these workers to the hypothesis that the “diplon” is 
unstable in a strong nuclear field and that it breaks up into a proton and a 
neutron with a liberation of energy of the order of 5 million volts, the neutron 
mass being taken to be 1 0006J to explain the observed proton energies 
In addition to the emission of long-range protons, Lawrence, Lewis, and 
Livingstone {loo ext ) reported the emission of a-particles from lithium, beryllium, 
boron, nitrogen, magnesium, and aluminium The experiments of Rutherford, 
Okphant, and Kinseyf and the Wilson chamber photographs of Dee and Walton|| 
showed that the 13 2 cm. a-partioles from lithium originated from the dis- 
integration of Li 6 into two a-particles, and suggested that Li 7 disintegrated into 
two a-particles and a neutron. No detailed studies have been made of the 
disintegration of the other elements 

The experiments described below have been made with a view to obtaining 
more evidence on the nature of the disintegrations in which protons are emitted , 
we have also studied the emission of a-particles from boron under diplon 
bombardment. 

* ‘ Phy». Rev ,’ vol 44, p <56 (1933) 
f * Proo Roy Soc ,’ A, vol. 144, p 1 (1934) 
t ‘ Phy*. Rev ,’ voL 44, p 778 (1933) 

| ‘ Proo Roy Soc ,’ A, vol. 141, p 722 (1933) 

|| * Proo. Roy Soc ,’ A, vol. 141, p 733 (1933) 
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2 Apparatus 

In these experiments, we have used the high voltage D C generator described 
m our previous paper,* which gives a maximum steady potential of 700 lev. 
The tube for the acceleration of ions there described has been modified to give 
larger intensities of ions and more reliable operation Porcelain cylinders of 
12-inch diameter and 3 feet 6 inches length have been substituted for the glass 
cylinders used previously , a discharge tube of the type described by Ruther- 
ford and Ohphantf has been transferred from the apparatus of Dee and Walton 
to the new apparatus and the evacuation of the tube is now carried out by a 
Metropohtan-Vickers 04 Apiezon Chi Diffusion Pump which has a speed of 
1200 litres /sec. for hydrogen. This great increase in pumping speed has 
increased considerably the reliability of oporation of the tube , the new dis- 
charge tube enables total currents of 200 microamperes to be obtained, whilst, 
in spite of using double stage acceleration, the geometry of the electrodes is 
now such as to focus about 20 per cent of the ions into a beam having a diameter 
of only 1 cm m the experimental chamber, thereby increasing considerably the 
fraction of disintegration particles which can be made to enter the rooording 
apparatus 

3 The Detection of High Speed Protons 
In most experiments we have used the scintillation method for fixing approxi- 
mately the ranges of the particles emitted, carrying out a detailed study with 
the ionization chamber, linear amplifier, and oscillograph previously described 
In interpreting records of proton emission, difficulty arises when the background 
disturbance of the oscillograph record due to electrical and acoustical “ pick- 
up ” is comparable with the oscillograph deflection due to the protons The 
greatest care has been taken to reduce as far as possible the magnitude of 
this pick up, but in practice there is often a disturbance due to the discharge 
tube or to soft radiation which gives a background oscillation on the oscillo- 
graph Consequently it is often necessary to count only deflections above some 
arbitrary size corresponding to protons approaching the end of their range 
The absorption curves obtained are thus of a differential type, m a xima being 
obtained near the end of the range of a group of protons 
In the present experiments we have not applied magnetic analysis to separate 
out the protons and diplons m our beams. Since we usually have a mixture 
of hydrogen and diplogen in our discharge tube, the beam of ions contains 

• • Proc Roy Soo ,’ A, rol 186, p. 610 (1982) 
t • Proc Roy Soc ,’ A, voL 141, p. 269 (1981). 
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protons of full and half energy and diplons of full and two-thirds energy 
This spread of the energy causes the peaks in the absorption curves to be less 
sharply defined, but does not prevent an accurate deduction of the range from 
being made 

In most of these experiments, an ionization chamber having a depth of 1 cm. 
has been used , in general a correction of 0 5 cm has been made to the ranges 
obtained from the absorption curves to allow for thiB depth 

4 The Dmnlegration of Lithium 

A target of pure Kahlbaum lithium, which on exposure becomes covered 
with a layer of lithium hydroxide, was bombarded with a mixed beam of ions 
obtained from hydrogen containing approximately 10 per cent of diplogen A 
target of 6 cm. diameter was used, the beam covering a diameter of about 
1 cm. , the distance from centre of target to recorder was 5 cm., and the solid 
angle subtended by the counter aperture at the recorder was about 1/30 With 
this arrangement, the emission of particles having a range of about 30 cm. was 
observed, and the absorption curve of fig 1 was obtained for an accelerating 



Thickness of absorber, cm air equivalent 
FiQ 1 —Protons from lithium 

potential of 000 kv The maximum number of particles counted was about 
700 per minute The observations show that a group of protons having a 
range of 30 5 cm. ±1 cm for an accelerating potential of 000 lev is emitted 
from lithium Observations were not earned out at absorptions less than 
14 cm. owing to the presence of the strong a-particle group of 13 2 om. range 
The range observed is consistent with the observation of Lawrence, Lewis, and 
Livingstone that protons of range up to 40 om were emitted from lithium 
fluonde when bombarded with their more energetic particles 
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5 The Mechanism of the Disintegration. 

If we make the assumption that the following nuclear reaction occurs 
a Li* + iD* = jLi 7 + jH l 

the kmetao energy change in the transmutation may be calculated from the 
mum change 

(6-0145 + 2 0136) - (7 0146 + 1-0078) 

= 0 0057 ± 0 0007 = 5 3 + 0 6 million volts 
Allowing for the kinetic energy of the diplons and the energy taken by the 
recoiling nucleus, the disintegration protons may be expected to have an energy 
of 5 0 ± 0 5 million volts If wo adopt Duncanson’s figures* for tho range 
velocity function of the protons, protons of this energy would have a range 
35 + 5 cm. The observed ranges would thus be consistent with the hypothesis 
as to the nature of the disintegration. If, on the other hand, we take the 
masses of la* and Li 7 to be fixed by disintegration data, the expected energy 
in the protons is 5 1 + 0 2 million volts, which, from Duncanson’s data would 
give a range of 35 ± 2 cm. Tho agreement while fair is not as good as might 
be expected , the discrepancy may be duo to the uncertainties in the range 
velocity relation for protons, to the emission of radiation m the transmutation, 
or it may be possible that the unstable nucleus Be 8 may loose part of the 
energy imparted by the diplon before breaking up 

Strong support for tho proposed reaction is given by the experiments of 
Ohphant, Shire, and Crowtherf on the transmutation of the separated 
isotopes of lithium, which showed that the 30 cm. protons result from the 
bombardment of Li® by H* 

6 The Number of Disintegrations 

The absolute number of disintegrations cannot be obtained with any pre- 
cision from our present experiments owing to the uncertainty m tho com- 
position of the beam For the same reason, no accurate determination of the 
variation of the number of disintegrations with voltage has been made. The 
results for the mixed beam are, however, given in fig 2 It is seen that there 
is no sharply defined lower limit to the voltage at whioh disintegrations can be 
observed, the curve being similar to that obtained for the 13 2 cm. oc-partioles 
emitted in the disintegration 

jLi® + a D* -*■ 2, He 4 

* ‘ Proc Camb Phil Soc ,’ vol 30, p. 102 (1934) 
f ‘Nature,’ roL 133, p 377, March 10 (1934). 
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We find that the number of 13 2 cm. a-pertaclee emitted is roughly twice the 
number of dismtegration protons for diplon energies of 000 kv., so that the 
relative probability of the two types of dismtegration is not very different 

7. The DtnntegraHon of Carbon. 

The absorption curves obtained for a target of Acbeson graphite with the 
same experimental arrangement as for lithium are given in fig 3, the maximum 
number of disintegration particles being of the same order as that found for 



Fio 2 — Protons from lithium , 27 8 cm absorber 

lithium The curves suggest the presence of a group of particles having a range 
of 14 0 ± 1 cm for an accelerating potential of 600 kv An analysis of the 
oscillograph deflections suggests that this group are protons, and it also indicates 
the presence of a weak proton group having a range of about 8 cm. 

Taking the energy of the 14 cm protons as 2 9 million volts, the kmetio 
energy change in the reaction is 2 6 ± 0 16 million volts 
The range of the proton group obtained is about 1 cm longer than would be 
expected from the observations of Lawrence, namely, that, using 1 2 million 
Volt diplons, the proton range is 18 cm 
Since these experiments were completed, Launtsen and Crane* have reported 
the emission of a y-ray having an energy of about 3 milli on volts when carbon 
• ' Phym. Rev.,’ rol. 45. p. 840 (1934). 
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u bombarded with diplons. If we assume that the 14 cm. proton and the 
y-ray are emitted at the same tame from the reaction 

«C u + iD , = .C M + 1 Hi + *v, 
we obtain the following value for the mass of CP* 

12 0036 -f 2 0136 — 1 0078 — 0*0027 — 0 0032 = 13 0035 ± 0 0006 

The band spectrum mass for C“ is 13 0039 ± 0 0013 The mass obtained 
from the disintegration of B u by a-particles is 13 0047 ± 0 0006 (Chadwick, 
Constable, and Pollard) * 

If the reaction assumed is correct, it might be expected that some transmuta- 
tions would occur m which no y-ray was omitted, the full energy appearing m 
the form of kinetic energy, so that protons of about 40 cm range should be 



Fia 3 — Protons from carbon Diplon energy 600 fcv 

observed. It appears certain, however, that if they exist the number of such 
protons must be less than 1 m 500 of the number of 14 cm. protons 
On the other hand, the emission of the y-ray observed by Lauritsen and Crane 
may be connected with the transformation of C l * to N 18 under proton bombard- 
ment with the subsequent emission of a positive electron.! If this is so, then 
the mass of C u calculated from both reactions would be about 13 006 
Evidence to be referred to later suggests that the 8 cm proton group may be 
due to a layer of adsorbed oxygen 

Fig 4 gives the observed variation in the number of disintegrations with 
voltage These results were obtained from a beam of mixed ions, and an 
absolute determination of numbers has not yet been made. 

* * Proo Roy Soc A, voL 130, p. 468 (1933) 
t Cockcroft, Gilbert, and Walton, ‘ Nature,’ roL 133, p 328 (1934). 
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8 The Disintegration of Boron 

A study of the particles emitted from a target of boron under diplon bom- 
bardment has shown that very swift a-particles are emitted together with at 
least three groups of protons The absorption curve is given m fig 5 
By combining deductions from the shape of the absorption curve, fag 5, with 
an analysis of the distribution of the size of oscillograph deflections we find 
that both a-particle and proton groups are present A complete interpretation 



of these curves up to 16 cm is difficult owing to the probable superposition of 
one or more proton groups on a continuous distribution of a-partioles. The 
existence of the following groups of particles seems, however, to be certain — 

(1) a-partioles of all ranges up to a maximum of 15 0 ± 1 cm. 

(2) A proton group of range 31 ± 2 cm. 

(3) A proton group of range 58 ± 2 cm 

(4) A proton group of range 92 ± 2 cm. 

The rise in the absorption curve from 6 to 10 cm. suggests the presence of 
another proton group, but until Wilson chamber photographs are available 
it is not possible to be certain of the interpretation. 





Thickness of absorber, cm air equivalent 
Fio 5 — a-particlea and protons from boron Diplon energy 500 kv 


the hump m the curve at 9 cm. is due to a superposed homogeneous group of 
protons, then the residual curve would have a shape similar to the B u curve 
If the end-pomt of the a-particle curve corresponds to a disintegration m 
which one a-particle is ejected in a direction opposite to the other two, then 


Rutherford and Oliphant, ‘ Proo. Roy Soo A, voL 141, p 250 (1032) 
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this a-particle possesses two-thirds of the total kinetic energy. The total 
kinetic energy in the disintegration particles would thus be 

(12 3 ± 0 30) X 3/2 million volts = 18 46 ± 0*46 million volts. 

If the mass of B 10 be taken as 10 0135 ± 0 0006 the expected kinetic energy is 
19 4 ± 0 * 1 3 million volts. The agreement is satisfactory, but it is very desirable 
to have further evidence about this disintegration from Wilson chamber photo- 
graphs. It should be noted that some of the a-particles from this reaction are 
swifter than any which have previously been discovered. The fastest 
a-particlea from radioactive bodies have a range of 11*6 cm. whilst the 
a-particles discovered by Lawrence m the reaction Li* + D had a range of 
14 cm. 

(2), (3), and (4) assuming Duncanson’s range velocity relation for protons, 
these groups correspond to protons of energy 4 7, 6 7, and 8 8 million volts, 
and could be explained by the following reaction . 

jB 10 + jD* = jB u -f 1 H 1 + hv. 

If the proton of range 92 cm is emitted when all the energy of the reaction 
goes into kinetic energy, we may calculate the difference of mass of B 10 and B u 
as follows 

B u - B» = 2 0136 - 1 0078 + 0 0005 (K.E of D*) 

— 0 0102 (K E after disintegration) 

= 0 9961 ± 0 0004 

The difference of mass from Aston’s determination is 11 0110 — 10 0136 — 
0 9976 ± 0 0007 Thus the agreement is not very good If, on the other 
hand, we were to assume that the masses of B 10 and B u could be obtained from 
the end-point of the continuous a-partide distributions in the transmutations 
by diplons and protons respectively, we should obtain very close agreement 
with these experiments. 

The two groups of lower energy may correspond to disintegrations m which 
energy of 2 and 4 million vohs respectively is emitted m the form of y-radia- 
turn. 

The total number of particles in groups (2), (3), and (4) is approximately 
one-thud of the maximum number of a-particles observed Thu suggests 
that the disintegration leading to three a-particles has about the same prob- 
ability as the disintegration leading to B 11 . 
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3 The Emisnon of Partxdet on the Bombardment of Heavy Element* 
by IhjAons 

A detailed study has been made of the particles emitted from copper, copper 
oxide, iron, iron oxide, tungsten, and silver In order to facilitate comparison 
of these elements the target illustrated by fig 0 was constructed so that four 
targets oould be interchanged by rotation of a ground joint With this arrange- 
ment the solid angle subtended by the window at the target was increased to 
0 36 , a stall further increase in the number of particles observed was obtained 
by using a helium-diplogen mixture containing 30% of diplogen A series of 
eight experiments was earned out, using diplon energies of 600 kv 

(i) and (u) The emission of particles from 
carbon, copper oxide, copper, and iron was 
compared m one senes of experiments and of 
tungsten, silver, iron oxide, and iron m an- 
other, the absorption curves of figs 7, o, and 
7, b, being obtained. Observations oould not 
be carried out on silver at less absorber than 
6 cm. owing to the emission of soft radiation 
in considerable intensity 

From these curves and from an analysis of 
the size of the oscillograph deflections we 
conclude — 

(a) that a group of protons of range about 14 

cm. is emitted from all these targets, the 
numbers from carbon being about ten 
tunes the numbers from other targets , 

(b) that a group of protons of range 8 cm. is emitted from all the targets , 

(c) that a group of singly charged particles of range about 4 cm is common to 

all targets except carbon , 

(d) that a-particles are emitted from all the targets, the numbers falling 
rapidly for absorbers greater than 2 cm., a few particles being observed 
up to 6 om 

(e) that whilst the 8 cm. group is stronger from Fe t O s than from Fe, the 

relative strength of the 14 cm. groups are reversed 

(in) A strip of the tungsten used in experiment (u) was washed in suooession 
in caustic soda, distilled water, ether, caustic soda, and distilled water and 


Stream 
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Fio 6 



714 


J D. Cockcroft and E. T. S. Walton. 


then bombarded. The absorption curve of fig 8, b, was then obtained, showing 
that whereas the short range group of particles and the number of particles 
at 8 cm. absorber had roughly the same relative magnitude as m experiment 
(u) the 14 cm peak was reduced in numbers to about one-third of the 8 cm. 



Thickness of absorber, cm air equivalent 
Fro. 7, a. 

group In addition the residual group appears now to have a rather longer 
range than that of the original group 

(iv) At the suggestion of Dr Ohphant the target was heated m position to 
about 2000° C by passing a heavy current through it, and the emission of 
particles observed under these conditions and immediately after heating. 
The results showed a considerable diminution m the number of particles m 
the 8 cm. groups and short-range groups, whilst the numbers m the 14 cm. 
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group were reduced by a further factor of 2, the curve obtained after heating 
being shown on fig 8, e 

(▼) The target was left for 18 hours in the apparatus and then bombarded 
whilst cold The number of particles observed was if anything smaller than 
immediately after heating the target, showing that no new layers of impurities 
had been adsorbed during this period 



Flo 7, b — Diplon energy 500 kv 

(vi) Carbon dioxide was admitted to the apparatus to a pressure of 1 cm , 
the target flash ed at about 1600° C and again bombarded No change in the 
number of particles was observed from experiment (v), showing that no surf&oe 
layer had been adsorbed m sufficient amount to give rise to an appreciable 
effect 
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(tu) After being cleaned by heating, the target waa taken out and oxidised 
by p*— ,ri [; an electric current through it, replaced and again bombarded. The 
absorption curve obtained ia shown in fig. 8, i The short-range group and 



0 4 8 12 

Thickness of absorber, cm air equivalent 

Fig 8.— Diplcn energy 500 kv (a) Original tnngeten , (6) chemkally cleaned tungsten , 
(c) after heating , (d) after oxidizing , («) after reheating. 

8 cm. group have again appeared strongly together with a few particles at 
absorptions of 14 cm. about equal in numbers to thoee obtained in (ui) 

(via) The target waa cleaned by heating in vacuum, was removed and 
oxidised and then handled in order to reproduce the treatment which a metal 
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might reasonably receive before mounting in an apparatus The target was 
then replaced and bombarded and the curves of fig 8, e, wotc obtained We 
see that all three peaks now appear strongly , the long-range peak is again 
stronger than the 8 cm peak and is now restored to its former position 
These experiments may be summonsed as follows — 

(i) The 8 cm proton group, the 4 cm proton group, and the short-range 
a-particle groups disappear when the target is heated strongly and reappear 
when the target is oxidised The evidence suggests therefore that these 
groups are due to oxygen 

Other expenments earned out by Rutherford and Oliphant* have lead to 
similar conclusions and they propose the following explanation for the reaction 
leading to the 8 cm protons 

,0 M + l D«^ t 0” + l H 1 

the observed range being in good accord with the accepted masses for O" 
and O 17 The explanation of the 4 cm proton group must await further 
expenments , the energy difference between the two groups is 0 75 million 
volts 

(u) The long-range proton group from the heavy elements appears to be 
complex, the greater part of the effect being removed by chemical cleaning of 
the surfaces, a small residual effect remaining due to protons having a slightly 
longer range The coincidence of the range of the majority of the protons 
with the long-range group from carbon suggests therefore that a thm film of 
grease or other carbon impurity is responsible for the greater part of the effects 
An alternative explanation seemed, however, to bo offered by the expen- 
ments of Rutherford, Harteck, and Oliphant, t which showed that on bombard- 
ing by diplons, anuBonmm sulphate, in which the ordinary hydrogen hod 
been largely replaced by diplogen, very great numbers of particles were emitted, 
half of the particles having a range of 1 7 cm and half a range of about 14 cm 
It seemed, therefore, possible that the whole of our results might be explained 
by diplogen being absorbed on carbon from the bombarding stream, the 
adsorbed layer being then disintegrated by the diplon stream 

In order to test this hypothesis, we have carefully compared the ranges of 
the proton groups emitted from (NDJjSOj and carbon under identical con- 
ditions. If all the results are due to adsorbed diplogen, we ought to get the 

* In court* «f publication 
t ' Nature,’ vol 1S3, p. 413, Maroh 17 (1M4) 
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same 14 cm. range from the two substanoes, and we ought to observe large 
numbers of singly charged particles having a range of about 2 cm. from carbon. 

The results of these experiments are given by figs. 9 and 10 In fig 9 the 
absorption curves for the two substances are given, showing that the range of 
the protons from (ND 4 )^30 4 is greater by about 1 cm, than the range of the 
protons from carbon A still more conclusive proof of the difference between 
the two reactions is given by fig 10 in which we plot the distribution in sue 
of the oscillograph deflections for the two substanoes for small absorptions 
Remembering that a large deflection corresponds to a proton near the end of 



Thickness of absorber, cm air equivalent 


Fio 0 — Comparison of ranges of long range protons from (ND 4 ) i 80 1 and C D acceler- 
ating voltage of dlplons ISO kv , proton range 14 _h 0 5 cm C accelerating voltage 
of dipkms 870 kv , proton range 12 5 ± 0 8 cm 

its range, we see at once that there are very few short-range particles from 
carbon compared with the number from (ND 4 ) a S0 4 Experiments with 
greater thickness of absorber showed that the number of 14 cm. protons are 
of the same order of magnitude for the two targets 
We conclude that — 

(1) most of the 14 cm. protons emitted from carbon are due to the trans- 
mutation of C 1 2 * into C 1 * , 

(2) there is probably a small additional group of protons of range 16 cm. 
at 600 kv due to the adsorption of diplogen and the subsequent dis- 
integration of the adsorbed layer , 




High Velocity Positive Ions . 


719 


(3) the greater part of the effects observed with the heavy elements is due 

to thin films of grease or other form of carbon impurity adsorbed on the 
surface , 

(4) a smaller number of 15 cm protons arc emitted from the heavy elements 

due to the adsorption of diplogcn from the bombarding stream 

10 Conclusions 

We may summarize the experimental results by stating (i) that the emission 
of long-range protons is in all substances investigated (D, Li, B, C, 0) bound up 

D + C D + (ND 4 ),S0 4 



mm deflections 


Fw 10 — Distribution in sue of oscillograph deflection* for C + D and (ND 4 ) t 80 4 + D 

(а) and (o') 0 63 cm absorber 

(б) and (6') 1 23 cm absorber 
(e) and (s') 2 om absorber 

with the transformation of an element into the next heavier isotope of that 
element, the neutron being captured and the proton ejected , (n) that when 
transmutations le«dmg to the emission of an a-particle are possible (Id, B) 
the probability of this transmutation is of the same order as that of the first 
type , (in) that the emiaamn of protons from the heavier elements (Cu, Fe, 
Ag, W) is in our experiments due to films of impurities of oxygen, carbon, and 
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8ummary 

The disintegration of lithium, boron, and carbon, when bombarded by fast 
ions of heavy hydrogen, has been examined For lithium, a group of protons 
of SO 5 cm range has been observed , this can be interpreted as resulting from 
the transformation of Li* to Li 7 Boron gives proton groups of ranges 92 cm , 
58 cm., and 31 cm together with a continuous distribution of a-particlee with 
ranges up to s maximum of 10 cm Carbon gives a group of protons with a 
range of 14 cm These would correspond with the 18 cm. group observed by 
Lawrence from all targets if allowance is made for the higher energies of his 
bombarding particles. 

A 14 cm group of protons has been observed from a number of heavy 
elements Experiments have been carried out which indicate that these 
are probably due to carbon present on the surfaoe m a thin film of grease 
A smaller number of protons having a slightly longer range are also emitted, 
these are probably produced from the disintegration of diplogen adsorbed 
on the surface Layers of oxygen on the surfaoe may also give rise to spurious 
effects. 

The emission of a fast group of protons always appears to be connected 
with the change of one isotope of an element into its next heavier isotope. 
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